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PREFACE. 



THE powers of the mind, like those of the body, are in- 
creased b^ frequent exertion ; application and industr}' 
supply the place of genius and invention ; and even the 
creative faculty itself may be strengthened and improved 
by use and perseverance. Uncultivated nature is uniform- 
ly rude and imbecile, it being by imitation alone that we 
at fir^t acquire knowledge, and the means of extending its 
bounds* A just and perfect acquaintance with the simple 
elements of science^ is a necessary step towards our future 
progress and advancement ; and this, assisted by laborious 
investigation and habitual inquiry, will constantly lead to 
eminence and perfection. 

Books of rudiments^ therefore, concisely written, well 
digested, and methodically arranged, are treasures of ines- 
tiniable value ; and too many attempts cannot be made to 
render them perfect and complete. When the tirst prin- 
ciples of any art or science are ^firmly fixed and rooted in 
the mind, their application soon becom.es easy, pleasant, 
,and obvious ; the understanding is delighted and enlarged ; 
we conceive clearly, reason distinctly, and form just and 
latisfactory conclusions. But, on the contrary, when the 
(uind, instead of reposing on the stability of truth and re- 
ceived principles, is wandering in doubt and uncertainty, 
our ideas will necessarily be confused and obscure ; and 
every step we take must be attended with fresh difficulties 
> and endless perplexity. 
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That the grounds, or fundamental parts, of every sci- 
ence, are dull and unentertaining, is a complaint uniTer- 
sally made, and a truth not to be denied ; but then, what 
is obtained with difficulty is usually remembered with ease; 
and what is purchased with pain is often possessed with 
pleasure. The seeds of know ledge are sown in every sorl, 
but it is by proper culture alone that they are cherished 
and brought to maturity. A few years of early and assi- 
duous appiiration never fails to procure us the reward of 
.our industry ; and who is there, who knows the pleasures 
and advantages which the sciences afford, that would think 
his time, in this case, misspent, or his labours useless ; 
riches and honours are the gifts of fortune, casually be- 
stowed, or hereditarily received, and are frequently abus- 
ed by their possessors ; but the superiority of wisdom and 
knowledge is a pre-eminence of merit, which originates 
with the man, and is the noblest of all distinctions. 

Nature, bountiful and wise in all things, has provided us 
with an infinite variety of scenes, both for our instruction 
and entertainment ; and, like a kind and indulgent parent^ 
admits all her children to an equal participation of her 
blessings. But, as the modes, situations, and circumstances 
of life are various, so accident, habit, and education, have 
each their predominating influence, and give to every mind 
its particular bias. Where examples of excellence are 
wanting, the attempts to attain it are but few ; but emi- 
nence excites attention, and produces imitation. To raise 
the curiosity, and to awaken the listless and dormant pow- 
ers of younger minds, we have only to point out to them a 
valuable acquisition, and the means of obtaining it ; the 
active principles are immediately put into motion, and the 
certainty of the conquest is ensured from a determination 

to conquer. 

But, of all the sciences which serve to call forth thisr 
spirit of enterprize and inquiry, there are none more emi- 
nently useful than Mathematics. By an early attachnaent 
to these elegant and sublime studies, we acquire a habit of 
reasoning, and an elevation of thought, which fixes the 
mind, and prepares it for every other pursuit. From a 



i . 



PREFACE. V 

few simple a^cioms, and evident principles, we proceed 
gradaaily to the most general propositions, and repfiote an- 
alogies ; cjeducing one truth from another, in a chain of 
argument w/eli connected and logically pursued ; which 
brings us at last, in the most satisfactory manner, to the 
conclusion, and sejrves as a general dir^tion iik all our in- 
qairies after truth. ^ 

. And it is npt only in this respect that mathematical learn- 
ing is a& highly valuable ; i^tis, likewise^ equally estimable 
for it4 practical utility. Almost all the works of art and 
devices of man, ha v^ a dependence upon its principles, and 
are iodebtisd to it for their origin and perfection. The 
cultivation of these admirable sciences is, therefore, a 
thing of the utmost importance, and ought to be considered 
as a principal part of every liberal and weU-reg«lated plan 
pf education. They are the guide of our youth, the per- 
fection of our reason, and the foundationof every great 
and noble undertaking. 

From these considerations, I have been induced to com* 
pose an introductory course of mathematical science ; and 
from the kind encouragement which I have hitherto re- 
ceived, am not without hopes of a continuance of the same 
candour and approbation. Considerable practice as a 
teacher, and a long attention to the di£Gici4ties and obstruc- 
tions which retard the progress jo{ learners in general^ 
have enabled me to accommodate myself the more easily to 
their capacities and understandings* A^d as au earnest .de- 
sire ofpromoting^and diffusing useful (mowledge, is the 
chief motive for this undertakii^, so no {plains or attention 
shall be wanting ^o make it as complete and perfect as pos- 
sible. 

The subject of the present perfprman^ is Algebra ; 
which is one of the most inipqptant a^d useful b^aocfaes of 
those scieqces^ and may be justly considered as the key to 
all the rest. Geometry deUghts us by the .^m^plicitypf its 
principles, and the elegance of its demonstrations ; Arith«> 
Bietic is coniined to its object, and partialin its application ; 
but Algebra or the Analytic Art, is geaeral and comprehen-? 
sive^ and may be applied with success in all cases wheref 
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truth is to be obtained and proper data can be etta^ 
blished. 

To trace this science to its birth, and to point oat the 
various alterations and improyemeDts it has undergone m 
its progress, would far exceed the limits of a preface."* ft 
will be sufficient to observe that the invention is of the 
highest antiquity, and has challenged the praise and adoai« 
ration of all ages. DiophcMPus^ a Qreek mathematician, of 
Alexandria in Egypt, who flourished in or about the third 
century after Christ, appears to have been the first, among 
the ancients, who applied it to the solution of indetermi- 
nate or unlimited problems ; but it is to the moderns ' that 
we are principally indebted for the most curious refine- 
ments of the nit, and its great and extensive usefulness in 
every abstruse and difficult inquiry, J>fewton^ Maclaurinf. 
Saunderson, Sttnp^ofi, and Emerson ^ among our own count ry*- 
men, and ClcUraut^ EkUer^ Lagrange, and Lacroix. on the 
continent, are those who have particularly excelled in thi;3 
respect ; and it is to their works that 1 would refer the 
young student, as the patterns of elegance and perfection. 

The following compendium is formed entirely upon the 
nipdel of those writers, and is intended as a useful and ne- 
cessary introduction to them. Almost every subject, which 
belongs to pure Algebra, is concisely and distinctly treated 
of ; and no pains have been spared to make the whole ast 
easy ami intelligible as possible. A great number of ele- 
mentary books havealready ^een w»tteniipon thissub^ 
ject ; bnt there are none, which 1 have yet seen, but what 
appear to me to be extremely defective. Besides being 
totally unfit for the purpose ef teaching, they are generally 
calculated to vitiate the taste, and mislead the judgment. 
A tedious and itielegant method prevails through the whole» 
so that the beauty of the science is gtoerally destroyed by 
the clumsy and awkward manner in which it is treated ; 
and the learner, when he is afterwards introduced to some 

1 I I I I I.. ■! , I !■ II I ■ I I ^ I » ' ■ I I ■ I. 

* Thoee who are desirous of ja knowledge of this kind, may consult the In- 
troduction to my Treatise on Algebra; wber^ (hey will find a regular hisr- 
torical detail of the rise and progress oTthe science, from its first nide be^in- 
aiogs.to the present tmies. 
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of our best writers^ is obliged, in a great measure, to uii- 1{ 
learn and forget erezy thing which he has been at so much *\ 
pains in acquinng. 

There is a certwa taste tmd elegance in the sciences, as - 
well 38 in every branch of potite literature, which is only 
to be obtained from the best authors, and a jadicious use ; 
of their instructions. To direct the stadent in his choice 
of books/ and to prepare him properly for the advantages 
he may receive from them, is therefore the business of 
every writer who engages in the humble, but useful task 
of a preliminary tutor* This information I have been 
careful to give, in evei^ part of the present performance, 
where it appeared to be in the least necessary ; and, 
though the nature and confined limits of m> plan aidmitted 
not of diffuse observations^ or a formal enumeration of par^ 
ticulars, it is presumed nothing of real use and importance 
has been omitted. Bfy : principal object was to consult the 
ease, satis&ction, and accommodation of the learner ; and 
the favourable reception the work has mel>wtth from the 
public, has afforded me the gratification of believing that 
joy labours have not been uusuccessAiUy employed^ 
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The present perfonnance haviog passed 
through a number of editions since the tioie 
of its first publication, wkhout any material 
alterations havins been made, either with re- 
spect to its origmal plan, or the manner iu 
which it was executed, I have been induced^ 
from the flattering approbation it has constant* 
ly received, to undertake an entire revision 
of the work ; and, by availing myself of the 
improvements that have been subsequently 
made in the science, to render it still more de- 
serving tb^ public favour. 

In its present stale, it may be, considered as 
a copious abridgment of the most practical 
and useful parts of my larger work, entitled^ 
A Treatise on Algebra, in 2 vols. 8vo. publish* 
ed in 1813; from which> except in certain 
cases, where a different mode of proceeding 
appeared to be necessary, it has been chiefly- 
compiled : great care having been taken, at 
the same time» to adapt it, as much s^s possible^ 
to the wants of the learners, and the general 
purposes of instruction, agreeably to the de- 
sign with which it was first written. 



I 

With this view, as well as in compliance 
with the wishes of several intelli^nt teachers^ 
I have also been led to subjoin to it, by way of 
an Appendix, a small tract on the application^ 
of Algebra, to the solution of Geometrical 
Problems ; which, it is hoped, will prove ac- 
ceptable to such classes of students as may 
not have an opportunitv of consulting more 
voluminous and expensive works on this inte- 
resting branch of the science. 

JOHN BONNYCASTLE. 



Royal Military Acadeky, 
woolwicb. 
October 22, 181 a« 
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It would be superfluous to advance any thing 
in commendation of" Bonnycastle's Introduc- 
tion to Algebra," as the number of European 
editions, and the increase of demand for it 
since its publication in this country, are suffi- 
cient proofs of its great utility. 

But to make it universally useful both to 
the tutor and scholar, I have ^iven in this edi- 
tion, the answers that were omitted by the Au- 
thor in the original. 

In the course of the work, particularly in 
Addition, Subtraction, Multiplication, Divi- 
sion, Fractions, Simple Equations, and Quad- 
ratics, 1 have added a great variety of prac- 
tical examples, as being essentially necessary 
to exercise young students in the elementary 
principles. 

Several new rules are introduced, those of 
principal note are the following : Case 12. 
Surds, containing two rules for finding any i 
root of a Binomial Surd, the Solution of Cu- 
bics by Converging Series, the Solution of Bi- 
quadratics by Simpson's andEuler's methods: 
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all these rules are inyestigated in the plainest 
manner possible, with notes .and remarks, in- 
terspersed throughout the work, containing 
some very useful matter. 

There is also given all.the Diophantine Ana- 
lysis, contained in Bonnycastle's Algebra, Vol. 
I. 8vo. 1820., being a methodical abstract of 
this part of the science, which comprehends 
most of the methods hitherto known for re- 
solving problems of this kind, and will be 
found a ready compendium for such readers 
^8 may acquire some knowledge of the Ana- 
lytic Art. 



JAMES RYAN. 



New'-York, Jan, 1, 1322, 
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ALGEBRA. 



A.LGEBRA is the science which treats of a general me- 
thod of performing calcalations, and resolving mathemati- 
cal problems, by means of the letters of the alphabet. 

Its leading rules are the same as those of arithmetic ; 
and the operations to be performed are denoted by the fol- 
io f^ing characters : 

-f» plus^ or more^ the sign of addition ; signifying that the 
quantities between which it is placed are to be added toge- 
ther. 

Thus, a+b shows that the number, or quantity^ repre- 
sented by &, is to be added to that represented by a ; and 
is read a plus b, 

-. minus, or less, the sign of subtraction ; signifying that 
the latter of the two quantities between which it is placed 
is to be taken from the former. 

Thus a— 6 shows that the quantity represented by b is 
to be taken from that represented by a ; and is read a mi- 
nus b. 

Also, a^b represents the difference of the two quanti* 
ties a and 6, when it is not known which of them is the 
greater. 

X into^ the sign of multiplication ; signifying that the 
quantities between which it is placed are to be multiplied 
together. 

Thus, aX6 shows that the quantity represented by a is 
to be multiplied by that represented by b ; and is read a 
into b. 

The multiplication of simple quantities is -also frequently 
denoted by a point, or by joining the letters tog^er in the 
form of a word. 
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Tha8» aXb^ a • h, and ab^ all signify the product of a 
and b : also, 3Xa, or da, is the product of 3 and a ; aad is 
read 3 times a. 

-f- biii the sign of division ; signifying that the former of 
the two quantities between which it is placed is to be diyid- 
ed by the latter, 

Thus, a-r6, shows that the quantity represented by a is 
to be divided by that represented by b ; and is 'read a by 6, 
or a divided by 6. 

Division is also frequently denoted by placing one of 
the two quantities over the other, in the form of a frac- 
tion. 

Thus, &-ra and- both 8i!^nify the quotient of b di- 
et 

vided by a; and — r- signifies that a— 6 is to be divided 

a-tc 

by o+c. 

= equal io, the sign of equality ; signifying that the 
quantities between which it is placed are equal to each 
other. 

Thus, a;=a+6 shows that the quantity denoted by x is 
equal to the sum of the quantities a and b ; and is read x 
equal to a plus 6. 

Any two algebraic expressions are said to be identicaU 
when they are of the same value, for all the values of the 
letters of which they are composed. 

* Thus, {x-^a) X {x'^a) =x*— a«, whatever numeral 
values maj be given to the quantities represented by x 
and a. 



* Woodhouse in his principles of Analytical calculation, says that «' —a' 
is not gentrallv «= («— -a) . 6e-f-a) : for instance, the particalar case of a^or a 
is to be exclu^d ; the proof essentially demanding this circumstance to wit, 
that «— a be a quantity, or that x be^greater than a. Euler calls a— 1 e= qc — j 
an idmiieal equation ; and shows that x is indeterminate, or that any number 
whaterer may be sabstituted for it : See Euler's Algebra, page 289, Vol. I. 
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> greater than, the sign of majority ; signifying that the 
former of the two quantities between which it is placed is 
greater than the latter. 

Thus a>6 shows that the quantity represented by a is 
greater than that represented by b ; and is read a greater 
than b, 

< less tkariy the sign of minority ; signifying that, the for- 
mer of the two quantities between which it is placed is less 
than the latter. 

Thus, a<b shows that the quantity represented by a 
is less than that represented by h \ and is read a less than 
6. 

: as, or to, and : : so isj the signs of an equality of ra- 
tios ; signifying that the quantities between which they are 
placed are proportional. 

Thus, a : b II c I d denotes that a has the same ratio 
to h that c has to d, or that a^b^Cy d, are proportionals ; 
and is read, as a is to 6 so is c to d, or a is to 6 as c is 
tod. 

y/ the radical sign, signifying that the quantity be* 
fore which it is placed is to hare some root of it extract- 
ed. 

Thus, ^a is the square root of a ; ^a is the cube root 
of a ; and (/a is the fourth root of a ; &c. 

The roots of quantities are also represented by figures 
placed at the right hand corner of them, in the form of a 
fraction. 

Thus, a^ is the square root of a ; a^ is the cube root 
i. 
of a ; and a** is the nth root of a, or a root denoted by any 
number n. 

In like manner, a^ is the square of a ; a^ is the cube of 
a ; and a^ is the tnth power of a, or any power denoted by 
the number m. 

C9 18 the sign of infinity, signifying that the quantity 
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standing before it is of an oniiBiied Tilae, or greater thaa 
any qoantitj thai cam be assigaed. 

The coefficient of a quantity is the nooiber or letter 
which is prefixed to it. 

Thus, in the quantities 36, — f6, 3 and ^ f are the co- 
efficients of b ; and a is the coefficient of x in the qnaotity 
ox. 

A quantity without any coefficient fHrefised to it is sop- 
posed to have 1 or unity ; and when a quantity has no sign 
before it^ + is always understood. 

Thus, a is the same as + a, or + lo; and-a is the 
same as — la. 

A term is any part or member of a compound quan- 
tity, which is separated from the rest by the signs + 
or — . 

Thus, a and b are the terms of « + 6 ; and 3a, — 26, 
and + Serf, are the terms of 3a-.26+6cil. 

In like manner, the terms of a product, fraction, or pro- 
portion, are the several parts or quantities of which they 
are composed. 

Thus, a and b are the terms of a6, or of f ; and a, 6, c, 
<i, are the terms of the proportion a : b::c:d. 

A factor is one of the terms, or multipliers which form 
the product of two or more quantities. 

Thus, o and b are the factors of ab ; also, 2, a, and b^, 
are the factors of 2ab^ ; and a-x and6— x are the factors 
of the product (o - x) X (6 - x). 

A composite number, or quantity, is that which is pro- 
duced by the multiplication of two or more terms or fac- 
tors. 

Thus, 6 is a composite number, formed of the factors 2 
and 3, or 2X3, ; and 3a6c is a composite quantity, the fac- 
tors of which are 3, a, 6, e. 

Like quantities, are those which consist of the same let- 
ters or combinations of letter? ; as o and 3a, or 6o6 and 
7a6, or2a»6 and 9a' 6. 
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UQlike quantities are those which consist of different let- 
ters, or combinations of letters ; as a and b, or 3a and a^, 
or 5ab^ and 7a* 6. 

Gireo quantities are such as have kuown values, and are 
generally represented by some of the first letters of the al* 
phabet ; as a, b, c, d, &c. 

Unknown quantities, are such as have no fixed values, 
and are usually represented by some of the final letters of 
the alphabet ; as x^y, z. 

Simple quantities, are those which consist oi one term 
only ; as 3a, 6a6, -- 8o«6, &c. 

Compound quantities, are those which consist of several 
terms.; as 2a+^» or 3a— iJJc, or a+26— Sc, &c. 

Positive, or affirmative quantities, are those which are to 
be added ; as a, or +a, or +3a6, &c. 

Negative quantities, are those which are to be subtract- 
ed ; as —a, or — 3a6, or — 7aA«, &c. 

Like signs, are such as are all positive, or all negative ; 
as -j- and +, or — and — . 

Unlike signs, are when some are positive and others ne- 
gative ; as + and — , or — and +• 

A monomial, is a quantity consisting of one term only : as 
a, 26, -3a«6, &c. 

A binomial, is a quantity consisting of two terms asa4-&> 
or a— 6 ; the latter of which is, also, sometimes called a > 
residual quantity. 

A trinomial, is a quantity consisting of three terms, 
as a+26 — 3c ; a quadrinomial of four, as a— 26+ 3c- d : 
and a polynomial, or multinomial, is that which has many 
terms. 

The power of a quantity, is its square, cube, biquadrate, 
&c.; called ako its second, third, fourth power, &c. ; as 
«2^ o", a*, &c. 

The index, or exponent of a quantity, is the number 
which denotes its power or root. 

b2 
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ThuSy —1 is the index of a >, 2 ia the index of a', 

and I ofa^ or ^a. 

When a qnantitj appears without any index, or eiponeot, 
it is always understood to hare unity, or 1. 

Thus, a is the same as a^, and 2x is the same as 2x* ; 
the 1 , in such cases, being usually omitted. 

A rational quantity, is that which can be expressed in. 
finite terms, or without any radical sign, or fractional in- 
dex ; as a, or fa, or 5a^ &c. 

* An irrational Qjuantity, or Surd, is that of which the 
▼alue cannot be accurately expressed in numbers, as the 
square roots of ^, 3, 5. Surds are commonly expressed 
by means of the radical sign v^ ; as ^^2, ^o, \/a^i or a 

1 a 

fractional index; as 2^, a^, &c. 

A square or cube number, &c. is that which has an exact 
square or cube root, &c. 

Thus, 4 and ^ a^ are square numbers ; and 64 and 
.j^a' are cube numbers, &c. 

A measure of any quantity, is that by which it can be di- 
vided without leaving a remainder. 

Thus, 3 is a measure of 6, 7a is a measure of 3te, and 
9ab of 27 a'b». 

Commensurable quantities, are such as can be each 
divided by the same quantity, without leaving a remain* 
der. 

Thus, 6 and 8, 2^2 and 3^3, 5a>6 and 7a6*, are com- 
mensurable quantities ; the common divisors toeing 2, y/2, 

and ab. 

Incommensurable quantities, are such as have no com* 
mon measure, or divisor, except- unity. 

Thus, 16 and 16, v/2 and ^^3, and «+6 and tf«+*a are 
incommensurable quantities. 



* This definition of a Surd, or irrational Quantity, is due to Robert Adrain, 
LL.D. Professor of Mathematics and Natural Philosophy in Columbia College 
New-Toric \ who bad first published it in his edition of Hutton*s course of Ma- 
thematics. £i>* 
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A multiple of anjr quantity* is that which is some exact 
number of times that quaDtity. 

Thus, 12 is a multiple erf 4, 15a is a maltiple of da, and 
20a' b' of bab. 

The reciprocal of any quantity, is that quantity inverted, 
or unity divided by it. 

Thus, the reciprocal of a, or X) is j- ; and the reciprocal 

of 7 is -. 

A function of one or more quantities, is an expression 
into which those quantities enter, in any manner whatever, 
either combined, or not, with known quantities. 

Thus,a-.2ar, ax+3a:», 2ar-a(a«-.a:>)^, aa:*", a% jtc, 

are functions of a; ; and axy+bx^^ ay-i-x (a«* — 5y*)^, 
&c. are functions of x and y, 

A vinculum, is a bar , or parenthesis ( ), made 

use of to collect several quantities into one. 

Thus, o+6Xc, or (a+ft) c, denotes that the compound 
quantity a+h is to be multiplied by the simple quantity c ; 

and y/ab+c', or (ab-{-c^)iy is the square root of the com- 
pound quantity a6+c" . 

Practical Examples for computing the numeral Valued of va- 
rious Algebraic Expressions , or Combinations of Letters. 

Supposing a=6, i=6, c=4, ^=1, and c=0. 

Then 

1. a«+2a6~c4-rf=36+60— 4+1=93. 

2. 2a^—3aa6+c3=432 — 640+64= — 44. 

3. a«Xa+6-Ji?aAc=36Xll -240=166. 

4. 2av'6» -ac+ i/2flc+c2 = 12 X 1 + 8=20. 

6. 3a^ac+c^ • or 3o (2flc+c^)i= 18^64= 144. 

6. v/2aa -r^2ac+c^ - V 72-^64=^72 ^=^64= 
8. 

' 65+4e'^^2^^q:S"* 6+0 "*'^48+16'" 6 + 8 



S ADDITION. 

Required the nameral values of the following quantities ; 
supposing a, 6, c, d^ c, to be 6, 5, 4, 1, and 0, respectively, 
as above. 

1. 2aa+36c-6d=127 

2. 5o>6-10a6«+2«=--600 

3. 7aa+6-cXd+c=263 

4. 6v^a6+6a-2o6— ca = -7.613876 
a a »»6 

c a 

6. 3y /c+ia y/ 2a+^~<^» 1 4 

7. ov^a« +6a+36c^aa - 6^=245. 85 jB 986 2 

8. 3aa6+3/c»+^2ac+c«=642.8844991 
' 3o— c 20+7" ""* • 

ADDITION. 

Addtion is the connecting of quantities together bj 
means of their proper signs, and incorporating such as are 
like, or that can be united, into one sum ; the rule for per- 
forming which is commonly divided into the three following 
cases* : 

CASE I. 

When the Quantities are like, and have like signs, 

RULE. 

Add all the coefficients of the several quantities together, 
and to their sum annex the letter or letters belonging to each 
term, prefixing, when necessary, the common sign. 



* Tbe term Addition, which is generally used to denote this rule, is too scan' 
iy to express the nature of the operations that are to bejierfoniied in it ; which 
are sometimes those of addition, and sometimes subtraction, according as the 
quantities are negative or positive. It should, therefore, be called bj some' 
name signifying incorporation, or striking a balance ; in which case, the hicon- 
gruity, here mentioned, would be removed. 





ADDITION. 


m 


EXAMFLKS. 


Sa 


— Sax 


Ba 


— 6ax 


a 


— ax 


7a 


— 2ax 


.12a 


— lax 


28a 


— \9ax 


2ay 
Say 
4ay 
lay 
I6ay 


— 2by^ 

- 6by^ 

— 6y'« 
-. 861/3 

- 62/2 


34ay 


— 186ya 


3ax9 


7a; — 4y 


2ax' 


a;— 3y 


l2ox» 


Sar-y 


9a.T3 
lOaxa 


«-3y 
4x-y 


36ax' 


16a:- 17y 




CASE II. 



26+3y 
db+ly 
b+^y 
86+y 
46+4y 

206+ 17y 



a— 2«« 
a — 6a:» 
4o—a?« 
3a -6x2 

7a— X* 
16a~15»9 



2a+«» 

»a+3«« 
4a+«" 



19a+8«« 



rrAen t/ie Qi^an^tttes are Uke^ btU have unlike signs* 



RULE. 



Add all the affirmative coefficients into one sum, and 
those that are negative into another, when there are se- 
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ADDITION. 



veral of the same kind ; then subtract the least of these 
sums from the greatest, and to the difference prefix the 
. sign of the greater, annexing the common letter or letters as 
before. 



EXAMIfLES. 



— So 
+7a 
+Sa 

— o 



2o— Sj; 
-.7a+5a;« 

— Sa+a:' 
+a - 3x« 



3x4- 2ay 
x^Say 
2x+ay 



+ lla 


-7o * 


6x+2ay 


— 2aa 
-3a« 
— 8a« 
+10a« 
+ 13a« 


Say- 7 
-ay+8 
+2ay-.9 
-Say- 11 
+22ay— 13 

+ 12ay-.6 


—3a6+7a?^ 
+3a6-10x 
+3a6— 6x 
— a6— 2x 
+2a6+7x 


+ 10o« 


+ 4a6+4a: 


— 2a^a: 


-6o«+26 


eax^+bx^ 


+ a^x 


+2o«-.36 


-2axa— 6x^ 


-^Sa^x 


~5a3^8& 


+3ax> — lOac^ 


+la^x 


+4a»— 26 


' — 7ax3+3x^ 


— 4a^x 


-Sea +96 


+ax3 + llx* 


— a^x 


-8aa -26 


+ax^ +3x* 



ADDITION* 1 1 

CASE III. 

When ike Quantities are utUike ; or some like and others tin- ^ 

like. 

RULE. 

Collect all the like quantities together, by taking their 
sums or differences, as in the foregoing cases, and set down 
those that are unlike, one after another, with their proper 
signs. 

EXAMPLES. 

bxy 2xy - 2x^ 2ax - 30 

4ax 3x' -{-xy 3x' — 2ax 

— xy x« +a:y 6x* — 3x * 

— 4ax 4x2— Sopy 3^x+10 



4xy 6x2+ xy 8x2 —20 



+ ox^ 8o2 x2 - 3ax 1 05* - 3a^ x 

— ox* la X ^bxy — i^+So'x* 
+3ax2 9x y — 6ax 60 +2a«x 

— ax^ 2o«x2+ xy a^x^ + lSO 

— 2ox2 10a«x2+6xy— ax Qi^+Sa^x^— a^x+lTO 

+3a2y Sv'x — 17y Sa*— 3a^x 

—2x^2 3^xy+10x x2— .2o^x^ 

— 3y2x 2x2y 4-26y 3a2 — 13xy 

— 8x2y 12xy — -^xy xy +320* 

+2xy« -8y+18x^ 20 —66x2 
Saat/— 3y2x-.8x2y i ISy^x +12xy ) 37a2— Sa^^x— 12x 



^^' 



12 SUBTRACTION. 

EXAMPLES FOR PRACTICE. 

1. Required the sum of ^ (a+b) and ^ (a— 6). Ans. a. 

2. Add 6x — 3a + 6 + 7and — 4a — 3x+ 2A — 9 toge- 
ther. Ans. 2a; - 7a + 36 — 2. 

3. Add 2a + 36 ~ 4c - 9 and 5a - 36 + 2c - 10 to- 
gether. Ans. 7a — 2c — 19. 

4. Add 3a + 26 — 6, a + 56 — c, and 6a — 2c + 3 to- 
gether. Ans. 10a + 76 — 3c — 2. 

6. Add x8 + ax^ + 6a; + 2 and a:' + c«« + dx — 1 to- 
gether. Ans. 2x» + {a+c) a;> + {b+d) jp + 1. 

6. Add 6a;y— 12a;S — 4a;2+3a;y, 4x«— 2a;y, and -3a;y+ 
4x^ together. Ans. 4jry*-8x'. 

7. Add4ax— 130+3a;i, 6x2+3aa;+9a;«, 7a;y-4xi+90, 
andv'^+40 — 6x« together. Ans. 7a«+8x*+7a;y. 

8. Add2a2 -3a6+263^3aa,36>— 2a»4-a9— 5c3,4c3- 
263+5a6+100, and 20a6+16a2 -6c-80 together. 

Ana. 13a«+22a6+36»+a3-.c»— 20—6c._ 

^ ... 5a 3ca , 7^6c ^,o6+a;. , 8a , 7ca ^^^bc 

9. Add -r h ^ ^9(_L_)and— . H 12-2-- 

a X ^ a ^ a x 

+6(— —-) together. 

6 a X ^ a ' 

10. Add 3aa+46c-ca + 10, — 5a«+66c+2e3 - 16, and 
- 4aa — 96c — 10c« +2 1 together. 

Ans. 6c — 6a» — 9«a + 1 6. 

SUBTRACTION. 

Subtraction is the taking of one quantity from an- 
other ; or the method of finding the difference hetwen any 
two quantities of the same kind ; which is performed as fol- 
lows* : 

* Thifl rate being^ the reierse of additiQii« the laetfaod of operation mast b« 
80 likewise. It depends vpon this principle, that to subtract an affiimatife 
quantity from aa affirmative, it the sams as to add ft negatire quastitjr to so 
affinnative. 
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SUBTRACTION. 
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RULE. 



Change all the signs (+ and — ) of the lower line, 
or quantities that are to be subtracted, into the contrary 
sj^ns, or rather conceiye them to be so changed, and then 
collect the terms together, as in the several cases of addi- 
tion. 



5af-2& 


• EXAMPLES. 

4x3+%- 6 
-3x8— .11^+8 

8ya — 2y-5 
-y^+3y+2 

4^ax'— 2x8y 
IX — 2x2y+6xy' - 


5xy+8x-2 
3xy— 8x— 7 


3a«— 76 


2xy+l6x+6 


9 

5x^—18 
-a:y+12 


10 — 8x— 3xy 
-.x+3— xy 


6xy— 30 

— 6x>3r — 8a 
-f-Sx^y— 76 

— 8x«y-8a4-76y^(j 


7— 7x — 2xy 

5x«+^x— 4v 
6x« — 8x— x| 

-x«+8x+2v^x— 4y 



EXAMPLES FOR PRACTICE. 

1. Find the difference of ^ (a+b) and J (a - 6). Ans. 6. 

2. From3x-2a— 6+7, take 8-.36+a+4a:. 

Ans. 26— x—Sa— 1. 

3. From 3a+6+cr52d, take 6— 8c+2d-8. 

Ans. 3a+9c-.4cJ+8. 

Thus, acc<»i&ng to -Laplace, we can write 

a=sa+6-6... (1), 

c-^c «= a'^C'^'b-^b ....... (8) ; 

so that if from a we are to subtract +^, or —6; or what amounts to the 
lame diing) i^in a we euppvess i- 6, or —6, the remainder from transforma- 
tion (1)* ™^^ be a— 6 in the first case, anda«)-6mtheaecooGL Also, if 
from a—c we take away +6, or — 6, the remainder, from (8), will be a— c 
*->, or fl— ^ + #. Eb. 

C 



14 MULTIPLICATION. 

4. From 13a;«— 2aa;— 9t», take Sa:*— Toar-fe*. 

Ans. 8a;*+5ox+106«. 

6. From20aa?-5y^j?+3atake4aa:+6ara— a. 

Ans. \6aX'-l0^x+4a, 
C. From 5ab+2b^^c+bc^b, take 6«-2aA+6c. 

Ans. 7a6+i*— c— 6. 

7. From ax^-'Abx^+cX'^d, take bx»+ex --2(1. 

Ans. aa:^ — "ibx 4-(c - e)a:+(l. 

8. From — 0tt-46— 12c+13x, take 4ar-9a4-46 -6c. 

Ans. 3a+9x— 86— 7c. 

9. From 6xay— 3^xy — 6at/, take 3a;af/ + 3 (jry) i - 

4ay. * Ans. 3a;2y--6^a:y— .2fly. 

10. From the sum of 4ax — 160 + 4a;i, Sx^+Sax-}- 

10x1, and 90 — 2ax — 12 ^x ; take the sum of 2ax - 
80 + 7xa, 7xi— 8ax — 70, and 30 - A^V - 2x» + 
ia^x^. Ans. llax+60 — xi— 4a»x*. 

MULTIPLICATION, 

Multiplication, or the finding of the product of two 
or more quantities, is performed in the Hame manner as in 
arithmetic ; except that it is usual, in this case, to hegin 
the operation at the left hand > and to proceed towards the 
right, or contrary to the way of multiplying numbers. 

The rule is commonly divided into three cases ; in each 
of which, it is necessary to observe, that like signs, in 
multiplying, produce +> and unlike signs, — . 

It is likewise to be remarked, that'powers, or roots of 
the same quantity, are multiplied Together by adding their 
indices: thus, 

aXa^y or a^Xa^=a^'j a^Xa^^^a^; a^Xa^ssa^ ; and 

The multiplication of compound quantities, is also, 
sometimes, barely denoted by writing them down, with 
their proper signs, under a vinculum, without performing 
the whole operation, as 
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3a6 (a - b)^ or ia\/a' +&» . 
Which method is often preferable to that of executing the 
entire process, particukrlj when the product of two or 
more fiictors is to be di?ided by some other quantity, be- 
caiase, in this case, any quantity that is common to both the 
divisor and dividend, may be more readily suppressed ; as 
will be evident from various instances in the following part 
of the work*. 

CASE I. 

When the factors are both simple quantities, 

RULE, 

Multiply the coefficients of the two terms together, 
and to the product annex all the letters, or their powers, 
belonging to each^* after the manner of a word ; and the 
result, with the proper sign prefixed, will be the product 
requiredt. 

* The above rule for the signs OiAj- be proved thus : If b, 6, be any two 
quantities, of which b is the greater, and b— 6 is to be multiplied bj a, it is 
plain that the product, in this case, must be less than as, because b— 6 is less 
than B ; and, consequently, when each of the terms of the former are multi- 
plied by a, a^ above, the result will be 

{B-'b) Xass aB'^"^. 

For if it were ob -f- o^i the product would be greater than an, which is ab- 
surd. 

Also, if b be greater than 6, and a greater dian a, and it is required to 
multiply B— 6 by a— a, the result will be 

(b— 6J X(a— a)?= AB — OB— 6A+a6 

For the prodctftt of b— >6 by a is a (b— 6), or ab — a6, an^that of b— 6. 
by —a, which is to be taken from the former, is —a (b— &), as has been al- 
ready ^wn; whence b— 6 being less than b, it is evident that the part 
idiicn is to be taken away must be less than ob ; and consequently since the 
6rst part of this product is— ob, the second part must be + a& ; for if it were 
— ab, a greater part than ob would be to be taken from a(b ~ 6), which is ab- 
surd. 

f When any number of quantities are to be multiplied together, it is the 
same thing in whatever order they are placed : dius, if ofr is to be muldplied 
by c, the product is either abe, ac6, or bca, Ac. ; though it is usual, in this 
case, as well as in addition and subtraction, to put them according to their 
rank in the alphabet It may here also be observed in ccoformity to the rule 
given above for the signs, that (•f.a)X(+A),or (-o)X(-^)'=* +**^' 
»nd (+a)X(-t),orT-«)X(+ft)=-«^. 
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12a 
36 


-.2a 
+4b 


-6s 


— 56x 


d6a6 


-soar 


+4569' 


7ab 
— 5ac 


+5x 


-2xy« 

+2flf»y» 

— 6jcy;r 

— 6a«y»2ra 


— 7axy 
+6ay 


3baHc 


-3aa»«« 


— 42a«aFy* 


3a>6 
26as 


12a9i: 

-2x»y 

— 24o»a?3y 




6a«6< 


-.2o»a;»y» 



CASE IL 

« 

fFAen one of ^ef acton is a compound quantity. 



RULE. 



Multiply every term of the compound factor, consider- 
ed as a multiplicand, separately, by the maltiplier, as in 
the former case ; then these products, placed one after 
another, viith their proper signs, will be the whole pro- 
duct required. 



EXAMPLESir 



3a-. 26 
4a 

12a>-8a6 



6xy^^ 
3x 



lQx^y'^24x 



4a; 
4aaa:-8a;«+4a; 



MOLTIPLICATION. 
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nx-^ab 

5a 




3y«+y-2 


eOax^ba'b - 


.70a;» + 14aa; 


3xy3+apy* — 2xy 


13a;a— o^A 
-2o 


2bxy+3a^ 
13a;> 


3a;«-xy+2i/« 
6a?« 


-26aar»+2o96 325a; 


3y+39a«x« 16x^ 


i-.6x3y-10a;ay« 



CASE IH. 

When both the factors are compound quantities. 



RULE. 



Multiply every term of the maltiplicand separately, by 
each term of the multiplier, setting down the products 
one after another, with their proper signs ; then add the 
several lines of products together, and their sum will be 
the whole product required. 



x+y 

x+y 


CXAMPLE3; 

5x+4y 
3a:~2y 

15x^ + Hxy 

— lOary— 8y» 

15a;«4. 2xy-.8y« 

x'+y 
x'+y 

x*+x^y 

4-a;ay+ya 

• 

»*+2xay+y3 


x^+xy-^y^ 
X — y 


x^+xy 
—xy+y^ 

x*+2x^+y^ 
x+y 

JC—y 


a?3+x2y— ary^ 
-a:3y-a;y«+y3 

x3 * — 2a:ya+y3 

x^+xy+y^ 
X — y 


a;3+a:y 


x^+x^y+xy^ 
^x^y^xy^-^y^ 


a:* * «-ya 


rj^Z * ' * --l/' 



c2 



18 MULTIPLICATION. 

EXAMPLES FOR PRACTICE. 

1. Required the product of x* — xy+Sf' and ^^ff* 

Ana. x'+if'. 

2. Required the product of x*-Hx*y4*«y*+y' ^d 
X— y, Aias.x*— y*. 

3. Required the product of x'-H^*Hy' and x*— xy+ 
y> . Aug. X* +xsy> +y* . 

4. Required the product of Sx* — 2xy+6» and x* +2xy 
-*3. Aos. 3x«+4xSy-4x>y*— 4x^ + l6xy-.15. 

5. Required the product of 2a' — 3ax+4xs and 5a* ^ 
6ax— 2x». Ans. lOo*— 27a»ar+34a«xa - I8ax» - 8x*. 

6. Required the product of 6x'+4ax>+3o*x+«'» and 
2x»-3ax+««. Ans. I0x«— Tax*— a'x^— Sa'x'+a*. 

7. Required the product of Sx*+2x*y*+3y' and 2x' 
— 3x«y«-|-6y3. 

Ana. 6x«— 6x«y«— 6x*y*+21x»y»+«*y*+J6»». 

8. Required the product of x'— ax*Hh6x^c and x* — 
dx+e. Ans. x*--ax*— dx*+(6+oii+c)x»— ^c+M+oe) 

X* + (cd+ e6)x — ce. 

9. * Required the product of the four following fac- 
tors, yiz. • 

I. II. III. IV. 

(o + h) (a« +ab + b') (a - b) and (aa - o^ + 6«), 

Ans. o»— 6*. 

10. Required the product of a» + 3a*x + 3ax» + x' 
and a* — 3a»x + 3ax« — x'. 

Ans. a» — Sa*x* + 3a*x* — x*. 

11. Required the product of a*+«*c'+c* and a* — c». 

Ans. o»— c». 

12. Required the product of a«+6«+c^— o^— ^c— 6c 
anda+6+c. Ans. a^— 3a6c+6*+c». 

* I would advise the learner to per£>nn the calculation of this example 
several ways, viz. First, by inukiplyine the product of the factors I. and 
n. by the product of the factors III. and IV. Secondly, by muitiplyw the 
product or the factors I. and III. by the product of tn Actors II. and lY. 
Thirdly, by multiplying the product of the factors I. and IV. by the product 
of the fiictore II. and III. The last method is the most concise ; See £a- 
1ir*&Algebra page 119. Vol I. E». 



DIVISION. 

DiTisioir is the converse of multiplicatioo, and is per- 
formed like that of numbers ; the rale being usuallj di- 
vided into three cases ; in each of which like signs give 
4- in the quotient^ and unlike signs — , as in finding their 
products*. 

It is here also to be observed, that powers and roots of 
the same qaantitj, are divided by subtracting the index of 
the divisor from that of the diYidend. 

Thus, a^'i-a^t or-^=af a -f-a , orj-^sso ; 

a as 

3 

# . J or_=a'* ; and a'^-i-a*. or a*""". 

CASE I. 

When the dhisor and dividend are both siviple quantities. 

RULE. 

Set the dividend over the divisor, in the manner of a 
fraction, and reduce it to its simplest form, by cancelling 
the letters and figures that are common to each term. 

EXAMPLES. 

>, . « 6«i^ «t J .« « o I9ax» , 
6ab^2at or — =36 : and 12ax^ -r 3ar, or— ~ — =4aa; ; 
2a 3x 

a a 
a^a, or -^ 1 ; and o -i- —- a or = — 1 . 



* According to the rale here given for the signs, it follows diat 

as will readily appear by nmltiplying the quotient by the divisor; the signs 
of the prodacts being then the same as would take place in the former rule. 



« 



Ans. — 3|, and — -aajjTf. 



20 DIVISION. 

Also— 2a -T- 3a, or-r — =i— f ; and 9x»'t^Sx^=^3x*. 

1. Divide 16x^ by Sar, and I2a^x^ by — Sa^r. • 

3a; 
Ans. Zxy and — ^. 

2. Divide — IBay* by Say and — 18aa?»y by — Bax, 

Ans. — 5y,ana-— ^. 

3. Divide — aa, by -a*, andaxs by — -aaa?T. 

3 6 5 

6 A JL 

3^ 

4. Divide IZa^b' by — 3a»6, and — \5ayi by — Say^. 

Ans. — 46, and 5yi\ 

5. Divide — Iba^x* by 6ax», and 21 a»c«a;i by — la 
c^xi. Ans. —3a, and — Saa:}. 

6. Divide — ITxia'c by — fixiaaci, and 24apy by 

.B\/xij Ans. r 1 and 3\/xy. 



CASE II. 

Ff'/ien ^^e divisor is a simple quantity, and the dividend a 

compound one, 

RULE. 

Divide each term of the dividend by the divisor, as ia 
the former case ; setting down such as will not divide ia 
the simplest form they will admit of. 

EXAMPLES. 

^ . . , N ^i ab+b* , , a+b 

(a6+6a)H-26, or-^=ia+i6 = -3L 

(10a6-15oaf)-A-6a, or s=26-3x. 

oa 
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(30ax-48x«) ^6x, or^ ^~'*^* = 5fl-8a; 

1 . Let d«'+6x»«f 3a»^ t6x be dhrided bj 3x. 

Am. jc»+?ap+a— 5. 

2. Let Sabc+l^d^x'^9a*b be divided bj 3a6. 

Ans. c-i-'4x'^^* 

3. Let 40a363+60a'6s - 17a6 be divided by— a6. 

Ad8. — 40as69-60a&+17. 

4. Let ]5af 6c— 12acx*+dad^ be divided by — 5oc. 

Ans. — 3a6H . 

5 c 

5. Let 20a«*+16«a?«+J0aar+6a be divided by 5a. 

Ans. 4x3+3a:«+2x+J. 

6. Let 6tcc?^+46r(ia -26«^» be divided by ^bz. 

Ans. aec{+2c{>->5z. 

7 . Let. 14a> * lah+2 lax -28a be divided by 7a. 

Ans. 2a — 6 -f 3x — 4. 

8. Let -20a6+60a63.12a96* be divided by ^4a6. 

Ans. 5— 15&*+3a6. 



CASE in. 

When the divisor and dividend are beih compound 

quantities. 

RULE. 

Set tbem down in the same manner as in division of 
nambersy ranging the terms of each of them so, that the 
higher power of one of the letters may stand before the 
lower. 

Then divide the first term of the dividend by the first 
term of the divisor, and set the result in the quotient, 
with its proper sign, or simply by itself^ if it be affirma- 
tive. 
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TJbis bdag done, mnldply the whole difisor by the 
tern thos fyaad ; and, hmng sobtncted the result from 
the diTidead, brug down as nanj tenns to the remainder 
as are requisite for the next operation, which perform as 
before ; and so on, till the work isfinished, as in cchbudod 
arithmetic. 



x*+xy 






4a*x+6tfx» 
4a'x4"4ax* 



ax*+x' 



x-3)x« -9x> +27x— 27(x« -6x+9 
x«-3x» 



6xa+27x 
6x>+*18x 



9X-.27 
9x—27 



. 
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4x*^6ax^+2a^x^ 



6ax3-. 9aaxa+3o3x 
— 2aarc«+3o3a;— a* 



Note 1. If the divisor be not exactly contained in the 
dividend, the quantity that remains after the division is 
finished, mast be placed over the divisor, at the end of the 
quotient, in the form of a fraction : thus*. 



2x^ 
o+ic)«'— a;' (a» — ax+x* — 



a+a; 



— a'a:— a;3 
— a"«— aa;' 

ax^ —a;' 
ax^'^x^ 

— 2a;3 



* In the case here given, the operation of division ma^ be considered as 
terminated, when the highest power of the letter, in the nrst or leading term 
of the remainder, by which the process is regulated, is less than the power 
of the first term of the divisor ; or when the first term of the divisor is n«t 
contained in the first term of the remainder; as the succeeding part of the 
<|uotient, after Aiis, instead of being integral, as it ought to be, would neces^' 
sarily become fjractionah 
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2y« 



x+y)x^ +y* (x^ --x^y+xy* — y'+ 



x+y 



— a:y3+y* 

3. The division of quantities maj also be sometimes 
carried on, ad infinitumy like a decimal fraction ; in which 
case a few of the leading terms of the quotient will gene- 
rally be sufficient to indicate the rest, without its being 
necessary to continue the operation ; thus, 

X X* X^ X* 

a+x)a .... (l--+--_4._ &c *. 
a+x 



— a? 






x« 












a 






x^ 






a 


• 




x^ 


+^' 




a 


' aa 


■ 




ap3 












a« 






x^ 


X* 










a^ 


a' 



* Now, it if ea^ to perceive that the oextjor 6th term of the quotient will 
)m<»—, and the serenth term---- and so on, altemately/Zu^/aad min^\ 
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And by a process similar to the above^ it may be shewn 
that 

= 1 -K:+:T+^+T7+rr+&c. 



o— « a a^ a^ o* a* 

Where the law, by which either of these series may be 
continued at pleasure, is obvious*. 



this is called the law of conUnuaiion of the series And the sam of all the 

a 
tenns when infinitely continued is said to be equal to the fraction . 

Thus we say ik»vulgarfr<ictUm^yfhen reduced to a decimal is =a28292,Ac. 

infinitely continued. The tenns in the quotient are found by dividing the re- 
mainders by a, the first term of the divisor; thus, the first remainder— :e di- 

%r 

videdby a, giveB^ the second term in the quotient; and the second re- 

a , 

mainder-)- — divided by a gives 4- —the third term, &c. 

* In this example, if a; be less than a, the series is convergent, or the value 
of the terms continually diminish ; but when x is greater than a, it is said to 
diverge. '' 

To explain this by numbers: suppose a =a 3, and x=si2* 

The corresponding values are, 

where the fraclirms or terms of the series grow less and less, and the farther 
they are extended, the more they converge or approximate to 0, which is 
sapposed to be the last term or limit 
Butif a=92, andar=3. 

Then,l+-+— + — .,&c. 

The corresponding values are, 

.3 9 27 

In which the terms become larger and laiger. This is called a diverging 
series. 
If or S3 1, and a =a 1 in the preceding example : 

"^^^^^'T^X^^"^ -^+ ^i TT' *^- '^"^ ^Art «^ 1 - 1+1 - 1. &c. 

Now, because rq^= i, it has been said that 1— l+l— 1, &c. infinitely con- 
tinued. Is =ss]^ : a singular conclusion, when it is perceived from the terms 
fliennelves, (bat their sum must necessarily be eifheir cur -f-t, t9 whatever 

1> 
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EXAMPLES FOR PAACTICE. 



I . Let a* - 2«c+«* he divided by o— ar. Aug. a-x. 
t. Let »»— 3a«*+3a«x-a» be divided by x— a. 

Ads. x»— «iix+tt*. 

3. Leta»+6a«x+6ax»+x» be divided by a+x. 

Ans. a»+4iix+x*. 

4. Let2!r» — 19y«+26y— 16bedividedbyy-8. 

Ads. iy* -Sy+2. 
.6 Letx'^1 be divided by x+1, and x« — l byx-1. 

Ans. x*-x8+x» -x+l, andx*+a:*+«'+«»+«+^- 
6. Let48x»— 76cwc*+64a»x+106a» be divided by 2x 
_ 3^^ Ans. 24x« — 2flx— 36o* . 

7 Let 4x*— 9xa+6x— 1 be divided by iac'+S*— 1. 

Ans. 2xa— 3x+l. 

8. Let x*-a«xa+2a»x-*o* be divided by x« -ax+o«* 

Ans. x«+a«— tt*. 

9. Let 6x« -96 be divided by 3x-6, and a^^+x^hy a 

Ans. 2x»+4xa+8x+16,arid o*-a»x+a»x»-ax3-.:c<. 

10. Let 32x«+243 be divided by 2x+3, and x« -a» by 

"* Ans. 16x*-.24x»+36xa -64X+81, and x«+«3C* + 

II. Let 6*— 3^* be divided by 6-.y, and a^+4a^b+ 
86* by a+2b. 

Ans. 6»+6»y+V+y'— ^' «°^ a3-2a«6+4afc 

. 166^+246* 
+4a6«-86a-8i&3+ ^qigt"- 



eitent the divisioa is supposed to 1m continued. The real question, howeTe^, 
results from the fractional parts, which (by the division) is altniys + J when 
the sum of the terms is 0, and — ^ when the sum is + 1 : consequently f *^ 
. the true quotient in the former case, and 1—^ in the other. E» 
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12. Let x^^-px+q be divided by a:+o, and x^ -|)«3+ 
jy«— r by ar— a. 

Ads. ap+p— a+-2 — —— — , and x^+ (a -/>) a:— a/» 

.X— a 

13. Let l-6«+10a;«-10a;8+6jr*-a:s be divided by 
l'^2x+x^. Ans. l-3a;+3a:a— a?». 

14. Let a* +46* be divided by o» -2a6+263. 

Ans. ««+2a6+2t3. 

15. as — 5a*a;+l0o3x*— 10a»a;»+6aa;*— ar* be divided 
by o» — 2aa?+a?3. Ads, o»— 3a*a;+3ar3 ^^.3. 

1 C. Let a* +A* be divided by o* +<» V^+*'' • 
, Ads. a* — a6y^5+62 . 

OP ALGEBRAIC FRACTIONS. 

Algebraic fractions bave tbe same names and rules of 
operation as nnmeral fractions in common arithmetic ; aud 
the methods of redacidg them, in either of these branches, 
to their most conveorent forms, are as follows : 

CASE I. 

Tojind the greatest common measure of the terms of a frac- 
tion. 

ftULE. 

1. Arrange the two ^antities accordhag to the order of 
their powers, and divide that which is of the highest di- 
mensions by the other, having first expunged any factor, 
that may be contaiDed in all the terms of the divisor, with- 
out being common to those of the dividend. 

2. Divide this divisor by the remainder, simplified, if 
necessary, as before ; and so on, for each successive re- 
mainder and its preceding divisor, till nothing remains, 
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when the divisor last used will be the greatest common 
measure' required ; and if such a divisor cannot be found, 
the terms of the fraction have no common measure.* 

Note. -if any of the divisors, in the course of the ope- 
ration, become negative, they may have their signs chang- 
ed, or be taken affirmatively, without altering the truth of 
the result ; and if the first term of a divisor should not be 
exactly contained in the first term of the dividend, the se- 
veral terms of the latter may be multiplied by any number, 
or quantity, that will render the division completet* 

EXAMPLES. 

1 . Required the greatest common measure of the frac- 
,. rr« — 1 

x* — l)x*+a;3(a; 
«'— a; 



orx«4-l I X* — 1(«2 — 1 
x*+x« 



a-1 
«« — 1 



* If, by proceeding in this manner, no compound divisor can be found, Hat 
is, if die last remainder be only a simple quantity, we may conclude the case 
proposed does not admit of any, but is already in its lowest terms. Thus, (as 

instance, if the fracticm proposed were to be :;: — . ^"^ ;itis 

plain by inspection, that it is not reducible by any simple divisor; but to 
know whether it may not, by a compound one, I proceed as above, and find 
the last remainder to be the simple quantity 7«a : whence I conclude that 
the fraction is already in its lowest terms. 

f In finding the greatest common noeasure of two quantities, either of them 
may be multiplied, or divided, by any (quantity, which is not a divisor of the 
other, or that contains no factor whicn is common to them both, without in 
any respect changing the result. 

It may here, also, be fertlier added, that the common measure, or divisor, 
of any number of quantities, may be determined in a similar manner to that 
given above, by first finding the common measure of two of them, and then 
of that common measure and a third ; and so on to the last. 
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Whence rc^+l is the greatest commoB fneasure required. 
2. Required the greatest commoD measure of the frac- 

<ien j-;rT r-j- . 

X +2bx+b^ 

x^+2bx+b^)x^ -6aa;(a? 

x^+2bx*+b^x 



er x+b \x»+2bx+b^{x+b 



bx+b^ 
bx+b^ 



Where rrrf-6 is the greatest common measure required^ 
3. Required the greatest common measure of the free- 

3a2— 2a— l)4a3 — 2aa-. 3(1+1 
3 



I2tt3-.6aa-.9a+3(4o 
12a3«8aa— 4a 



2a« -«6a+3)3a«+2a — 1 
2 



6aa+ 4a -2(3 
6a« — 16a+9 



lla— 11 ora— 1 

Where, sincea- l)2a«-5a+3(2a-.3, it follows that the 
iast diytsor a— 1 is the common measure required. 

« Here, I diyide the remainder— 26ar9 — 2x2 x by — 3ar6, (its greatest sim- 
ple diTisor) and the quotient is w-^b ; and then I divide the last dirisor by 

D 2 
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Id which case the coaioioii prooew haB been iateitopt- 
ed in the last step, oaerel^ to prevent the work overraQ« 
niDg the page. 

4. It is required to find the greatest common measure 

or — . Ans. x^^a. 

5. Required the grefttest common measure of the frac- 
tion r-i — -• Ans. o^ —a?". 

6. Required the greatest common measure of the frac- 

tion ---; . Ans. aj^-f^ax+a^. 

ar*+aa;3 — a^a; — a* 

7. Required the greatest common measure of the frac- 

7a3— 23a6+662 
tion ^ ,^---7--- , . — rr.-. Ans. a — 3o. 

d. ^Required the greatest common measure of the frac- 
x^+ax^+bx^-^Za^x+bax-^^ba^ . 



* This fraction can be reduced by Simpsoa^s rale (page 50) thus : 
Fractions that have ia them more than tWo different letters, and one of the 
letters rises only to a sini^le dimension, either in (he numerator, or denomina- 
tor, it will be best to divide, the said numerator or denominator (whichever 
it is) into two parts so that the said letter may be found in every term of the 
one part, and be totally excluded out of the other: this being done, let the 
greatest common divisor of these two parts be found, which will evidently be 
a divisor to the whole, and by which the division of the quantity is to be tri* 
jed ; as in the following example, where the fraction given is 

X 3 ^€uca -f 5a? 8 — 2aa x 4. bax — %ba2 

x2 — bx^m2ax — Zab 
Here the denominator being the least compounded, and b rising therein to a 
single dimension only, I divide the same into the parts 4^9 •^ 2 a x , and — dx—- 
Bab; which, by inspection, appear to be equal to («^2a)Xa!, and (x'^ia) 
+ — b. Therefore x •!- 2a is a divisor to both the parts, and likewise'to the 
whole, expressed by (x-i^^a) X(x — b) ; so that one of these two Victors, if 
the fraction given can be reduced to lower terms, must also measure the nu- 
merator : but the foi-mer will be found to sueeeedf the quotient comiBg oat 
xi — ax '^ bx — ab, exactly : whence the fraction itself is reduced (s 

X.- ,'which is not reducible fardier Ifv x — £, ance the division 

a? — b 

4oes not terminate without a remainder, as upon tria^ wilt be found. 

This rule is sometimes of great utility, because it spares great laboufi aa<2 

is.Tcry expeditious in reducing several ftiicti6iis. £0. 
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9. Required the greetest common measure of the frac- 

tion — ;r-- — r-x-z . Aqb. a;«+2ax-«o«. 

^ a:9-<Mf*— 8a«a?+6a» 

} 0. Reqaired the greatest commou measure of the frac - 

11. Required the greatest common measure of the frac- 
tion — -^^ — — — T 7.-7 o I o r-; • Ans. 2a^ — 2c« . 

CASE II. 

To reduce fnteiions to their lowest or most simple terms. 

RULE. 

Divide the terms of the fraction by any number, or 
quantity, that will divide each of them without leaving a 
remainder ; or find their greatest common measure, as in 
the last rale, by which divide both the numerator and de* 
nominator, and it will give the fraction required. 

KXAMFLKS. - 

1. Reduce r—ond — ; — to their lowest terms. 

6a«6^ ax+x^ 

^^^^ g ,i:» =7rApg> And — ; — 5-=--i — Ans. 
5a' b' 66 ax+x^ a+x 

2. It is required to reduce--— 7 to its lowest terms. 



Here cx-^x^ 
or c+x 



a^c+a'x 
a'c+a^x 



Whence c+^ifl the greatest common measure -, 
'^^ ''^' \H+a'x '^^^^ *"'''^^'**" required. 
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3. It is required to reduce „ , I* — .-rz to its lowest 
terms. ' 4 



— 26a:»-26«.T I 

or x+b I «a+26a:+6a(«+i 
x^+bx 



bx+b^ 
bx+b^' 



Whence x+b is jthe greatest common measure ; and x+h) 

x^-^b^x x^^bx , J. ^, .J. 

— - — ; — -- — = TT- the fraction required. 

x^+2bx+b^ x+b ^ 

And the same answer would haye been found, ifx^-^b^x 
had been made the divisor instead of x^ +2bx'+b^ . 

jc* —a* 

4. It is required to reduce r-rto its lowest terms. 

x^ +a' 

Ans. — . 

x^ 

5. It is required to reduce— -r-p-r- r^-r to its lowest 

oa * -f- 1 1 cu; -f- 3-c 

terms. . 3a— a: 

Ans.T; — r- • 
3a +a; 

6. It is required to reduce tt-t—^-^ 7, to iU lowest 

terms. Ans. |. 

7. It IS required to reduce — : ^ , , , ^ — 

to its lowest terms . . 3x ^ +x« + 1 

Ans. ■ ^ . pr;. 
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8. It .s required to reduce j^^^^-^^j^-^3^5^ to 
Its Jowest terms. Ads. »^-. 

CASE III. 
To reduce a mixed quantity to an improper fraction, 

HULE. 

Multiply the integral part by the denomiontor of the 
fractioD, and to the product add the numerator, when it is 
affirmative, or subtract it when negative ; then the result, 
placed over the denominator, will give the improper frac- 
tion required. 

EXAMPLES. 

1. Reduce 3| and a — to improper fractions. 

HI o, 35<:5+2 16+2 17 . 

Here 3|= r-^— = — r— =-7- Ans. 

^666 

. - b aXc-^b ac^b . 

And a — -= = Ans. 

c c c 

2. Reduce a:H — and x-— to improper frac- 

as X 

tions. 

Here x-i — = = Ans. 

XX X 

And X*— = == ■' Ans. 

X X ^ . X 



* a* X ^ =**' * 1° adding^ the numerator aa — x 3 , tbe si^n — affixed to 

the iractloa , denotes that the whole of that fraction is to be subtract^ * 

* 
tA and conseqoeotly that the signs of each terra of the nonoerator must be 
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ix 

3. Let 1— — be reduced to an improper fraction. 

Ads. 

a 

Set— & 

4. Let 5a «- be reduced to an improper fraction. 

* . 6a«-3i+6 

Ans. . 



a+x« 

o. Let X — be redaced to an improper fraction. 

^ . 2ax-«-x2 

Ans. s 

Xa 

2x — 7 

6. Let 5H — 5 — be redaced to an improper fraction. 

^^ ^ 17X-7 

Ans. — - — . 
3x 

7. Let 1 — be redaced to an improper fraction. 

^ ^ 20-X+1 

Ans. . 

a 

X— 3 

8. Let l-f-2x— - — be redaced to an improper frac- 

ox 

tion. ^ 10xa+4x+3 

Ans. . 

5x 

CASE IV. 

To reduce an improper fraction to a whole or mixed 

quantity. 

RULE. 

Divide tbe numerator by tbe denominator, for the in- 
tegral part, and place the remainder, if any, over the de- 
nominator, for the fractional part ; then the two, joined 
together, with the proper sign between them, will give tbe 
mixed quantity required. 



«riR«n^a«wi^aM 



changed when it is combined with «>, heace the improper fraction is 



• " ■ I - '» or '. |1<D< 



'^ 



s 



> 
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EXAMPLES. 

1 • Redace -— and -. to mixed qaantities. 

ox 

27 
Here— •=s27-^6=6f Ans. 

And s(aj|?^a').^;=a-|— - Ana. 

X X 

2. It is required to redace the fraction to a 

X 

whole quantity. Ans. «— ««. 

3. It IS required to reduce the fraction — ^^^^r — to a 

ab 

mixed quantity. a t ^*^ 

Ans. 1 ^» ~7~. 
6 

4. It is required to reduce the fraction — - — to a 

a — a: 

mixed quantity^ « . . Sx' 

Ans. a+x-ir 



a-^x 

^ 5. It is required to reduce the fraction — to a 

X— y 

whole quantity. Ans. x» +«y+y'« 

6. It is required to reduce the fraction ^ — — . 

ox 

f 

3 
to a mixed quantity. Ans. 2x— 1 +-=-• 

* ** 6x 

CASE V. 

To reduce fractions to other equivalent ones^ that shall have 

a common denominator • 



RULE. 

Multiply each of the- numerators, separately, into all 
the denominators, except its own, for the new numerators. 
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and all the denominators together for a common denomi- 
nator*, ^ 

EXAMFLK8. 

1 . Reducer and- to fractions that shall have a common 

c 

denominator. 

Here aXc-ac ) ., . 

^ ^ 5=^2 ( *"* '^cw numerators. 

b X c=6c the common denominator. 

Whence,,- and -=i- and r- , Ihe fractions required. 
b c be be 

2x b 

2. Reduce — and - to equivalent fractions haying a com- 

. ^ *^ ^ex ah 

mon denominator. Ans. — and — . 

ae ac 

3. Reduce- and to equivalent fractions having a 

common denommator. Ans. t^ and — ; — . 

be be 

_. , 3a: «6 

4. Reduce—, — , and d, to equivalent fractions having 

. ^" r ^ ^ 9ev 4ab ^Sacd 

a common denommator. Ans. ^ — , r — and -? — . 

6ae 6ac 6ac 

3 2x 4x 

6. Reduce-, -— - and a +-^to fractions having a com- 

4 3 6 

mon denominator. . 45 40jr , 60a+48r 

Ans. rr-, -rrr- and . 

60' 60 60 



* It may here be remarked, tiiat if the numerator and denominator of a 
fraction be either both multiplied, or both divided, by the same number or 
quantity, its value will not be altered : thus 

2 2X3 6 3 2-T-3 1 a ac oB a 

3 3x3^9 12*^12 -i-s"'4' f'^io 5e c 

which method is often of great uie in redadDj; Actions nore i«a4ily to a 
commoa denominator. 



ALQJSBRAIC FRACTIONS. 37 

€• Redace-. --.and , to fractiona haviDg a com- 

mon denominator. . 7g» — Tag ^^f^— i^jt * ^*'"'" * ^* 

"*' r4a^n4«' 14a— 14x lia^^^x' 

CASE VI. 

To add fraetionai quaniities together. 

RULE. 

Reduce the fractioDS, if Decessaiy, to a common deno- 
minator ; then add all the numerators together, and under 
their sum put the common denominator, and it will give 
the sum of the fractions required"*. 

EXAMPLES. 

1. It is required to find the sum of -and ~. 
Here ^?^*«^2 J the numerators. 



And 2X3=6 the common denominator. 

Sx ix 5x 
Whence -^-+-2-==-^, the sum required. 

ODD 

2. It is required to find the sum of ^, ^, and ^.. 

HereoX(Jx/=oir/i 

cX5 xf=:zcbf \ the numerators. 
eXb Xd=:ebdS 



* In tiie adding or sabfracting of mixed quantities, it is best to bring >tbd 
fj^ctional parts only* to a common denominator, and then to affix their sum 
or dil&i^nce to the sum or dU^rence of the integral parts, interposing the 
proper sign ' 

E 
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And hXdXf=^ike iii— nii denoMMtor. 



3. Itis reifnicdtDfiadtfaemiiiiofa— |^-alld&+ 
HeTe, taking onlj die indiooal parts. 

We shaU hare j ^x6=^ ( ^^ nameratora. 

And b X c=6c tbe common deoominatois. 
Whence a— -^ — H*H — r— =«+^-l r tfr© ««in« 

4. It is required to find the sum of -r- and -—. 

^ 6 7 

. 393C 

35 

3x X 

5. It is required to find the sum of-- and -. 

16ap+2ox 

Ana. ^ . 

10a 

6. It is required to find the sum of-, ^, and -. 

. »I3x 
Ans. — —. 
12 

Ax J9*»2 

7. It is required to find the sum of -— and — -— . 

7 6 

. 27a?— 14 

8. Required the sum of 2a, 3a-) — , and a — ^. 

6 9 

Ans. oa— — .. 
45 

9. Hequirefl the sum of 2o+-r-, , and --^. 

3o»a:— 3atr?+5a;* 



Ans. 2a4-2-4 



6a>— .5ar 
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10. Required the sum ofSx-i — 5— ao^ 4j?— — . 

« .6x« — 16a;+9 
Aus. 9x+ j^^j^ . 

11. It is required to find the sum of 6a;,~--, aod — ; — . 

^ , Ba+Sax+Sx 
12x2 

CASE Vll. 

To subtract one fractional quantity from another, 

RULE. 

Reduce the fractious to a common denominator, if ne- 
cessary, as in addition ; then subtract the less numerator 
irom the greater, and under the difference write the com- 
mon denominator, and it will give the difference of the 
fractions required. 

EXAMPLES. 

Sx 3x 
1 . It is requii ed to find the difference of— and -—. 

Here V^^l'^Vi'^ I the numerators. 
3xX3=?fx 



And 3X5=15 the common denominator. 

Whence — tt^77' ^^® difference required. 

15 15 15 

2' It is required to find the difference of--r- and 
2a— 4x ^^ 



3c 



TT (x— o)x3c=3cx— 3a€ ) xi ^ .^«. 

"«« \ta-ix)Xib^iab~Sbx \ "** n""*™'""' 



I * . '■' ' I F I' .. ■■ ■ I ^1 " ! *■ -^ 
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«> 
And 26X3cs=6i&c the common denomioator. 

3cx-3flc 4it6— 86a; Sex — 3ac — 4ab + Zbx 
Whence _^- - — gj^- = ^^ 

the difference required. 

12« 3a; . 4ac 

3. Required the difference of -— and — . Ana. «t^- 

1+21/ 

4. Required the difference of 16y and — ^. 

^ 118y-l 
Ans. - • 

o 
€tX ox 

6. Required the difference ofr — andrx"' 

2fla;c 
Ans. rr — — • 
6a-c« 

6. Required the difference of a;— and x+ ~^. 

. 26a— 26a;— ca; 

tLmmx o~f*a; 

7. Required the difference of a-| — -y-— and a 



Ans. 



a— a; 
2aa+2xa 



2x+7 
8. Required the dlfierence of ax H — and a'— 

^^""^ 86ar-99 



8"^ 



21 Ans. ux 



168 

9. Required the difference of 2*+ — - — > and 3a; + 

"=«-'0 82X+5 

15 Ans. «+-^;56-. 

10. Required the difference of a + -7-7—; and 

+ ^ afa-1-x) 
^ 4x 

a(a-a;) Ans. o-^jj--^. 
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CASE VIII, 

To multiply fructienal quantities together. 

RULE. 

« 
Multiply the numerators together for a new numerator, 
and the denominators for a new. denominator ; and the 
former of these being placed o?er the latter, will give the 
product of the fractions, as required^. 

EXAUPLES. 

X 2x 

1. It is required to find the product of- and — , 

wtX^x ix^ x^ 
Here ■ —^ f.r ^^ *^® product required. 

2. It is required to find the continued product of 
X 4x lOx 

2' T' ""*' IT- 

• X It'^X 

3. It is requil*ed to find the product of- and — ^. 

^ a a — a: 

Here ---) x =-r-^ — the product. 

aX{a^x) a' -^ax *" 

4« It is required to find the product of— and~^. 



When the numerator of ooe of the fractions to be moltipliedt and the de« 
nominator of the other, can be divided by aome quantity which is common 
to each of them the quotients may be osed instead of ihfi fractions them- 
selves. 

Also, when a fractioB is to be maltiplied by an integer, it is the same 
thing whether the numerator be multiplied by it, or the denominator divided 
ed by it. Or if an integer is to be multiplied by a fraction, or a fraction by 
an intesei', the integer may be conndereo as having noity ^ its denbOlin^ 
tor, ma the two te theuamltifiiied togeter «» ofiitnL 

b2 
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2x Sx* 

5. It is required to nod the product of — and-^--. 

Ads. —— 

6a 

6. It is required to fiod the cootinaed product of—, 

4x* - o . 8ax' 

-, and — r — . Ads. 



3 



7 ' a+x' Sla+21x 

7. tt is required to find the continued product of 

2x Sab _ bac . 

— , — , and -r Ans, tfiox* 

ox 

8. It is required to find f he product of 2a+ — and 3a— ^ 

b ^ 

ax Ads. 6a*+36x — r- 

X a* 

9. It is required to find the continued product of 3x, 

x+1 ,x— I ^ 3x' — 3x 

^ ■» and — r-r. Ans. ■ ■ , ^ . . 

2a a+6 2a«+2o6 

10. It is required to find the continued product of 
ct«— X* o«-6« J I «« 4 a3.-a*6 

a-t-o ax+x" a— X x 

CASE IX. 

To divide one fractional quantity by another. 

* 

RULE. 

Multiply the denominator of the dirisor by the nume- 
rator of the diridend, for the numerator ; and the nume- 
rator of the divisor by the denominator of the dividend, 
for the denominator. Or, which is more convenient in 
practice, multiply the dividend by the reciprocal of the 
divisor, and the product will be the quotient required*. 

** When a fractioo is to be divided by an integer, it is the same things 
whether the namemtor be diTided by it, or the denowiiinator multiplied b^r 

it. 
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EXAMPLES. 

1 . It is required to diride - by — . 

Here =-5-Tr=«^2r-=^"=s=U ^^' 
5 9 3 2x 6x 2 * 

2a 4c 

2. It is required to divide -^ by ~. 

„ ia^d ftad ad , 

Here t^t =Tr-=iT- ^°*- 
4e 4bc 46c 

3. It is required to divide —jj- by ^ ^ , 

Here — ^-X — rr= • — r;; ^^^' 

x^b x+b a:*— 6^ 

2x' X 

4. It is required to divide —--; — - by , 

^ a»+«* « + o 

2g^ g+g _2ga( x+a) _ 2x 

7x 3 7x* 

5. It is required to divide -— by -. Ans. -rr^ 

4^9 4x 

6. It is required to divide — - by 6x Ans. — . 

7 35 

7. It is required to divide — tt- by -— . Aus. — : — . 

6 " 3 4x 

1! X fi 

8. It is required to divide — — by -. Ans. -- — • 

1 — X ^ 6 J— X 

SoxH^'x' X 

9. It is required to divide — by • 

^ c3— x' "^ c— J? 

2a+x 



Ans. 



ca+cx+x^' 
19. It is required to divide ^,^^7^% ^y ^^• 

4 x* +6^ 
An3* — — • 
x^ 

Also, wbeo the two numerators, or the two denonunators, can be divided 
by some commoDqiiantitT, that qsaDtity taaj be thrown 9«t of ei^h, and the 
qu^ieafs uied tasfiead en the fractkatt first proposed. 
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INVOLUTION. 

Intolutxon 18 the raising of powers from any proposed 
root ; or the method of finding the sqntte, cube, biqaad- 
rate, &c. of any giyen quantity. 



RULE f. 

Multiply the index of the quantity by the index of the 
power to which it is to be raised, and the resnlt will be 
the power required. 

Or multiply the quantity into itself as many times less 
one as is denoted by the index of the power, and the last 
product will be the answer. 

NoU. When the sign of the root is +, all the powers 
of it will be + ; and when the sign is — , all the even 
powers will be +» and the odd powers — : as is evident 
from multiplication*. 



EXAMPLES. 



a, the root 
a^ s= square 
a^sscube. 
a*=4th power. 
tt*=5th power. 
&c. 



a^ the root, 
a* =square. 
a^arcube. 
a®=4th power. 
ai«=6th power. 
&c. 



—3a the root. 
4-9a>=square. 
— 27a»=cube. 
+81a*=4th power. 
&c. 



— 2aa;* the root. 
+4a^x* ^square. 
— 8a'x*=cube. 
+ 16a4 a;8=^th power, 
• &c. 



* Any power of the prodart of two or iikm« quantities is equal to the 
same power of each x>f the factors multiplied together. And any power 
of a fraction is equal to the same power of the numerator divided by the 
like power of the denominator. 

Also, a"* raised to the nth power is a*^"; and — a*^ raised to thtt »Ui 
power is J^a*^, according aa ;» is an even or aa odd aumb^. 
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~ thcf root. 
a 

— =8qaare. 

-r=Cub€. 

— =4th power* 



2ax^ 



3b 
4a»x* 

9b» 



the root. 



=: square, 
scabe. 



X ^a the root. 
2c— a 



«• — 2ax+o* square. 
X — a 






x-Ha the root, 
x-f-a 

X* +oa? 
+ax+aa 



x*+2ax+a« square, 
x+a 



x« +3ax« +a« 



x' — 3ax»+3o«x— o3 cube. 'x3+3ax«+3a»x+a3 cube. 

EXAMPLES FOR VrACTICE. 

). Required the cube or third power, of 2a^. 

Ads. 8a^. 

2. Required the biquadrate, or 4th power, of 2a' x. 

Ads. 16o»x*, 

2 

3. Required the cube, or third power, of — r^'V^* 

Ans. -27«*y'- 

3a' X 

4. Required the biquadratei or 4tti power, of --^ , 

81a«x* 



Ans. 



6256« ' 
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b. Required the 4th power of a+x ; and the 5th pow- 
fiT of a— y. Ans. o*+4a3«+6««x«-|-4a«»+x*, and o* 

— 6a*y+I0a»y« — 10a«y»+6ay* -y*- 

RULE II. 

A bioomial or residaal quantity may also be readily rais- 
ed to any power whatever, as follows : 

1 . Find the terms without the coefficients, by observing 
that the index of the first, or leading quantity, begins with 
that of the given power, and decreases continually by I , 
in every term to the last ; and that in the following quan- 
tity, the indices of the terms are 1, 2, 3, 4, &c. 

2. To find the coefficients, observe that those of the 
first and last terms are always 1 ; and that the coefficient 
of the second term is the index of the power of the first : 
and for the rest, if <he cofficient of any term k>e multi- 
plied . by the index of the leading quantity in it, and the 
product be divided by the number of terms to that place, 
it will give the coefficient of the term next following. 

J^ote, The whole number of terms will be one more 
than the index of the given power ; and when both terms 
of the root are +» all the terms of the power will be -f ; 
but if the second term be — , all the odd terms will be 4~) 
and the even terms -^ ; or, which is the same thing, the 
terms will be + and — alternately*^. 



* The rule here eiireii, vrhich is Uie same ia flie case of integral powers 
as In the binomial ttcorem of Newton, may be expressed in general terms^ 
as follows; 

which formalie will, also, equally hold when m is a fraction, as will be more 
fully explained hereafter. 

It may, alio^ be &ither observed, that tht torn of the coefficients in evt^- 
ry power, is equal to the number S raised to that power. Thus l-fl ^% 
for the first power; l-h2+t»43sSi,for the square; l^S*f-3-M3»$ 
«=: 23, for the cube, or third if*?itT\ and sp on. 
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EXAMPLES* 



!• Let a+x be involved, or raised to the 5th power« 
Here the terms, without the coefficieots, are 

And the coefficients, according to the rule, will be 

5X4 10X3 J0X2 bXl 

or 1,5, 10, 10, 5, 1, 

Whence the entire 5th power of a+x is 

a»+5a*x+10a3x> + 10a»x»+5oa;*+x«. 
3, Let o—pX be involved, or raised, to the 6th power. 
Here the terms, without their coefficients, are 

a«, a*x, a*x^, a^x*, a*x*, ox*, x". 
And the coefficients, found as before, are 

6X6 15X4 20X3 15X2 6X1 

^•^•"T"' 3 '~ir'~r'' 6 ' 

or 1,6, 15, iO, 15, 6, 1. 

Whence the entire 6tb power of a - x is 
o« — 6o«x+l6o*xa ^0a^x3+15a*x*— 6ax*+a:*. 

3. Required the 4th power of a-|-x, and the 5th power 
of a^x. Ans. a*+4a3x+6a33c*+4ax*+«*» and o*-^ 

5o*x+10o3x» — 10a»x»+5ax* — x«. 

4. Required the 6th power of a+b^ and the 7th power 
of o— y. Ans. a» +6a« 6+1 5o*6a+20a363+ 150*6* +• 

6o5*+6«, and a'' -7a«y+2la«ya«.35 
o4y3-f-35a3y4 -21aay«+7ay»— y^. 

5. Required the 5th power of 2+x, ami the cube of 
a— 6x+c. Ans. 32+80x+80x«+40x» + 10x*+x«, and 

o3+3oac+Saca+c3— 3o«6x-6ac6x- 
3c«6x+3a6ax*+3c6«xa — 68x». 

EVOLUTION- 
EVOLUTION, OP the extraction of roots, is the reverse of 
involution, or the raising powers ; being the method offind- 
ing the square root, cube root, &c, of any gjven quantity. 
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CASE I. 

To find any root of a simple quantity, 

RULE. 

Extract the root of the coefficient for the numeral part, 
and the root of the quantity subjoined to it for the literal 
part ; then these, joined together, will be the root re- 
quired. 

And if the quantity proposed be a fraction, its root will 
be found by taking the root both of its numerator and de- 
nominator. 

J^ote, The square root, the fourth root, or any other 
e?en root, of an affirmative quantity, may be either -f- or 
— .. Thus, v^a«=+a or — o, and ^/h*=^+b or —6, &c. 
But the cube root, or any other odd root, of a quantity, 
will have the same sign as the quantity itself. Thus, 

^a^==a; »/— o'=— a; and i{/— o«=— a,&c.* 

It may here, also, be farther remarked, that any even 
root of a negative quantity, is unassignable. 

Thus, ^— a' cannot be determined, as there is no 
quantity, either positive or negative, (+ or — ), that 
when multiplied by itself, will produce — a< . 

EXAMPLES. 

1. Find the square root of 9a;* ; and the cube root of 

Here y/9x^ =y/9y.^x^ =3 X«=3a?. Ans. 

And 8/ex»=y8XVa?»=2Xa;=2ar. Ans. 

I - ' , ■ ■ ■ ■ . -^ — ■ ^ ^ 

* The reason why -{• a and — a are each the square root of a3 is db- 
V10U8, since bj the rule of multiplicatioo, ("^a) X (+') ^"^ (-a) X 
( - a) arc both equal to aa . 

And for the cube root, fifth root, ^. of a negative quantity, it is plain, 
fhXD the same rule, that 

(— a)X(-a)X(-«)-«= — «3 ; and (--«3) X (+«a)r=:-as, 
And consequently i/ — a3 ea— a, and \/ -as ss^t—a^ 
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2. It is required to find the square root of -— — and 



the cube root of 



4c« 



Here ^fl^=^^=^; and ^ 



27c3 

Ba^x^ 2ax 



4c^ y/4c» 2c ' 27c3 3c 

3. It is required to find the square root of 4a^x^. 

Ans. 2ax^. 

4. It is required to find the cube root of — Mba^x^. 

Ans. — Sarc^. 

5. It is required to find the 4tb root of 256a^x*. 

Ans. 4ax^. 

4a* 

6. It is required to find the square root of- - ■ -. 

2a3 
Ans. - — . 
3xy 

8a3 
?• It 18 required to find the cube root of ^^; , . 

... 2a 

Ans. . 

bx^ 

8. It is required to find the 6th root of - - — . 

. — 2ax^ 
Ans. — ^. 

CASE II. 

n 

To extract the square root of a compound quantity, 

RULE. 

1. Range the terms, of which the quantity is composed, 
according to the dimensions of some letter in them, begin- 
ning with the highest, and set the root of the first term in 
the quotient. 

2. Subtract the square of the root, thus found from the 
first term, and bring down the two next terms to the re- 
mainder for a dividend. 

p 
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3. Diyide the diyidend, thos fouod, by double that part 
of the root already determined, and set the result both in 
the quotient and divisor. 

4. Multiply the divisor, so increased, by the term of 
the root last placed in the quotient, and subtract the pro- 
duct from the dividend ; and so on, as ia common arith- 
metic. 

EXAMPLES. 

1. Extract the square root of a*— 4a;9+6a;*— 4a;4-l. 
a;4_4x3-|-6xa -4a;+l(x«-2x+l 



2x«-2ar)-4|(.'+6a;a 
— 4a:'+4x« 



2x«— 4x+l 



Ans. x« — 2x+l, the root required, 
2. Extract the square root of 4o*+12aSx+13aaxa+€ 
ax^+x*. 

4a* + 1 2o»x+ 1 3a2x« +6ax^ +x* (Sa* +3ox+x« 
4a« 



4a» + 3ctx( 1 2a9x+ 1 3aa x« 
12a3x-i-9o«x« 



4a« +6ax+x^ )4a^x^ -J-6ax» +x* 

4a«xa+6ax3+x* 



Koie» When the quantity* to be extracted has no exact 
root, the operation may be carried on as far as is thought 
necessary, or till the regularity of the terms shows the law 
by which the series would be continued. 

EXAMPLE. 

1. It is required to extract the square root of 1+x. 
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^^ ^2 8^16 128' 
1 



'^V 



2Jx 

^4 



*+^-t)- 



T 

x' x'^ 



4 



8 ' 64 






4 16/8 «4 

ac' , X* x^ . x^ 



8 • 16 64 ' 266 

6x^ ,x^ x^ 
"'■6T'*'64""256* 

Here, if the numerators and denominators of the two 
last terms be each multiplied by 3, which will not alter 
their values, the root will become 

, , X x^ , Zx^ 3.6a;* , 3.6.7x« 

^2 2.4^2.4.6 2.4.6.8^2.4.6.8.10' 
where the law of the series is manifest. 



EXAMPLES FOR PRACTICE. 

2. It is required to find the square root of a*+4a3a;+ 
6a3a;*+4aa;»+a:*. Ans. aa+2aa;+a:*. 

3. It is required to find the square root of a:*— 2j;'+ 

3 1 

^x* — l«+yg- Ans. x^ - a?+ J • 
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4. It is required to find the square root of 4a:'— 4a;* + 
1 2ar 3 +x^ - 6x4- »• Ans. 2x^ - cc+3. 

6. Required the square root of x^ +4x^ + I0x* +iOx^ 
+25x«+24x+16. Ans. x^+2x»+^x+4. 

6. It is required to extract the square root of a»+6. 

7. It is required to extract the square root of 2, or of 
1 + J. Ans. l+i-|+^-y>,+^,&c. 

CASE Ul. 

To find any root of a compound quantity • 

RULE. 

Find the root of the first term, which place in the quo- 
tient ; and having subtracted its corresponding power from 
that term, bring down the second term for a dividend. 

Divide this by twice the part of the root above deter- 
mined, for the square root ; by three times the sl^uare of 
it, for the cube root, and so on ; and the quotient will be 
the next term of the root. 

Involve the whole of the root, thus found, to its proper 
power, which subtract from the given quantity, and divide 
th6 first term of the remainder by the same divisor as be- 
fore ; and proceed in this manner till the whole is finish- 
ed*. 



* As this rule, in high powers, is often found to be very laborious, it maj- 
be proper to observe, that the roots of various compound quantities may 
sometimes be easily discovered, as follows : 

Extract the roots of all the simple terms, and connect them together by 
the signs -f- or -', as may be juaged most suitable for the purpose ; then 
involve the compound root, thus found, to its proper power, and if it be the 
same with the given quantity, it is the root required. But if it be found to 
differ only in some of the signs, change them from 4- to -<-, or from — to 
•f>, till its power agrees with the given one throughout 

Thus, in the tbi^ example next following, the root is 2a -3a;, which is 
the difference of the roots of the first, and last terms ; and in the fourth eXr 
ample, the root ha^b-^-c, which is the sum of the roots of the firat, fourth, 
and sixth terms. The same may also be observed of the sixth example, 
where the root is found from the nrst and last terms. 



EVOLUTION. 63 

1 . Required the square root of a* — 2a^a;4-3a*«^ —Sax' 



' J 



2a«)-.2a5r 
a* — 2a>a:+3a««3 - 2fl«3 +a:* 



2, Required the cuhe root of x»+6a?* — 40ac3-|-96:c« 
64. 

a;«— 6a;6— 40x»+96a?— 64(a;«+2x-4 
re* . 



3x*(6a?' 



x»+6a« + 12a:*+8x» 



3x*)-12x* 



ai«+6ar« -40a; 3+ 96a: —6 4 



3. Required the square root of 4a^ — 12aa:4-9j:3. 

Ana. 2a —3a;. 

4. Required the square root of a2+2a/6+2ac+6« + 
26c+c*. Ana. a+6+c» 

6 . Required the cube root of a; • — 6«5 + 1 5x* — SOa;^ + 
16x2 — 6i+ 1 . Ans, «« - 2x+ 1 . 

6. Required the 4th root of 16a* -96a3x+2l6a«xa - 
216ax»4-81a;*. Ans. 2a-3x. 

F 2 
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7. Required the 6th root of 32a;« -80«*+80a;>— 40aj» 
+ 10X—1. Ans. 2ci-l. 

Of irrational QUANTITIES, 

OR SURDS. 

Irrational Quantitiesy or Surdsy are those of which 
the values cannot be accurately expressed in numbers ; 
and are usually expressed by means of the radical sign y/, 
or by fractional indices ; in which latter case, the nume* 
rator shows the power the quantity is to be raised to, and 
the denominator its root. 

Thus, v'S, or 2^, denotes the square root of 2 ; 5/o«, 

or a3 , the cube root of the square of a, &c.* 

CASE I. 

To reduce a rational quantity to the form of a surd, 

RULE. 

Raise the quantity to a power corresponding with that 
denoted \iy the index of the surd ; and over this' new 
(quantity place the radical sign, or proper index, and it will 
be of the form required. 

EXAMPLES. 

1 . Let 3 be reduced to the form of the square root;. 
Here 3 X 3=3a =9 j whence y/ 9. Ans. 



^ A quantitj of the kind here meationed, as for instance \/ 2, is called an 
irrational number, or a sord, because no number, either whole or fractional^ 
can be found, which when multiplied by itself, will produce 2. But its ap» 
proximate value may be determined to any degree of exactness, by the com- 
mon rule for extracting the square root, being 1 and certain non periodic de-* 
ciiQals, which oev^r ^rmioate. 
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4 

2. Redace 2x* to the form of the cube root. 

Here (2x«)3=8x« ; whence ^/8a;«, or (8a;«)^. 

3. Let 5 be reduced to the form ot the square root. ^ 

Ans. t^(25), 

4. Let —3a; be reduced to the form of the cube root. 

Ans. V-(27a;»). 

5. Let— 2a be reduced to the form of the fourth root. 

Ans. — */ (16a*). 

6. Let a^ be reduced to the form of the fifth root, and 

^/a a 

^a4" v^t»— -stJ^d-r to the form of the square root. 

xa by/a a 

Ans. ^a» •, y/{a+f^ab+b), ^ {\ a), and ^l^. 

Note. Any rational quantity may be reduced by the 

above rule, to the form of the surd to which it is joined, 

and their product be then placed under the same index^ 

or radical sign. 

EXAMPLES. 



Thus 2^2=^4 X y/2^^4 X 2= y/S 

And 23/4=3/8X^4=3^8X4=^32 
Also 3v'a=V9Xv'a=y/9Xfl=v^9a 

And iV4a=v/*Xl/4a==ViX4a=^t 

1. Let 5^6 be reduced to a simple radical form. 

Ans. v' (150), 

2. Let j<\/5a be reduced to a* simple radical form. 

Ans. ^(1). 

2a 9 

3. Let -«-\/x:j ^® reduced to a simple radical form. 



2a 
Ans. y— . 



CASE II. 



To reduce quantities of different indices, to others th^ 

shall have a given index, 

RULE. 

DiTide the indices of the proposed quantities by the 
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giFeo index, and the qaotients wiU be the new indiceA for 
those qaantities. 

Then, over the said qaantities, with their new indices, 
place the gireo index, and they will be the equivalent 
quantities required. « 



EXAMPLES. 

1 . Reduce 3' and 2^ to quantities that shall have the 
index ^. 

1 X 1 f\ fl 

Here 2"^fi~9^T~i^^' *^^ ^** index : 

3-r-g =3X7=3= 2, the 2d index. 

J 111. 

Whence (3 3) « and (2»)^, or 27^ and 4«, are the quan- 
tities required. 

2. Reduce 5^ and 6^ to quantities that shall have the 

1 1 J. 

common index -. Ans. 125^- and 36^. 

3. Reduce 2'^ and 4^ to quantities thaf shall have the 

common index -. Ans. 16*andl6». 

6 1 

4. Reduce as and a^ to quantities that shall have the 

common index - Ans. (a")* and (a*)*. , 

t 2 . - 

5. Reduce a^ and 5^ to quantities that shall have the 

common index -. Ans. (a^y and (5*)«. 

JVb/«. Surds may also be brought to a common index, 
by reducing the indices of the quantities to a common de- 
nominator, and then involving each of them to the power 
denoted by its numerator. 
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EXAMPLES. 

t . Redace 3j- and 4^ to quantities having a common in- 
dex. 

Here 3^=3^=33l^=?7l'^ 
And 4^=4^=4^*= i7]5^ 

Whence27^ and ie\^. Ans. 

2. Reduce 4^ and 5^ to quantities that shall have a com- 
mon index. 

, Ans. 266T^ and ! 26^3. 

3. Reduce ai and aito quantities that shall have a com- 
mon index. 

Ani.a^ and oal® . 

4. Reduce a^ and 6*^ to quantities that shall have a com- 
mon index. 

Ans.a^T^'j and 6^tV. 

T> X J. 

5. Reduce a** and b^ to quantities that shall have a com- 
mon index. 

Ans.oHwmand 6"jwn. 

CASE III. 

To reduce surdt to their most simple forms* 

RULE. 

Resolve the giveh numher, or quantity, into two factors, 
one of which shall be the greatest power contained in it, 
and set the root of this power before the remaining part, 
with the proper radical sign between them."*^ 



* When the girea nird ccMitains no factor that is an exact power of the 
kind required, it is already in its most simple form. 

Thus, v^l5 cannot be redaoed lower, because neither of its factors, 5, nor 
?f is a square. 
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BZAMPLES. 

1. Let v^48 be reduced to its most simple form. 

Here y4<J=v^l6X3=4v/3 Ans. 

2. Let ^108 be redaced to its most simple form. 

Here 4/108=^*7X4=3^4 Ans. 
Note 1. When anj number, or quantity, is prefixed to 
tbe surd, that quantity must be multiplied by the root of 
the factor abovementioned, and the product be then joined 
to the other part, as before. 

EXAMPLES. 

1. Let 2 v^ 32 be reduced to its most simple form. 

Here 2v^32=2v'T6X2==8y/2 Ans. 
. 2. Let 5^24 be reduced to its most simple form. 

Here6»/24=5»/8X3=l04/3 Ans. 
Note 2. A fractional surd may also be reduced to a more 
convenient form, by multiplying both the numerator and 
denominator by such a number, or quantity, as will make 
the denominator a complete power of the kind required ; 
and then joining its root, with \ put over it, as a numera- 
tor, to the other part of the surd^ 

EXAMPLES. 

2 
1. Let v^- be reduced to its most simple form. 



* The utility of radacing surds to their most simple forms, in order to have 
the answer in decimals, will be readily perceivea from considering the first 
question above given^ where it is found that \/^ cb -^ V' 14 ; in which case 
it is only necebsary to extract the square root of the whole number 14, (or to 
find it m some of the tables that have been calculated for this |>nrpofle) and 
then divide it by 7 ; whereas, otherwise, we must have first divided me nu- 
merator by the denominator, and Uien have found the root of the quotient, far 
the surd part ; or else have determined the root both of the numerator and 
denominator, and then divided one by the other; which are each of them 
troublesome processes when performed by the common rules ; and in the next 
example ibr tbe cube root, the labour would be much greaten 



\ 
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Here ^!=^li=4/(Lxi4)=lv''4 Ans. 

2. Let Si/- be reduced to its most simpte form. 
5 

Here 8^1=3 vJ?=SV(7^X60)=|3y 60 Ans. 

EXAMPLES FOR PRACTICE. 

3« Let ^125 be redaced to its most simple form. 

Ans. b'^ b^ 
A. Let V ^^4 be redaced to its most simple form. 

Ads. 1*/Q. 
6. Let l^b% be reduced to its most simple form. _ 

Ans t%/l. 

6. Let ^192 be reduced to its most simple form. _ 

Ans 4^3. 

7. Let Ty^SO be reduced to its most simple form. _ 

Ans. 2Qy/5. 

8. Let 9^81 be reduced to its most simple form. _ 

Ans. 273/3. 

3 6 
^* ^^i T^s/n be reduced to its mosi simple form. 

121^6 ^ 

Ans. ,i^ v^30. 

4 3 
10. Let-^Z-rr be reduced to its most simple form. 

7^ 16 

Ans. IV'l^, 

1 1. Let ^ 98a' OP be reduced to its most simple form. 

. Ans. lay/2x. 

12* Let \/a;' — o>x> be reduced to its most simple form. 

Ans. aj^(a:— o*). 

CASE IV. 

To add surd quantities togeiher. 

RULE. 

When the surds are of the same kind^ reduce them to 
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their simplest forms, as in the last case ; then, if the surd 
part be the 8ame in them all, annex it to the snm of the 
rational parts, and it will gire the whole som required. 

But if the quantities hare different indices, or the surd 
part be not the same in each of them, they can only be 
added together by the signs + and — . 



EXAMPLES. 



1. It it is required to find the snm of \/27 and \/48. 

Here y^27=V9x3 =3v^3 
And ^48=v^ 16X3—4^3 

Whence 7 V 3 the snm. 

2. It is required to find the sum of ^500 and ^108. 

Here 3/600=3/126X4=63/4 
And ^108=^ 27XT=3^4 

Whence 8^4 the sum. 

3. It is required to find the sum of 4y/147 and 3 

Here 4^147=4^ /49 X3 =28v/3 
And 3y 76=3v'25X3=l5-y/3 

Whence 43y/3 the sum. 

2 1 

4. It is required to find the sum of 3 v' - and 2^--; 

6 10 

Herev|=3v/15=|^,0 
And V;^»V,^=:^v^lO 



4 
Whence ~ ^ IQ the sum. 

5 
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EXAMPLES FOR PRACTICE. 

5. It 18 required to find the sum of ^72 and ^^128. 

/ Ans. 14v^(2). 

6. It lis required to find the sum of ^180 and ^405. 

Ans. 15^(6). 

7. It is required to find th^ sum of 3^40 and ^135. 

Ans. 93/(6). 
^^ 8. It is required to find the sum of 4^54 and 5^128. 
T Ans. 32^(2). 

9. It is required to find the sum of 9^243 and 10 v^ 363. 

< Ans. 191^(3). 

\ 2 27 

1 0. It is required to find the sum of 3^ - and 7\/— . 

Ans. 3tV ^/ (6). 

11. It is required to find the sum of 12^- and 3^^. 

^ Ans. 6f V(^)- 

12. It is required to find the sum of ^ y/ a^h and 
1 . ' * /^« . 2a;2\ , 

« 

CASE V. 

V 

Tojmd. the difference of surd quaniities. 

RULE. 

When the surds are of the same kind, prepare the qaan- 
tities as in the last rule ; then the difference of the ration- 
al parts annexed to the common surd, will give the whole 
difference required. 

But if the quantities have different indices, or the surd 
part be not the same in each of them, they can only be 
subtracted by means of the sign — • 

1. It is required to find the difference of ^448 and 
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Here ^44<=v ^64X7 =8 ^ 7 
And ^112=^16X7=4^7 

Whence 4y^7 the difference/ 

2. ItiB reqiwred to find the difcrence ef ^192 and 

Here »/l92=» /64X3 =4«/3 
And »/24 =V8X3=2»/3 

Whence 2^3 the difference. 

3. It is required to find the difference of 5^/20 and 
3^45. 

Here 6V'20=5v^4X6=10v^5 

And 3^45=3^9X5= 9^5 

Whence V ^ ^ difference. 

3 2 

4. It is required to find the difference of -7y/-^% and 

2 1 

„ 3 2 36 3 „1„ 

2 13 6 2 1 



or answer required. 



Whence ^%/6 the difference, 



EXAMPLES FOR PRACTICE. 



1. It is required to find the difference of 2;t/50ai^ 

Ans. 7v(2). 
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2. It is required to find the difference of ^320 and 
^40. Ans. 2^/(5). 

3 5 

3. It is required to find the difference of */- andV^=- 

^ ^ 6 27 

Ans /^^ (16). 

4. It is required to find the difference of 2v^^ and v^8. 

Ans. -v/(2). 

5. It is required to find the difference of 3^^ and ^72 . 

Ans. l/{9). 

2 9 

6. It is required to find the difference of ^- and^~. 

Ans. -pVi/(I8). 

7. It is required to find the difference of y/QOa*x and 
v/20a^a?3. Ans. {4fg —2aa:)y/{6x}. 

8. it is required to find the difference of B^a^b and 
23/a«6. Ans. 4ea-2a«) V(6). 

Note, The two last answers may be written thus, 

(2ax - 4j(i* ) }/ (6x) , and 
(2a« -8a)^(&). 

CASE VI. 

To tnidtiply surd quojntitics together. 

RULE. 

When the surds are of the same kind, find the product 
of the rational parts, and the product of the surds, and 
the two joined together, with their common radical sign 
between them, will give the whole product required ; 
which may be reduced to its most simple form by Case iii. 

But if the surds are of different kinds, they must be 
reduced to a conunoa index, and then multiplied together 
as usual. 

It is also to be observed, as before inentioaed, that the 
product of different powers, or roots, of the same quanti- 
ty, is found by addiqg tjbe^r indices. 
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EXAMFLES. 



}. It 18 required to find the product of 3^8 a&d 2^6. 
Here 3^8 

Multiplied 2^6 



Gives 6 yl 48==:6 s' 16 X3==24^d Ans. 

12 3 6 
2. It is required to find the product of-^^ and-^-. 

Here -|/- 

MulUplied ^| 



1 X 

I. It is required to find the.product of 2^ and 3' . 
Here 2*=2*— (2>)*=8* 
And 3^=3*=:(3«)*=9* 

Whence (72) i Ans. 
4. It is required to find the productvof b^a and 3^a. 

Here 6^a=6a»=6o« 

And 3^fl«3a*=3o* 

Whence 16o^«:15 (o«)*or \h^cfi Ans. 



/ 



EXAMPLES FOR PRACTICE. 



5. It is required to find the product of 6^8 and 3^5. 

Ans. 30\/(10). 

6. It is required to find the product of i/18 and 5^/4, 

A%s. 10^(9;- 
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7 . Required the prQdoct of ~y/6 and-rrt/9* 

Aii#.Jy^(6> 

1 

8. Required die product of ^y 16 9aA6%/itO. 

Ans. J5v^(IO)- 

9. Required the product of S'/Saiid 13| ^5. 

Atw. 27v^(16). 

10. Requiredtheproductof 72|a3 and 12Q|a^. 

Ans. 67061 a*5^. 

11. Required the product of 4+2^/2 and 2 ^^2. 

Am. 4. 

. 1 2. Required the product of (a+i)*» and (a+b)^. 

^ Ans. (a+6) m n . 

CASE VH. 

To divide one surd quantity by anothTer. 

RULE. 

When the surds are of the same kind, find the quotient 
of the rational parts, and the quotient of the ^rds, and the 
two joined t(^ther, with their common radical sign be- 
tween them, will give the whole quotient required. 

But if the surds are of di&rent kinds, they must be 
reduced to a common index, and then be divided as before. 

It is also to be observed, that the quotient of different 
powers or roots of the same quantity, is found by suh- 
tracting their indices^ 

EXAMPLES, 

1. It is required to divide Sy^lOB by 2^/6. 

Here 5|^5=4v/18=4v/9X2=l V^ Ans. 

G 2 
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S. It IS required to diTide 8^512 by 4^^ 
Here ^^§^=2*/266=2^64X4=8 ^/^ Ans. 

3. It is require to divide ^^5by-^. 




Here r ^^=a^ s^=s ^ 7"=" ^ V^Q -Ans. 

4. It b required to diyide ^/7 by ^/7. 

Here ^"^-"^^l^^vM^,* Ads. 

5. It is required to divide 6^54 by 3^/2. 

Ans. e^S, 

6. It is required to divide 4^72 by 3 ^ 18. 

Ans, 2»/4. 

3 1 2 1 

7. It is required to divide ^a/tst ^J^^/t* 

Ans. fl^^v 

CO 2 3 

8. It is required to divide ^t/o^y ^g-i/j^ 

Ans. H\/^.- 
1 2 

d. It is required to divide 4^ V^ by 2-i^a6. 

2 3 

lO; It is required to divide 32g^a by 13 ^\/a. 

Ans. — art. 
276 * 

3 i. 9 X 

11. It is required to divide 9-a» by 4Yraw». 

825 !^ 

Ans. ygm,\ (tm n» 
424 

12. It is required to divide \/20+^n by ^5+^S. 

Ans. v^4. 
Note. Since the division of surds is performed by sUV- 
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tractiDg their indices, it is evident that the denominator of 
any fraction may be taken ihto the nnmerator, or the nu- 
merator into the denominator, by changing the sign of its 
index. v. 

Also,8ince— =l,or =a«-^=a«, it follows, that the 

expression a» is a symbol equivalent to unity, and conse- 
quently, that it may always be replaced by 1 whenever it 
occurs.* 

EXAMPLES. 

1. 1 hug -==— , or a-» ; and — =— , or a-". 

a I o" 1 

2. Also, —=5:-—, or 6o-« ; and --=:-i-., or — , 

3. Let —be expressed with a negative index. 

Ans. CTK 
I 

4. L^t a"^ be expressed with a positive index. 

Ans.l. 

5- Let — r— be expressed with a negative index. 

-i Ans, (a+a:)-"^ 

6. Let a(a^— ««) ^ be expressed with a positive index. 

Ans. 



* To what is above teid, we may also farther observe, 

1. That added to or SBbtracted from any quanUty, makes it neither ereaf- 
er nor less; that is, ^ ^ ^ © «««i 

« 41 -e , '•+®=«»and«— 0=a. 

2. Also, If noo^htbe multiplied op divided by any quantity, iwth th#. n«h 

^"^•^n^^W?.*'''"^"^^^*^ because^ynUberKlerw^^^^^ 
.partof 0, isO; that is, »v,wr«uj, 



OXa, or a xOs 0, and ~ .aO. 

a 



^^JJT^^^^ wT* .^'*^' **"* '^"S^^* ^»^**^ V nonght, is a fiftite 
lanti^, 01 aome kind op other. 



<|aanti^, 
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CASE VUI. 

n involve 9 or raige smrd juantUiei to imy pcwer^ 

When the surd is a simple qQantity, multiply its index 
by 2 for the square, by 3 for the cube» &c. and it will gire 
the power of the suid part, which being annexed to the 
proper power of the rational part, will give the whole 
power required. And if it be a compound quantity, mul- 
tiply it by itself the proper number of times, according to 
the usual rule*. 




For since OXacs o, or 0=^0 X <h >t is evident that~=a. 

4. Farther, if any finite qaantitjr be divided by the quotient will be in- 
nnite. 

For let- =39, then, if b remains the same, it is plain, the less a is, the 
a 

^ater will be the quotient 9; whence, if a be indefinitely small, q will be 

mdefinitely great : and coosequenUy, when a is 0, die quotient ^ will be in- 

iJoite: that is, 

5.or-=-CO. 

Which properties are of frequent occurrence in some of the higher parts of 
the science, and should be carefully remembered. 

Since, therefore, —7-; is the same as (a+l) . Let us suppose, in the 
a+6 

general formula, n«=: — 1 ; and we shall have for the coefficients n =;;— ^1 : 

— ^ — CS3 —1 ; -— -. c=s— 1 ; —^- = —1, &c. and for the powers of a we 

n -1 I »-l -2 1 »— 2 I n-3 1 
a a2 as aA 

so that (a + 6) sn— r-rw - + -r r+Ii: -, Ac. which IS the 

^ ' a-f-6 a oa a3 a4 ' •« as 

same series that is found by division. For more on this subject see the Bi* 

nomial Theorenk, (&rther on) or Euler's Algebra. 

* When any quantitv that is affected with the sign of the square root is to 

be raised to the second power, or squared, it is done by suppressmg the sigu. 

Tbuf. ^ ^ 

<^fl)8 ,i)r Vj»Xi/«s=s«; and V(«+*)»»w V«+* X V^«+^«« •+** 
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EXAMPLES. 



1. It is reqaired to find the square of-ai. 

2. It is required to find the cube of --^3. 

Here ^X3*^±^27«A^9S<3=^^3 Ans. 

X It is required to find the square of 3^d« 

Aos. 9^9. 

4. It is required to fiad the cube of 17y/21. 

Ans. 103173^^(21). 

5. It is required to find the 4th powor of -y/6. 

Ans. ^. ^ 

6. It is required to find the square of 3+2y/5. 

Ans. 29+1^^5. 

7. It is required to find the cube of ^x+3y/y. 

Ans x^x+tly^x+dxy/y+ilys/y. 

8. It is required to find the 4th power of v/3— v^2. 

Ans. 49—20^6. 

CASE IX. ^ 
To find the roots of surd quantities. 

RULE. 

When the surd is a simple quantity, multiply its index 
by ^ for the square root, by ^ fcr the xube root, &c. and 
it will gi^e the root of the surd part ; which being annex- 
ed to the root of the rational part, will give the whole toot 
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required. And if it be a compound quantity, find its root 
by the usual rule.* 

^ EXAMPLES. 

1 It is required to find the square root of 9^3. 
Here (9^3)J=9*X3*^*=9*XS*=3V/3 Ans. 

2. It is required to find the cube root of rv^^- 

Here (^•2y=(iy X(2*^*)=K«*)=iV2 An.. 

3. It is required to find the square root of 10'. 

Ans. 10^(10). 

o 

4. It is required to find the cube root ^^qS^** 

Ans. fa^a. 

5. It is required to find the 4th root of ^t^'. 

o 1 

Ans. fa«. 

6. It is required to find the cube root ^f «v^«- 

Ans. y^|, or 1 1^ (3a;, 

oot of jc*— 4r^ 

Ans. X - 2^a. 

>tofa+2ya6H 

Answ \/a+^6. 



7. It is required to find the square root of a;^— 4«;^a 
+4a. Ans. x - 2^a. 

8. It is required to find the square root ofa+iy/ab+b. 

^ An&. A /A -4--. /A. 



* The nth root of the mtfa power of any number a, or the mth power of 

m 

the nth root of a, is An . 

Also, the nth root of the mth root of any number a, or the mth root of the 



mn 



square root of a is the 4lh loot of a ; uid 4hat the cube root of i 
root oTa, or the square root of the cube root of a, is the 6th root < 
so OQ for the fourth, fifth, or any other numerical root of this kicd. 
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CASE X. 

To transform a hkiomialy or a residual surd, into 

a general surd, 

RULE. 

FnToife the given biDomial, or residual, to a power cor- 
responding with that denoted by the surd ; then set the 
radical sign of the same root oyer it, and it will be the ge- 
neral surd required. 

EXAHPLfiS. 

K It is required to reduce 2+v^3 to a general surd. 
Here (2 +v^3) » =4+3+4^3=74-4 y 3 ; therefore 

2+ V 3=^^7-1-4^3, the answer. 

2. It is required to reduce y/2+^3 to a general surd 

Here (y/g +y/S)' = 2+3+2^6=5+2 v^6 j 

therefore y/2+v^ 3=^/5+2^/6, the answer. 

3. It is required to reduce ^2+^4 to a general surd. 
Here (^2+3/4)^ =6+63/2+63/4 ; therefore V2+ 

3/4=^t)(l+ V2+ V*)» ***« answer. 

4. It IS required to reduce 3—^/5 to a general surd. 

Ans. v'CH — 6^5). 

5. It is required to reduce //2— 2 V 6 to a general surd. 

Ans. -v/(26 — 4^/12). 

6. It is required to reduce 4— V 7 to a general surd, 

Ans. v/(23-.8V7). 

7. It is required to reduce 2^3 — 3^9 to a general snrd. 

Ans. ^(162.^'9-I085r3-219). 
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CASE XI. 
To extract the square root of a binomial^ or residual surd. 

RULE.* 

Substitnte the numbers, or parts, of which the given 
surd is composed, in the place of the letters, in one of the 
two following formuls, according as it is a binomial or a 
residaal, and it will give the root required^ 

And if the second part of the binomial, or residual, in 
this case, be an imaginary surd, the same theorems will 
still hold, by only changing ~ 6, into +b, as below. 
^(o+^ -b)== y/ a«+i\/(a«+6))+^(ia-.4v^fa»+6)) 



* Prop. 1* Tkt $mtare root qfa qiiantity cannot 6« partly ratUnal and partly a 
fvadratic *urd. If possible, let ^n(= a*4^ ^^m; then by Mu&ring botti 
sides, fisaa •fSttV m-pm, and by tnnspodtioo, 2a ^m s= nr-a^ — m; theie- 

'lore <^m = , a ntiooal quanti^, which is contraiy to the sappo- 

sitioo; A qnantity of the form ^a, is called a pMdratic surd, 

Propt 3. In cmy equation x -f. ^ 7"**^ ^ ^b, eontuting of rational qwuUiHet and 
quadratU »urd$, the rational part$ on eoieh tide are equal^and tiUeo the irrational 
parti. 

If X be not equal toa, let x s=a-f m ; then a-fm'f- ^yssa-f- ^b, or 
m4-\/y^%/6; that ^6 is partly rational and partly a quadratic surd, 
which is impossible, (Prop. I.) ; 

/. «B=«, and y/y = VM. 

In like manner if «— ,^/y ssaa— ^b ; then a sso, and — ^y sr— ^b. 

Prop S.^Jfiwo quadratic turdg ^x and V y, cannot be reduced tooikere vkiik 
have the same irrational part, their product is irrational. 

If possible, let ^sev sarx, where r is a whole number or a fraction : 
Then«y=raa;3, andysxrSa;; /. Vy s^r^'x; that is, yyand V« 
may be so reduced as to have the sam^, irrational part, which is contrary to 
the supposition. 

Prop. 4. OneotMdratic turd, ^x« eannot be made up of too o<Acrt, ^m 
amd yf n, -vAtcA have not tft« same irrational part. 

If possible, let ^« s=3 ^m-f- ^n; then by squaring both sides, x am 
-|»8^inn-|-n,anda;-m-n ss2 v'mn, a rational quantity equal to «B {ft* 
jrational* which is absurd. 
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Where it is to be observed, that the only cases that are 
pseful in this extriactiob, are when a is rational, %nd a^ — 6 
in the first of these formulae, or a' +6 in the latter, is a 
complete square^ 

EXAMPLES. 

1* It is required to find the square root of ll+v'TS, or 

Here, 

and 



Whence v^(I l+6y/2)=3+ y/ 2, the answer required. 
2. It IS required to find the square root of 3 — 2 ^ 2. 

Here, 

=-1 ; 

Prop. 5. The tqvfire root of a binomialt one oftahott tetnu is a quadratic turd, 
and] tne other rationalt may eometitnet be expreesed by a binomial, one or both of 
whose terms are qitadraiie surds. 

Let a-|« y/b be the giyea binomial, and suppose \/(a + V £) =x-f.y; 
where x and y are one or both Quadratic surds ; then, (see Rjan*s Elementa- 
ry Treatise on Algebra, Art. 367,) v'^C*— \/^)=«— V? .'. by multiplica- 
tion, y/ (a^— 5)s=«*— y' . 

S 9 

Also, by squaring both sides of the first equation, a -^ ^h =: x •i'2xy -f y , 

2 3 

and (Prop. 2.) .*• a=« +y . 

a a 

Hence by addition, a -f- v (<>t — ^) "^ 2a? , 

a a 

and by subtraction, a — • (o — 5) s^ 2y ; 

/. Theroot «+ya=,v | J« ^'iv' («'-*) |-|V |i«-J\/(«*— ^)| 

From this conclusion it appears, that the square root of a-j-yi can ooh- 
be expressed by a binomial of the form iB-f-y,one or both of which are quad- 

a 
tatic surds, when a — ( is a perfect square. 
- By a similar process it might be shown that the square root of a— ^ (^ gr 

sabject to the mudm limitation. Ed. 

H 
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Whence v^(3— 2^2)=:^2— 1, the answer required. 

3. It i^equired to find tbe square root of 6±2 V5. 

Ans. -^5+1. 

4. It is required to find the sqnare root of 23d:8^7. 

Ans. 4±^7. 

5. It is required to find the square root of 36 ± 10 
Vn. Ans. 6±v^(ll). 

6. It is required to find the sqaare root of 33±12vf 6. 

Ans. 3±3v^6. 

7. It is required to find the square root of 1+4^ — 3, 
or 1 + vf — 48. Ans. 2+^ — 3. 

8. It is required to find the sqi^are root of 3 ±4^— 1 , 
or3±V — IG. Ans. 2:tV— I- 

9. It is required to find the square root of ~ I --hv^— 8. 

Ans. 1+^—2. 

10. It is required to find the square root of a>-f-2ary/ 

(a»— x»). Ans. x+-|/(^* -««). 

11. It is required to find the square root of 6+2^2 
- v(12)— i/ (24). Ans. 1+ ^^2- v'3. 

For Trinomial, Q^uadrinomial Surds, &c. 

Rule. Divide half tbe product of any two radicals by 
a third, gives the square of one radical part of the root ; 
this repeated with difierent quantities, will give the squares 
of all the parts of tbe root, to be connected by 4- and — . 
But if any quantity occur oftener tban once, it must be 
taken but once. 

For if ap+y+^ be any trinomial surd, its square will be 
«' + y* + '2'* + 2a?y + 9.XZ + 2y^ ; Ihen if half the pro- 
duct of any two rectangles as 2a:^X2a;2r (or SLx^'^z) be di- 

vided by some third 2y2r, tbe quotient -z ^ ^^> xxi\k?X 

needs be the square of one of the parts ; and the like 
for the rest, 

EIA8PLK I. 

To extract the square root of 10 + ^ (24) + ^ (4C0 
+ i/ (60). 
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Here ^ (^ ^,/ A^. and vlM2iJ^)=- 
2 V' (60) ' 2 v^ (40) 

v/ 9 =V3, and v^i^L^?.?)=^(26)= 5. And the 

root is i/2+v^3+^6. 

EXAMPLE 2. 

It is required to find the square root of 12+^ (32) — 
V^(48)+v^,(80)- -^(24)+ v^(40)-vX60). 

Here ^^i— .-—— -.-2=^^ — I this produces nothing. 
2^(80) ^b ' ^ ** 

. . v^(32X48) ,.^, ^ ,,l/ (40X60) 

'//oriN e: . -v/ (32X40) ' ^ ^ ,v^(48x24) 

=^9=3 ; and ^^^^J ^ = ^ (16) =. 4, &c. there- 
fore the parts of the root are -v/4,y/5, v'3, ^2, v^4,&c. 
and the root 2 + y/ 2 -^3+^6 ; for being squared it 
produces the surd quantity given. 

a 

CASE XII. 
To extract any root (c) of a binomial iurd, 

^ RULE *l*. 

Let the quantity be A ±B, whereof A is the greater 
part and c the exponent oi the root required. Seek the 

* JLef the nan or diffl^^ence of two mtantities x and y be raised to a power whose 

eapontni is c, and let the \st, 3<C, Sth, Ith^ ^e. terms of that power, collected into 

one sum, bewailed A, hnd the rest of the term*, in the evenplaces, called B ; the dif- 

ference qfthe squares of A and B shaU be eqw>l to the difference of the sijuaret ofx 

and J raited to the sanu power c. 

For the tenns in, th c power of a; 4*7) writing for their coefficients, re- 
spectively, 1, c, it, e, Ac. area +ca? + <^* y3 -f-c» y3 -f. ^. 
t=i,A"j'^\ and the same power of x — y (changing tiie signs m the even 

, . c c— 1 , . c^8 c — 3 . , ^ /. « 

places) IS jc — ex y+a« ya — ex y3 -f. &c. ssA^B. 

And, therefore, (»4-y)%— y)*or («3 -ya/ -• (^^-iB) {A — i?) = 
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least Damber n whose power n^ is divisible by A' — B' , the 

quotient being Q, compute <^( A-f- B X \/Q) in the nearest 
integer number, which suppose to be r. Divide AvQ 
by its greatest divisor, and let the quotient be «, and let 

r+~ 
f 

— — =^ the nearest integer. Then the root = 
— "^^^sVy: ^9 if the c root of A±B can be extracted. 

Let one, or bcth of the quantities, «, y, be a quadiatic turd, that ie, let 
X'^y, the c root of the proposed hinoinial A-^-B belong to one of these 
forms, p -^ /v^7, k v^/»-f- 9, or ky/ P'^l\/9- And it follows th«t, 

1. If :c*t-y=/) ^ l^ 9, c being any whole number. A, the sum of the odd 
terms, will be a rational number; and B, the sum of the terms in the even 
places, each of which involves an odd power of y, will be a rational number 
multiplied into the quadratic surd ^g, 

2. Let c, the exponent of the root sought, be aiv.odd number, as we may 
always suppose it, because if it is even, it may be halved by the extraction 
of tfaie square root, till it becomes odd; and let X'4ry=k^p'\;g. Then A 
will involve the surd '^/p, and B will be rational. 

3. But if both members of the root are irrational, («4-y==/k V|>+/<^9) 
A and B are both irrational, the cne involving v'l** ^^^ ^ other the sura 
1/ g. And in all these cases, it is easily seen that when x is greater than y, 
A will be greater than B, From this compositi<Ni of the binonial A-^JOf 
we are led to its resolution, as in the above rule, by these steps. 

h 

When A is ratioruU, and Aa ^^Ba is a perfect e power 



vv uea jj. la racioTias, ana M-t — >x»a is a peneci c power. 

1. By the ^Aeor«m, just demonstrated, jjs— J3a=s<a;3— ^s)^ accuraidy; 
and therefore extracting the c root of Aa^^Bs it will be xi^^i ; call this 
root n, 

2. Extract in the nearest integer, the c root of j9 4* B, it will be (nearly) 
■sp+y ; which put =r. 

3. Divide «a— ^a i^n) by a+y (sar) the quotient is (nearly) a— y; and 
the sum of the divisorXnd quotient is (more nearly) Ox; that is, if an inte- 

gcr value of a is to be found, it will be the nearest to HXr. 

•2 

'"f'r J* —n say' : whence 

y =^ ^ ( !il. V — n ; and therefore, putting t sal!+f , the root sought 

ac4" y= ' + \/('* — >i); the same expression as Jn the rule, when Q«=l, 
5=1; that is, when ^9 -£2 is a perfect c power, and the greater member, 
A is rational. 
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It is proper to obserye that this rule, which was first 
given by Newtoit in the Universal Arithmetic^ fails when . 
ts=^ exactly ; in which case instead of taking t the near- 

€st integer valne of -^s—y i^ must be taken equal to ^ : 

See Ryan's key to the second New- York edition of Bon* 
oycastle's Algebra. 



n. 

n 
When A is trrafc'ona/, and Qs 1. By tbe same process, a ssHHtl 

( =3 T) and y sss^(T2 — n). But seeing A is supposed irrational, and c 
an odd number, x will be irrational likewise : and tney will both involve the 
same irredacible surd Vp, or «, which is found b^ dividing^ A by its greatest 
rational divisor. Write, therefore, for « or T, its value iX^i and »-^y sa 

ni. 

If the c root of A a — Bs cannot be taken, multiply A3— Ba by a num- 
ber Q, such ihsit the product may be the (least) pertect c power n''( =r A^Q 
— B^). And (now instead of A -|. B) extract the c root of (A -^ B) X v^ Q> 
which found as above, will bets + ^(i9s2 — n) ; and consequently ^ the 
c rootof A-f>B will be tS'^^it^ j2 >n), divided by the c root of ^Q ; 

In the operation, it is required to find a number Q, such, that (A2 — Ba ) 
X Q may be a perfect c power ; this will be the case, if Q be taken equal 

to (As — BS) ; but to find a less number which will answer this condi- 
tion let A3 '■^B2 be divisible by a, a, (m) \ b, 6, . . . . (n); d, 

tn n r 
fi, . . . . (r) ; Ac. in successioji, that is, let At — Bs =;« £ d&c. also, 

« y X in-4-« **-4>y '* + ' 

letQs3a6<i ftc. (Aa— Ba} x Qs^a X* X <* 4c. . 

^ch is a perfect eth power, » x, y, 2, ftc. be so assumed that m+^t ^"i^Vt 
r-f-tr, are respectively equal to c, or some multiple of c. Thus to find a 
number which multiplied by 180 will produce a perfect cube, divide 180 aa 
often as possible by 2, 3, 5, Ac. and it appears that 2. 8. 3. 3. 5 sclSO; if, 

3 8 3 S 

therefi>re, it be multiplied by 2 . 3 . 5 . 5, U becomesS . 3 . 5, or (2 .3 . 5), a 
perfect cube. 

If A and B be divided by their greatest common measure, either integer 
or quadratic surd, in all cases where the cth root can be obtained by this 
juaeuod, Q will either be unity, or some power of 2, less than2'. 

if the residual A— B be given, it is evident from its genesis by invoUitionj 

H 2 
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BXAKPLS. 

What is the cube root of ^^ 96^8+26. 

We have A« - B« = 343 »= 7 X 7 X7. q X7»aang, 

whence n=7, and Q, = 1 . Then V (A + B X v" Q.) = 
^56 + =sr=s4. A^Q=Sv^968:5=22^3, and the 

radical part v^2«ss,, and ~^ = -s~3 =3 < =- g, in the 

nearest integer. And <f=2v/2, ^(tat«— fi)=^(8—7) 

^1. V(Q=1. And the root is ^ ^ ^ "** ^ = 2 vf 2 

+1, whose cube, upon trial, I find to he ^968+25. 

RULE II.* 

Let the surd, that is to have its ro6t extracted, be of 
the form i/(«+\/^)» ^^ \/(«-"\/^)- Then if o»— 6 




An equation which, by ezpaQding the nght hand member, and comparing 
the rational and irrational parts, gives 

«— * +—2—* y+ 2:^:4 * y +^^ 

Or, which is the same thing, under a different form, 

v/^=i I (« + \^ y)"— (a— ^y)**| . 

Whence by squaring each of these equations, and subtracting the latt&r 
'•4toni the former, we shul have 

-4 |(«+\/y)"*--2(aj'-.y>~+(a>^v^y)^'*| . 
Or, bf Mjectiog the terms that destroy each other, and theo multiplying 

a 2 n 2 2 

a — ^^(» "^-y) ,of« '^:=i(fl •—5)*. 
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be a peifect integral cube, and some whole number, can 
be found, that) when substituted for n, will make 

n»— 3(^a» — 6)n=2a, 
the roots of the two expressions, in this case will be 

And if the second part of the binomial, or residual, be an 
imaginary surd, and a' +6 be a perfect integral cube, the 
extraction may be effected, by finding the integral Taiue 
of 1^ in the following equation as'before. 

n» -3(^a« +6)n=2a. 
In which last case, the roots of the two expressions 
will be, 

»/(a- y -fe)=in— iv^(na -43/aa +b) 
each of which formulae may be obtained, by barely chang* 
ing the sign of b in the former. 

EXAMPLE. 

It is required to find the cube root of 10±6^3^ or 
10±v/(108). 
Here a = 10, and 6 = 108 ; whence ^ (a^ — 6) = 8^ 

(100 — 108) = - 2, and n^ — 3 {l/H^^b (n = 20, 

orn» + 6n = 20 
where it readily appears, from inspection, that n = 2. 
Whence V (10 +^108) =:| + iv' (4-4 X -2) = 
l+Jv^(12) = l+v/3, and »/(10-v/108) = |-i 
V'(4 - 4X— 2)==l-4v^l2 = l — v^3. 

Where, supposing a'-— 6 to be a complete power of the nth d^ree, let 

(a*— 6)** be pates c. 

Then, since »' — y a c, and consequently yss x — e, if this value be sub- 
stituted for y,m the equation » 4.- ^^— i« y-| — i 2TT 

:e y 4* ^* B== <^ vre shall obtain an equation, in which the ralue of x, 

as befoK mentioned, is irrational, when the extraction required is possible: 
Siee Wood, or R^s Algebra. Ed. 
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EXAMPLES FOR PRACTICE. 

1 . Required the cube root of 68— v'4374. 

2. Required the cube root of 11 + 5 ^ 7. 

Ans. ^ , - — , 

3. Required the cube root of 2^7+3^3. 

4. Required the fifth root of 29 ^ 6+4 1 v/3. 

Ado ^^+^^ 

6. Required the-cube root of 46:t29^2. 

Ans. 3+ v'?, and 3— 1/2. 

6. Required the cube root of 9±4v'6, or 9±v'80. 

Ans.^+i^b, and |— ^y'S. 

7. Required the cube root of 20±68-v/— 7. 

Ans. 6+v^— 7, and 6— y/ —1. 

8. It is required to find the cube root of 35±69v^--j6. 

Ans. 6+\/ — 6, and 5 — \/— 6. 

9. It is required to find the cube root of 81 ±^ — 
2700*. Ans. — 3+2v'-3, and — 3-2^ -3. 



* Whenever it can be done, the operation, in cases of this kind, ought to be 
abridged, hy dividing the ffiven binomial br the greatest cube that it cootainr, 
and then fioain^ the root m the quotient; which tein^^ multiplied by the root of 
the cabe, by which the binomial was divided, will gjwe the root required. 

Thus in the example above given, 81 + v/— 2700c=i 27 X (3+ V— ^'-—^ 

yrhere the root of 3 -f- ^—^-, being now more easily found tobe— li-2^ 

'^\^ -1 +|-^ 'S, we shall have by multiplying by 3, (which is the cube 
;reat of 27), •^—383 y^-.^, as above. 



IRRATIONAL QJJANTITIES, or SURDS. 81 



CASE Xlll. 



To find such a multiplier^ or multipliers^ as mil make any^ 

binomial surd rational. 



RULE.* 



J . Wb€D one or both of the terms are any e%en roots, 
multiply the giyeD binomial> or residual, by the same ex- 



Also, this is ttsefblj in Cardan's nile for cubic eqoations ; thus, v^(8t |» v^ 

(—2700)) +i/(81— V(— 2700))=-^X2«— 6t w— 7X2«i--3, or 

#■ XS S339, the hnaginaiy parts vanishing^, by tiie contrariety of their signs. 
SeeDe Moivre*s appendix to Sannderson's Algebra, Universal Arithmetic, or 
Maclaurin*8 Algebra. 

* If a multiplier Jm required, that shall render any binomial surd, whether 
it consist of even or odd roots, rational, it may be^^und by substitutii^ ttie 
given numbers, or letters, of which it is composed, in me places oT their 
equals, in the following general formula : 
Binomial ^a^ ^6. 

Multiplier V a -4- v^o h + V a 6» -f- y a 6'+ Ac. ; 
where the upper sign of the multiplier must be taken with the upi>er sign of 
the binomial, and me lower with the lower; and the series conttnueiTto n 
terms. 

This multiplier may be derived from obserring the quotient whidi arises 
from the actual division of the Bumeiator by the denominator of the foUoiT* 
ing fractions : thus, 
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preasioD, with the sign of one of its terms changed ; and 
repeat the operation in the same way, as long as there are 
surds, when the last result fiill be rational. 



n n 

~»TF^* +* y+* y -f-&c +y ton 

terms, whether n be ifotn or odcZ. 



"• T+7" "?' "^ y+' y — Ac — y to n 

terms, whe^ n is ao even na'mber. 

T|T «+y »— 1 »— 2 . n— 3 a ^ n— 1 

*"• "T^.^*™* "^^ y+* y - Ac +y to 7» 

terms, when n is an oii namber. 

Now let « =a, y -= 6; (hen «» i a, y^ 9^ 6, and these fractions 

a— 6 a— 6 , a4-6 

serer.ll, becoo^ s^;;:;^^. ^—^^. »a ^^_^- : 

And, smcea: ssVa „a? es!J/o , &c. alaoy s^V^ i 
y B= v^6 , &c. therefore, 

to n terms ; where n may be any whole number whatever. And, 

«±6 ny «-^ -y *'— 2, .ny n— 3,2 . . ifyr^^— 1 

—^—-.^^a -Va 6-|--v/a 6 — Ac. . . ±?/* 

to n terms; where the terms b and ^b have the sign 4. , when n is an 
o<2<? namber; and the aga •— , when n is an even number. 

Now. since tl)e dtoifor mnltipUed by the auotient ^ives the dividend^ i< 
appears from the foregoing operations diat, if a Innomtal turd of the form 

y^^^h bemuUn^liedbyya'^^ t ya'^h+ Ac. . . + ?/6''7"^ 
(n being any whole namber whatevei), the product will be, a— 6, a rational 

quantity f and, if a binomial eurd of the form y/a^^y/b be mult^lied by 

!l/«'^^-V«"^^6+!{/a"^6'--Ac. . . ±Vb'^\ the predict 
vnU bea^bf or a*— 6 ; according as the index n is an odd, or an even num- 
ber: See my Elementary Treatise on Algebra, Theoretical and Practical. 

* £0. 



IRRATIONAL QUANTITIES, ok SURbS. 83 

' 2. When the terms of the biomioal surd are odd roots ^ 
the rule becomes more complicated ; but for the sum or 
difference of two cube roots, which is one of the most 
useful cases, the multiplier will be a trinomial surd, con- 
sisting of the squares of tbe two given terms and their 
product, with its sign changed. 



EZAA(FLE9.' 

1. To find a multiplier that shall render S+y'S ra- 
tional. 

Givensurd 6+ ^3 
Multiplier 6— v' 3 

Product 25t-3=22, as required. 

2. To find a multiplier that shall make ^6+^3 ra- 
tional. 

Given surd ^^6+^/3 
Multiplier y/S— v^3 

■ ^ 

Product 5 1.3=2, as required. 

3. To find multipliers that shall make \/6+i^i ra- 
tional. 

Given surd \/b+\/3 
1st multiplier y6—(/3 

1st product -^6— -^3 
2d multiplier -1/6+^^3 

2d pi'oduct 5^3=2, as required. 

4. To find a multiplier that shall make y7+|/3 I'a- 
iional* 
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Given sard \/7+^S 

Multiplier l^l'-l/{7X3)+^3^ 



Prodact 7+3=10, as was required. 
S, To find a mnltiplier that shall make ^5 — ^ a; ra- 
tional. Ans. v'S+^x. 
' 6. To find a maltiplier that shall make y/ a + ^ 6 ra« 
tional. Ads. ^a-^^^b. 

7. To find multipliers that shall make a + \/ 6 ra- 
tional. ' Ans. a^^b. 

8. It is required to find a multiplier that shall make 
].^2a rational. Ans. l+\/ia+l^4a^. 

9. It is required to find a multiplier that shall make 
s/3^3/2 rational. Ans. V^+iV^+iV^- 

10. It is required to find a multiplier that shall make 
«/(o8)+V(*0» or al+6l rational. 

Ans. «/a»— *(a'63)+V(«'*')'-t/**' 



CASE XIV^ 



To reduce afraciiony whose denominator is rither a simple 
or a compound surd^ to another that shall have a rational 
denominator. 

RVLE. 

1. When any simple fraction is of the form -r-, mul« 

y a 

tiply each of its terms hj.^ay and the resulting fraction 

wfflbe^. 
a 
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Or when it is of the form — -, multiply them by ^aa , 



and the result will be 



fc^a» 



o 
And for the general form , multiply by iJ/a**-» , and 

the result will be — . 

a 

2. If it be a compound surd, find such a multiplier, by 

the last rule, as will make the denominator rational ; and ^ 

multiply both the numerator and denominator by it, and 

the result will be the fraction required. 

EXAMPLES. 

2 3 

1. Reduce the fractions —r-- and , to others that 

shall have rational denominators. 

„ 2 2 ^^S 2^3 -3 3 ^V53_ 

"v =--^ — =-i/126 the answer required. 
^ X5 6 6 

2. Reduce ^ to a fraction, whose denominator 

v/ft-v^2 

shall be rational. 

„^^^ 3 ^ ^5+^2 _ 3^5+ 3^2 3^^5+3^/2 _ 

"^^^:;76=72^V^6+^2~" 6-2 3 ~"~ 

^ — - -= y/ 6+y/2 the answer required. 

4/2 

3. Reduce ^ ^ , ^ to a fraction, whose denominator 

3— v^2 

shall be rational. 

„ y/g _ V/2X (3+^/2) _3v/a+2_2+ 3V2 

"^'®3-.v^2 (3-v'2)X(3+^«) 9-2 T"" 

2 S 
==+r\/^ the answer required. 

X 
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4. Replace — ^ — ~ to a fraction, that'shall bare a ra- 
tional denominator. 

Ans. VWZ^^). 

4 

6. Rednce zn to a fraction that shall have a ration- 

al denominator. 

^ Ans. — ;: — ^^ — . 

9—2; 
• _^^ >i 

6, Reduce — ; r to a fraction, the denominator of 

which shall be rational. Ans. — r-^-» 

7. Reduce , ^ - -- - to a fraction that shall have a 

tional denominator. 

Ans. 6X(l/(49)+^(36)+ 3/(26)). 

2/3 
t. Reduce -——■ — — r to a fraction that shall havearj 

i/9+Vio 

tional denominator. 

3^9+3^(10)+^(300) 
Ans. -j-^ . 

'4 , . 

9. Reduce . ■■■- - to a fraction that shall have a ra- 

tional denominator. 

Ans. 4 j --s/10-2v'2+(2+v/5)XVS^. 



ra- 



ra- 
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OF 

ARITHMETICAL PllOPOKTION 

AND PKOGREhSION. 

Arcthmetical Proportion, is the relation which two 
quantities of the same kind, have to two others, when the 
difference of the first pair is equal to that of the second. 

Hence, three quantities are said to be in arithmetical 
proportion, when the difference of the tirst and second is 
equal tp the difference of the second and third. 

Thus, 2, 4, t), and a, a+^> a+^A, are quantities in arith- 
metical proportion. 

And four quantities are said to be in arithmetical propor- 
tion, when the difference of the first and second is equal 
to the difference of the third and fourth. 

Thus, 3, 7, 12, 16, and a, a-|-6, c, c4-6, are quantities 
in arithmetical proportion. 

Arithmetical Progression is when a series of quan- 
tities increase or decrease by the same common differ- 
ence. 

Thus, 1, 3, 5, 7, 9, &c. and a, a+d^ a+2d, a+3d, &c. 
are increasing series in arithmetical progression, the com- 
mon differences ot which are 2 and d. 

And 15, 12, 9,6, &c. and a, a-d,a-.2J, a— 3{i,&c. are 
decreasing series in arithmetical progression, the common 
differences of which are 3 and d. 

The most useful properties of arithmetical proportion 
and progression are contained in the following theorems : 

1. If four quantities are in arithmetical proportion, the 
sum of the two extremes will be equal to the sum of the 
two means. 

Thus if the proportionals be 2, 6, 7, 10, or a, h. c, d : 
then will 2+lo=6+7, and a+d,=,b+c. 

2. And if three quantities be in arithmetical propor- 
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tion, the sam of the two extremes will be double the 
mean. 

Thus, if the proportionals be 3, 6, 9, or a, 6, c, then 
will 3+9=2x6=12, and a+c=26. 

3. Hence an arithmetical mean between any two quan- 
tities is equal to half the sum of those quantities. 

Thus, an arithmetical mean between 2 and 4 is ^'"g"" 

6+6 
=3 ; and between 5 and 6 it is = — ^—^=^i' 

And an arithmetical mean between a and 6 is — — . 

4. In any continued arithmetical progression, the sum 
of the two extrei^jes is equal to the sum of any two terms 
that are equally distant from them, or to double the mid- 
dle term, when the number of terms is odd 

Thus, if the series be 2, 4. 6, 8, 10, then will 2+10= 
4+8=2X6=1^. 

And. if the series be a, a+d, a+2d, a+3d, a+4J, 
then will a+(a+4rf)=(a+d)+va+-^d)= x (o+2d.) 

6. The last term of any increasing arithmetical series 
is equal to the first term plus the product of the common 
difference by the number of terms less one ; and if ^ the 
series be decreasing, it will be equal to the first term mu 
nus that product. 

Thus, the nth term of the series a, a+rf,a+2d, a+.3rf, 
a+4d, &c. is a+(n-^ l)rf. 



* If two, or more, arithmetical means between any two quantities b^ re- 
qaired, they may be expressed as below. 

Thus, ■ ' and — ?- = two arithmetical means between a and 6, a 
beinff the less extreme and 6 the greater. 

of arithmetical means between a and 6; where — -- is the common differ- 

ence; which being added to a, gives the first of these means; and theu 
again to this last, gives the second ; and so on. 
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And the nth term of the series a^a^dy a^^^dy a— 3c?, 
"Ct— 4rf, &c. is a— (n— !)€?. 

6. The sum of any series of qnantities in arithmetical 
progressioB is equal to the sam of the two extremes mul- 
tiplied hy half the numhei: of terms. 

Thufi, the sum of 2, 4, 6, 8, 10, 12, is = (2+12) X 

6 

-=14X3=42. 

z 

And if the series he a+{a+d)+{a+Zd)+{a+3d)+ 

(a+4d)kc. . . . +Z, and its sum he denoted by S, we 

shall have 5=(a+/)X^, where /is the last tenO) and n 

the number of terms. 

Or, the sum of any increasing arithmetical series may 
be found, without considering the last term, by adding the 
product of the common difference by the number of terms 
less one to twice the first term, and then multiplying the 
result by half the number of terms. 

And, if the series be decreasing, its sum will be found 
by subtracting the abore product from twice the first term, 
and then multiplying the result • by half the number of 
terms, as before. 

Thus, if the series be a+{a+d)+{a+2d)+{a+3d) 
+(o+4<i), &c. continued to n terms^ we shall have 

S- J2a+(«~l)rfj X|. 

And if the series be o+(rt— rf) -j- (a - 2rf)+ (a — 3d) + 
(a-^4(l), &c. to n terms, we shall have 

S= J2a-(n-l)rf| X|(*). 



(«) The sum of any number of terms (n> of the 8<;ries of natuial uomber^ 
1, 2, 3, 4, 5, 6, 7, &c. is =« ^^^^\ 

Thus, 1 4.2 4'3-f4f 5, 4c. contmucd to 100 terms, is = — ~ — a 50 

X 101 = 5050. 

it 
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EXAMPLeS. 

• 

1. The fiiBt term of an iocreasing arithmetical series is 
3, the common difference 2, and the number of terms 2o \ 
required the sum of the series. 

First, 3+2(20- 1)=3+2X 19=3+38=41, the last 

term. 

20 20 

And (3+41) X— B=44 X— =44 X 10=440, the sum re- 

quired. 

20 
Or, {2X3+(20-1)X2}xy = (6+19X2)X10=(6 

+38) X 10=44 X 10=440, as before. 

2. The first term of a decreasing arithmetical series is 
100, the common difference 3, and the number of terms 
34 ; required the sum of the series. 

First, 100-3(34— 1)=1 00-3X33=100- 99=1, the 

last term. 

34 34 

And (100+1)X— =101X-^=101 X 17=1717, the 

sum required. 

34 rf 
Or, {2XI00~(34-1)XS|X— =(200-33X3)x 17 

=(200-99)X17=10lXl7=1717, as before. 

3. Required the sum of the natural numbers, 1,2, 3, 
4, 5, 6, &c. continued to 1000 terms. Ans. 500500. 

4. Required the sum of the odd number^ 1, 3, 5, 7, 9, 
&c. continued to 101 terms. Ans. 10201. 



Also the sum of any number of terms (n) of the series of odd numbers 
1,3, 6, 7,9, 11, Ac is c=na. 

Thus, l+34<54.749» &c. continued to 50 terms, is = 50 s= 2500. 

And if any three of the quantities a, d, n, S, be given, the fourth may be 
found from the equatioa 

Ss= |«a±^«— l)<i| x|,or ^a+/)x| 

Where the upper sign + is to be used when the scries is ircreasing, and the 
lower sign-— when it is decreasing; also the Iastterm/=saMh(n— •1)<^, t^ 
above. 
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5. How manj strokes do the clocks of Venice, which 
go on to 24 o'clock, strike in a day ? Ans. 300. 

6. Required the 365th term of the series of even num- 
bers 2, 4, 6, 8, 10, 12, &c. Ans. 730. 

7. The first term of a decreasing arithmetical series is 

10, the common difference -, and the number of terms 

3 , 

21 ; required the sum of the series. Ans. 140. 

8. One hundred stones being placed on the ground, in 
a straight line, at the distance of a yard from each other ; 
how far will a person travel, who shall bring them one by 
one, to a basket, placed at the distance of a yard from the 
first stone ? Ans. 5 miles and 1300 yards. 

OP 

GEOMETRICAL PUOPORTION 

AND 

PROGRESSION. 

* Geometrical Proportion, is the relation which two 
quantities of the same kind have to two others, when the 



* If there be taken any four proportionals, a, 6, c, i, which it has been 
jusaal to express by means of points : thus, 

a : 6 : : c : (2, 

ft /» 
this relation will be denoted by the equation -7= t ; where the equal ratios 

are represented by fractions, the numerators of which are the antecedents, 
and the denominators the consequents. Hence, if each of the two members 
of this equation be multiplied by hd^ there will arise acf= 6c. From which 
it appears, as in the common rule, that the product of the two extremes of- 
any roar proportionals is equal to that of the means. And if the third c, in 
tliis case, be the same as the second, or c ^06, the proportion is said to be 
continued, and we have ad =a6a , or 6s=y^ad; where it is evident, that the 
product of the extremes of three proportionals is equal to the square of the 
mean ; or, that the mean is equal to the square root of the product of the two 
extremes 
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aDtecedentg, or leading terms of eaeh pair, ate ^e same 
parts of their consequents, or the consequents of the ante- 
cedents. 



Atfo, if eacb member of the eqaatioa ad ez be he Miccessively divyfed by 
bd, dc, aCf kc. the results will gi^e 

a e'\ ' C , J 

I a : o : : c : CI 

Or the I 



6 d 

a b 



c 
b 



■^ P ' ^ a:e::b :d 

^ I proportions I 



Ji b -.a: :d 

So that, by folio ving this method, we can easily obtain all the transformations 
of the terras of the proportion, that can be made to agree with the equations 
ad =s 6c. 
In like manner, from the same equality^ = ^, there will result, by multi- 
ma ^nc ma mc 
plication, the following equivalent forms • ^ - ;i3 ' "^ ^^ ^ 

Which, being converted into proportions, become ma : m6 : : nc : «^ and 
ma:nb::mc:nd. And, by taking any like powers, or roots, of the differ- 

a c 
ent sides of the same equation, we have pn-^- Or, putting the terms 

in the form of a proportion. oT i b"^ : : e'^ '• ^. In which cases m and n 
may be any whole or fractional numbers whatever. 
Aaain, if there be taken the several equations. 

f-=-^1 which correspond \n:b::C:d 

f _. f I with < €:fi:e:h 

i«i the proportions j ,• . ;t . . ; . « 
k mJ ^ 



&c. ^' 



we shall have, by multiplying their like terms, ^^^^^ ^ dXhXm &c. 
Or, by putting the expression into the form of a proportion, aei &c. : bfk 
&c, : : cgl &c. : ^m &c. Also, taking ^ = J* « before, we shall have, by 

multiplication, ^=-^; and by augmenting or diminishing each side of 

iug expressed in the form of a proportion, i^ves mo^;»6 :nbi:mc±nd: 
nd; or maj;;inb : mc + nd : :nb : nd. 



And if the abovemctttioiied equation^ «^, be put I7 a airoilar mtilti 



b d' 
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And if two quantities only are to be compared together, 
the part or parts, which the antecedent is of its consequent, 



* vol t)C 

plication of its terms, under the form^ =a — jand then augmented or dimi- 

qo qd 

iiished by 1, as in the last case, there will arise /7a + 96 : pc-k~qd :: qb : qd. 

Whence, dividing each of the antecedents of these two anali^ies by their 

consequents, the result will give — =5--^ = — =- : and ^-H=-j=^ 

° mc^nd nd d pc-hqd qd 

b /- -:i :« 

= V And, consequently, as the two right hand members of these expres- 

h . ,. . mo-f-nft va-\-Qb * 

sions are each c= -, we shall have — = — = --==—. 

d fnc^nd pc^qd 

Or, by ccwiverting the corresponding terms of this equation into a propor- 
tion ma J^n6 : mc^nd : :pa;±^qb : : pc^qd. Also, because the common 

equation 7=3 gives -s=: 3, if the latter be put under the equivalent forma 
odea 

Tna mb pa pb 

~= — ^, and — =^~j» w® shall obtain, by a similar process, ma:^nc : 

jiaitjc : : mb-f-nd : pb -i-qd] which two analogies may be considered as 
general formuliiFTor changnig the terms of the proportion a : 6 : : c -/d, With- 
out altering its nature. Thus, by supposing m, ri, p, 9, to be eachc=l , and 
taking the antecedents With the superior signs, and the consequents with the 
inferior, we have d-^b : a~^b : : c -J- d : c— rf, apd a -f- c : ci"-^ : : bJ^d : 
b^mmd ; which forms, together^ with several of those already given, are the 
usual transfoniiations of the common analogy pointed out above. 

In like manner, by taking m, n and p each = 1 , and 9 =» o, there will arise 
aHh6 : a : : c-^rd ; c, anda^c : a : : b-fhd : 6 ; each of which proportions 
may be verefie? by making tHe product of the extremes equal to that of the 
means, and observing that ad = 6c. 

Lastly, taking any number of equations of the form before used, for ex- 

pressing proportions, as- = ;^a=» ^=3^=1 &c.; which, according to the 

common method are called a series of equal ratios, and are usually denoted 
hy a: b : : c :d: : c \f\ : g* : A : : &c. we shall necessarily have from the 

a c % ft 

fractions being all equal to each other -=99, ;>=a9> >a«9) T^^^' ^' 

And by multiplying q by each of the denominators, 0^69, c^= dq^ t ^^fq% 
g=shq,iu:. 

Whence, equating the sum of all the terms on the left hand side of these 
equations, with those on the right, we have a -^ c4-6-f£r 4* &c. es (6 -f- d-^ 
fy'h'{'&c)q. And conaeqaendy by divibion, and the properties of propor- 
tionals before shown. 

a+c+e-f-g'+ &c. a a-fc aJ^-c ^ $ 

b^d +fhh +. Ac. 6 6+ rf~ ^+<^+/'' 
which results show, that, in a series of equal ratios, the snm of any number 
of Ae antecedents is to that of their consequents, as one, or more of the an* 
tscedeats, is to one, or the s%me namber of consequents. Q. E, I>, 
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or the consequent of the antecedeDt, is called the ratio ; 
observing, in hoth cases, always to follow the same method. 

Hence, three quantities are said to be in geometrical 
proportion, when the first is the same part, or multiple, 
of the second, as the second is of the third. . 

Thus, 3, 6, 12, and a, or, ar' , are quantities in geome- 
trical proportion. 

And four quantities are said to be in geometrical proper* 
tion, when the first is the same part, or multiple, of the 
second, as the third is of the fourth. 

Thus, 2, 8, 3, 12, and a, ar, 6, 6 r, are geometrical pro- 
portionals. 

Direct proportion, is when the same relation subsists 
between the tirst of four terms and the second, as between 
the third and fourth. 

Thus, 3, 6, 5, 10, and a, ar^ b, 6r, are in direct propor- 
tion. 

Inverse, or reciprocal proportion, is when the first and 
second of four quantities are directly proportional to the 
reciprocals of the third and fourth : 

Thus, 2, 6, 9, 3, and a, ar, br, 6, are inversely propor- 
tional ; because 2, 6, ~, -, and a, ar, -7-, r- are directly*. 

proportional. 

GuoMETHicAL PROGRESSION is wheu a series of quan- 
tities have the same constant ratio ; or which increase, or 
decrease, by a common muliplier, or divisor. 

Thus, 2, 4, 8, 16, 32, 64, &c. and a, ar, ar^.ar^, ar*j 
&c. are series in geometrical progression. 

The most useful properties of geometrical proportion 
and progression are contained in the following theorems : 

1. If three quantities be in geometi*ical proportion, the 
product of the two extremes will be equal to the square 
of the mean. 

Thus if the proportionals be 2, 4, 8, or a, 6, c, then 
will2X8=4S andaXc=6s. 

2. Hence,^ a geometrical mean proportional, between 
any two quantities, is e^qual to the square root of their 
product. 
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Thus, a geometric mean betweeD 4 and 9 is =s^36=6. 
And a geometric mean between a and ^ is =: ^ab*. 

3. If four qaantities be in geometrical proportion, the 
product of the two extremes will be equal to that of the 
means. 

Thus, if the proportionals be 2, 4, 6, 12, or a, 5, c, d; 
then will2X i2=4X6, and axrf=6Xc. 

4. Hence, the product of the means of four propor- 
tional quantities, divided by either of the extremes, will 
give the other extreme ; and the product of the extremes, 
divided by either of the means, will give the other mean. 

Thus, if the proportionals be 3,9, 6, 15, or a, 6, c, d; 

*u .„9Xc5 ^^ ^3X16 ^ , bXc - , 

then will —-—=16, and — - — =9 : also, = a, and 

3 5 a 

aXd . 

=0. 

c 

5. Also, if any two products be equal to each other, 
either of the terms of one of them, will be to either of the 
terms of the other, as the remaining term of the last is to 
the remaining term of the first. 

Thus, if arf=6c, or if X 15=6X5, then will any of the 
following forms of these quantities be proportional : 
Directly, a : & : : c : «l, or 2 : 6 : : b : 1 5. 
Inv€?rtedly, 6 : a : : d : c, or 6 : 2 : : 15:5. 
Alternately, a:c : :*'6 : d, or 2 : 5 : : 6 : 15. 
Conjunctly, a : o+6 :i c : c+d, or 2 : 8 : : 5 : 20. 



* If two, or more, geometrical means between any two quantities be re- 
quired, they may be expressed as below ; 

^a b and \^ab^ = two geometrical means between a and 6. 

\/a 6, \/a^ h and \/ab ^ = three geometrical means between a and b. 

And generally, 
1 \ 1 

n,^n+l n— '1. vit+l n— ^a . ^n"4*l=s any nnmber(9^ of geome- 

b ^ 
trical means between a and 6. Where (-)'*+ ^ i^ ^^ nivfy: so that if a 

be multiplied by this, it will give the &st of these means ; and this last be- 
ing again multiplied by the same, will gire the second ; and so on. 
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Disjunctly, a; b^a : : c ; rf^c, or 2 : 4 :: 6 : 10. 
Mildly, b+a : b^a :: d+c : d^c, or 8 : 4 :: 20 : 10. 
In all of which cases, the product of the two extremes is 
equal to that of the two means. 

6. Id any continued geometrical series, the product of 
the two extremes is equal to the product of any two means 
that are equally distant from them ; or to the square of 
the mean, when the number of terms is odd. 

Thus, if the series be 2, 4, 8, 16, 32 ; then will 

2x32=4 X16s=8» 

7. In any geometrical series, the last term is equal to 
the product arising from multiplying the drst term hv 
such a power of the ratio as is denoted hy the number of 
terms less one. 

Thus, in the series 2, 6, 18, 54, 162, we shall have 
2x3«:i=2X81 = 162. ^ 

And in the series a, ar^ ar* , ar^^ ar^ , &c. continued to n 
terms, the last term will be 

8. The sum of any series of quantities in geometrical 
progression, either increasing or decreasing, is found by 
multiplying the lastterm by the ratio, and then dividing 
the difference of this product and the first term by the 
difference between the ratio and unity. 

Thus, in the series 2, 4, 8, 16, 3^64, 128, 256, 512, 
512X2 — 2 

we shall have — - — -— -= 1024 — 2 =1022, tte sum of 

2-1 

the terms. 

Or the same rul^, without ^considering the las^ term, 
may be expressed thus : 

Find such a power of the ratio as is denoted by the 
number of terms of the series ; then divide the difference 
between this power and unity, by the difference^ between 
the ratio and unity, and the result, multiplied hy the first 
term, will be the sum of the aeries. 

Thus, in the series a-|-'ar+ar'+<x'*^+ar^»^c. to ar^-^^ , 
we shall have 
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»HBI) •, 

Where it is to be •obserFed, that if the ratio, or com- 
laoo multiplier, r, in this last series, be a proper fraction, 
and consequently the series a decreasing one, we shall 
have, in that case, 

a'\'ar^ar^'\'fi'^^^o,T^^ &c. ad infinitum . 

1— r 

9. Three quantities are said to be in harmonical pro- 
portion, when the fbst is to the third, as. the difference 
between the first and second is to the difference between 
the second and third. 

Thus, a, bf c, are harmonically proportional, when a:c 
::a— ^ : 6— c, or a : ey.b'^a : c— ft. 

^nd c is a third harmonical proportion to a and b^ when 
ab 

2a— 6 

^10. Four quantities are in harmonical proportion, when 
the first is to the fourth, as the difference between the 
first and 6econd is to the difference between the third and 
fourth* 

Thus, a, 6, c, rf, are in harmonica! proportion, when 
aid:: a-6: c— d,ora : d :: b^a : d^c. And d is 
a fourth harmonical proportional to a, b, c, when rf= 

ac 
2j^, in each of which cases it is obrious, that twice the 

first term must be greater than the second, or otherwise 
the proportionality will uot subsist. 

1 1. Any number of quantities a, b, c, cZ, «, &c. are in 
harmonical progression, if a:c :: o— ft : ft-c ; bid:: 
ft— c: c~d; c le ::c— d : d^e ; &c. 

12. The reciprocals of quantities in harmonical pro- 
gression, are in arithmetical progression* 

Thus, if o, ft, c, d, €, &c. are in harmonical profires^ 
11111^., *^ * 

**<>D, -, j^, -, -, -, &c. will be in arithmetical progression. 
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13. Ao harmonica! mean between any two quantities, 
is equal to tvfice tbeir product diyided by their sum. 

9n.h 

Thus, — rT^=^ sin harmonical mean between a and 6*. 
a+6 

EXAMPLES. 

1. The first term of a ge#metrical series is 1, the ratio 
2, and the number of terms 10 ; what is the sum of the 
series. 

Here 1 x2» =1 X 61«=512, the last term. 

. , 612X2-1 1024—1 .___ ^, . - 

And — - — ' — = =1023, the sum required. 

2— 1 1 

2. The first term of a geometrical series is -, the ra* 

tio -, and the number of terms 5 ; required the sum of 
the series. 

And —^ _X--_, the sum. 

3. Required the sum of 1, 2, 4, 8, 16, 32, &c. conti- 
nued to 20 terms. Ans. 1048575. 

4. Required the*sum of Ij 51 -j* o> T^> ^»^^' continu- 

2 4 8 16 oZ tatj 

ed to 8 terms. , - Ans. l--~ 

128 

5. Required the sum of 1,^, ~, — ; — , &c. continued 

to 10 terms. ^"«- ^19683 

6. A person being asked to dispose of a fine horse, said 
he would sell him on condition of having a farthing for 



* In additkn to what is here said, it may be observed, that the ratio of 
two squares is frequentlj called dnqtUcaU ratio f of two square roots, sub* 
iufiUcaU ratio f of two cabes, trtpHcate ratio i and of two cube rooCSy suh^ 
ir^l^limtc ratio i4kc. 



Op EQPATIONS. 99 

the first nail in his fhoes, a half-penny for the second, a 
penny for the third, twopence for the fourth, and so on, 
doubling the price of every nail, to 32, the number of nails 
in his four shoes ; what would the horse be sold for at 
that rate ? Ans. 4473924/. 6*. 3|d. 

Of equations. - 

The Doctrinf of Equations is that branch of algebra, 
which treats of the methods of determining the values of 
unknown quantities by means of their relations to others 
which are known. 

This is done by making certain algebraic expressions 
equal to each other(wbich form^ula, in that case, is called 
an equation), and then working by the rules of the art, till 
the quantity sought is found equal to some given quantity 
and consequently becomes known. 

The terms of an equation are the quantities of which 
it is composed ; and the parts that stand on the right and 
lefl of the sign =, are called the two members, or sides, of 
the equation. 

Thus, if a;=a4-^» the terms are ar, a, and b ; and the 
meaning of the expression is, that some quantity x, stand- 
ing on the left hand side of the equation, is equal to the 
sum of the quantities a and b on the right hand side. 

A simple equation is that which contains only the first 
power of the unknown quantity : 39, 

a;+a=36, orar=6c, or 2a;+3a2=5^3 j 
Where a: denotes the unknown quantity, and the other 
letters, or numbers, the known quantities. 

A compound equation is that which cotains two or more 
different powers of the unknown quantity ; as, 

dpa -f aa:=6, or x^ - 4jra4-3a:=26. 
' Equations are also divided into different orders, or re- 
ceive particular names, according to the highest powet" of 
the unknown quantity contained in any one of their terms : 
as quadratic equations, cubic equations, biquadratic equa- 
tions, &c. 

Thus, a quadratic equation is that in which the unknown 
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•quantity is of two dimeBsions^ or which rises to t!ie second 
power : as, 

x« «20 ; x« +ax^b, or 3a;*+ 10a;=:100. 

A cubic equation is that in which the unknown quantity 
is of three dimensions, or which rises to the third power : 
as, 

a;3=:27 ; ««»— 3x=:35; or x^-^ax^+bx^c. 

A biquadratic equation is that in which the unknown 
quantity is of four dimensions, or which rises to the fourth 
power : as, x*=25 ; 6x*— 4a;=6 ; or x*— ax^+^a:*— ex 

And so on for equations of the 5th, 6th, and other high- 
er orders, which are all denominated according to the 
highest power of the unknown quantity contained in any 
one oi their terms. 

The root of an equation is such a number, or quantity, 
as, being substituted for the unknown quantity, will make 
both sides of the equation vanish, or become equal to each 
other. 

A simple equation can have only one roqt ; but every 
compound equation has as many roots as it contains di* 
mensiooH, or as is denoted by the index of the highest 
power of the unknown quantity, in that equation. 

Thus, in the quadratic equation x^+2x==:\by the root, 
or value of x, is either + 3 or » 5 ; and, in the cubic 
equation x' ^9x +S6x=24, the roots are 2» 3, and 4, as 
will be found by substituti'^g each of these numbers for x. 

In an equation of an odd number of dimensions, one of 
its roots will always be real ; whereas in an equation of 
an even number of dimensions, all its roots may* be imagi- 
nary.; as roots of this kind always enter into an equation 
by paks. 

. Such are the equations x*— ^Gx-f 14=ssO» and x^ — 2x' *-* 
9xa + 10x+60==0*. 

^ To the properties of equations abovemeotioaed, we may here farther 
add^ 

1. That the SQin of all the roots of ainr equatioo is equal to the coefficient 
of the second term of that equation, with its sign changed. 

9. The sum of the products of eveiy two of tile roots* is eoual to the cO' 
efficient of the third teimsi without «n^ change in itp a^. 



k 
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OF THE . 

RESOLUTION or SIMPLE EQUATIONS, 

Containing only one unknoiam Quantity, 

The resolution of simple, as well as of other equations, 
is the disengaging the unknown quantity, in all such ex- 
pressions, from the other quantities with which it is con- 
nected, and making it stand alone, on one side of the equa- 
tion, so as to be equal to such as are known on the other 
side ; for the performing of which, several axioms and 
processes are required, the most useful and necessary of 
which are the following :* 

CASE I. 

Any quantity may be transposed from one side oC an 
equation to the other, by changing its sign ; and the two 
members, or sides, will still be equal. 

Thus, if a:+3=7 ; then will a:=7— 3, or x=4. 

And, ifx- 44-6=8 ; then will a?=8-f-4— 6=6. 

Also, ifac — a+6=c— d : then will a:=a 6+c— d. 

And, if 4a? - 8=3a;+20 ; then 4a:— 3a:=20+8, and con- 
sequently a;=28. 

\ 

S. The sum of the products of every three terms of the roots, is equal to 
the coefficient of the fourth term, with its sign changed. 

4. An so on, to the last, or absolute term, which is equal to the product of 
all the roots, with the sign change^ or not, according as the equation is of 
an odd or an even number of 4inie^*3ons. See, for a more particular ac- 
count of the general theory of equations, Vol. II. of Bonnycastle*s Treatise 
•n Algebra, Svo. 1820; or Ryan's Elementary Treatise on Algebra, 12mo. 
1824. ' Ei>. 

* The operations required, for the purpose here mentioned, are chiefly such 
\8 are- derived from the following simple and evident principles : \ 

1. If the same quantity be adaed to, or subtracted from, each of two equal 
quantities, the results will still be equal ; which is the same, in effect, as tak- 
ing any quantity from one side of an equation, and placing it piirthe other 
side, with a contrary sign. 

2. If all the terms of any two equal quantities, he multiplied or divided, 
bv tiie same qaantity, the products, or quotients thence arising, will be equal. 

3. If two quantities, either simple or compound, be equal to each other, 
any like powers, or roots, of them will also be equal. 

All of which axioms will be found suffitiently illustrated, by the processes 
arising out of the seTeral examples annexed to the six differeat cmbs giren 
la tbe text 
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From this rnle it alsa follows, that if a qnanlity he fowid 
on each side df an eqaation, with the same sigo, it may 
he left out of both of them ; and that the signs of all the 
terms of any equation may be chaoged from + to — , or 
from — > to +> withont aliering its value. 

Thus, if a;+5=74-^ ; then, by cancelling, x=7. 

And, if a— x^6— c ; then, by changing the signs, nc^ 
«•=€— A, or a:=a4-c — 6. 

EXAMPLES FOR PRACTrCE. 

1. Given £a:+3=x+17 to find x. Ans. a:=i4. 

2. Given 6x — 9=4x+7 to find x. Ans. x=l6. 

3. Given a:+9 — 2=4 to find x. Ans x=— 3. 

4. Given 9a; — 8=8x— 5 to find x. Ans. a;=3=3. 

6. Given 7a:+8— 3=6af+4 to find x. Ans. ar= — 1* 

CASE II. 

If the unknown quantity, in any equation, be multipli- 
ed by any number, or quantity, the multiplier may be tak- 
en away, by dividing all the rest of the terms by it ; and 
. if it be divided by any number, the divisor may be taken 
away, ij multiplying all the other terms by it. 

Thus, if ax=^3ab — c ; then will ar=36— . 

' a 

And, if 2x+4=16 ; then will a:+2=8, 

orx=8-2=6. 

Also, if ^=6+3 ; then wj:ra:=10+6=l6. 

* 

2x 
And, if --—.2=4; then 2x— 6=acl2, or, by division, 

a;-.3=6,orx=9. 

EXAMPLES FOR PRACTICE. 

1. Given 16x+2=34 to find x. Ans. x=^2. 

3. Given 4x— 8= -3x+13 to find or. Ans. xssS. 

3. Given lOx— 19=7x+ 17 to find x. Ans. x=:]2. . 

4, Given 8«;-3+9s= -.7a;+9+27 to fifidx. 

• Ans. ;cs?2'. 

by Given Sax— 3ai=12({. Ans. «='+^* 
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CASE III. 

Any equation may be cleared of fractions, by multiply- 
ing each of its terms, successively, by the denominators 
of those fractions, or by multiplying both sides by the pro- 
duct of all the denominators, or by any quantity that is a 
muUiple of them. 

Thus, if -+-=6, then, multiplying by 3, we have x+ 

3x 
♦ — =sl5; and this, multiplied by 4, gives 4«+3a;s=:«0; 

whence, by addition, 7a:=60, or «= — =8-. 

And, if -+~= 10 ; then, multiplying by 1^, (which is a 
multiple of 4 and 6,) 3a;+2x=120, or SxsalgO, or a?=» 

_-=24. 
6 

It also appears, from this rule, that if the same number, 

or quantity, be found in each of the terms of an equation, 

either as a multiplier or divisor, it may be expunged from 

all of them, without altering the result. 

Thus, if ax^ab+ac ; then by cancelling, a;=6+c. 

X b c 
And, if — 1 — =- ; then a;+6=c, or a:a=c — 6. 
a a a 



EXAMPLES FOR PRACTICE. 

1. Given Y=|+34 to find a:. Ans. a;=ldi, 

2. Given |+|+|«62 to find x. Ans. x^SO. 



3. Given-^— +r=!20—- —-to find Xi, 



An». xs=:9. 
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4. GiTen^+^=16-^tofindx. 



6» Gi?en — ; — | — = 1 — -r- to find x. 

b c a * d 



Ana. x=:13. 



ng. X acd+abd^Zcbd ' 
' CASE IV. 

If the unknown quantity, in any equation, be in the 
form of a sard, transpose the terms so that this may stand 
alone, on one side of the equation, and the remaining 
terms on the other (by Case 1) ; then inyolye each of the 
sides to snch a power as corresponds witii the index of 
the surd, and the equation will be rendered free from any/ 
irrational expression. 

Thus, if y^x— 2=3 ; then will Vx=3+g=5, or, by 
squaring, a;=52 =26. 

And if ^(3x+4)=5 ; then will 3a;+4=25,or 3a;=26 

21 
— 4=21, or x=~=7. 

Also, if y(2a;+3)+4=8 ; then will 3/(2a?+3)=8-4 
=4, or 2a;+3=4=64,and consequently 2a;=64 — 3=61^ 

61 .^1 
or a; = — =30-. 
2 ^ 

EXAMPLES FOR PRACTICE. 
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CASE V. 

• 

If that side of the equation which contains the unknown * 
quantity, he a complete power, the equation may he re- 
duced to a lower dimension, by extracting the root of the 
said power on both sides of the equation. 

Thus, if x«=81 ; then a:=v'81=9.; «ndif a?a=27, 
then x— 3/^7=^3. 

Also, if 3a:a - 9=24 ; then 3a;3 =24+9=33, or a;3= 

33 

~=1 1 , and consequently x= y/ \l, 
%j 

And, if ic^+6T+9=27 ; then, since the left hand side 

of the equation is a complete square, wp shall have, by 

extracting the roots, a;+3=^27=^(9X3)=3\/3, or x 

=3^^3-3. 

EXAMPLES FOR PRACTICE. 

1. Given 9x^ -6=30 to find x. Ans. a:=2. 

2. Given x^9=36 to find x. Ans. a;=3. 

O 1 

3. Given a:*+a;+i=-7-to find x. Ans. a=4. 

4 

4. Given jc«^aa?+-T-=fc* to find «. Ans. aj=6— - 

5. Given «• +14x+49=121 to find x. Ans. x=4. 

CASE VI. 

Any analogy, or proportion, may b.e converted into an 
equation, by making the product of the two extreme terms 
equal to that of the two means. 

Thus, if 3x : 16 : : 6 : 6; then 3a;X6=16X6, or 18a? 

80 40 4 
=80, or x=— -a=s-—=4-. 
10 9 d 

And, if^ a li h : c\ then will —s-=<»&> or 2cje=3ai^ ; 
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, «... 3<*^ 

or, by divisiOQ, x=^-—-. 

Also, if 12— a; :- : : 4 : 1 ; then 12— a;=-Tr-=2fl:, or 2x 

2 2 

12 
+ a;=12 ; and consequently a;=— =4. 



EXAMPLES FOR PRACTICE. 

1. Given-a;^: tf : : 56c : cd to find x, Ans. a;= — =- . 

4 3d 

2 

2. Given 10 — x : -a; : : 3 : 1 to find x. Ans. a;=3^. 

3 * 

3. Given 8+8a; : 4x : : 8 : 2 to findx. Ans. a;=l. 

4. Given a; : 6— x : : 2 : 4 to find x. Ans. «=2., 

5. Given 4a; : a : : 9*/a; : 9 to find k. Ans. a;=-rr. 

• lb 

MISCELLANEOUS EXAMPLES. 

I 1. Given 6x— 15=2x+6, to find the value of x. 

Here 5a;-2a;=6+15, or 3a:=64- 16=21 ; and there- 

21 
fore aj=— =7. 

2. Given 40 — 6a: — 1 6 = 1 20— 1 4a;, to find the value of a;. 
Here 14a; -6a;= 120—40+16 ; or 8a;=136— 40=96 ; 

^ , /. 96 

and therefore a?s= — =12. 

8 ' 

3. Given 3x^ — 10a;=8a;+xa, to find the value of x. 
Here 3a;— 10=84-a?, hy dividing by a; ; or 3a;— a?=8+ 

10=18, by trans*position. 

18 
And consequently 2x=18, or a;=— =9. 

4. Given Sax^ — 12a6a;«=2fla;3+6aa;«, to find the value 

of X, 
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Here 2a:— 4&=a;+2, by dividing by 3ax^ ; or 2a; — a^= 
2+46 ; and therefore a;=46+2. 

5. Given a?a+2i+i =16, tafind the value of x. 
Here a;-f-l=4, by extracting the square root of each 

side. - ' 
And therefore, by transposition, a;~4- 1 = 3. 

6. Given 6aa:— 36=2da;+c^ to find the value of x. 
Here 5aa;-2dx=c+36 ; or (6a— 2d)a;=c+36 ; and 

therefore, by division, a;=- --r. 

•^ ' 6o— 2d 

X XX' 

7. Given-— -+-=10, to find the value of x. 

2a7 2a; Sx 

Hereo; — 5-+-7^=20i and 3a:— 2a:+--=60 ; or 12a: 
3 4 4 

^8a;+6af=240; whence 10a;=2?0, or a:=24. 

.8. Given—— — ^--=20 "^ — , to find the value of a:. 

2*3 2 ' 

2x 
Herea:— 3+— =40-x+ld; orSa^— 9+2a:=120-.3a: 

+ 57 ; whence 3x+2a:+3a:= 120+67+9 p that is 8a:= 
186,ora;=23i. 

2x 

9. Given ^-—+6=7, to find the value of a;. 

2x 2x 

Here ^-s-=7— 6=2 ; whence, by squaring,— =2* =4, 

3 > 3 ' 

and 2x=]2, or x^6. 

2 a* 

10. Given x+ V (a«+a;») = ^^ , . ^. , to find the va- 

^ v^(a'+a:*) 

lue of X. 

Herea?v^(aa+a;«)+o2-^ara=2aa ; or x^ {a^+x')=^ 

«*— a:», anda;2(a3+a:*)=a*- 2a«a;*+a:* ; whence a^x^ 

+a:*=o* —2o* a:* +a;* , and a^x' =a* — 2a»a:« ; therefore 

' a* a* -* a* 

34*x'=a*, or X = —-=--- ; and consequently ap=^--- 

=:fly^-s=:fl^-=:^y/3, the aoswer required. 
3 9 3 
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EXAKPIiES FOK PRICTKE. 



1. Given 3x— 2+24^:31, to find the valoe of x. 

A Ans* a(?s5s3. 

3. Given 4— 8t/=14— 1%, to find the value of y, 

A Ans. y=6. 

3. Given «4-18=3a;— 6, to find the value of x. 

Ans. ai^ll^. 



4. Given x+-+%=n^ to determine the value of x. 

%■ 3 

. Ans. «»6 

5. Given 2ar-|+l=5a;— 2, to find the value of a. 

• Ans. "«== 

fK fC 9C 'T ~ 

6. Given — H«"'""^'i7vi *^ detennine the value of a?. 

Ans. x=1t 

7. Given^^^^— — f--=s4— ^^^, to find the value of «. 

2 3 4 

Ans. a;=3— 



«. Given 2+\/3«s=^4+5x, to find the value of a:. , 

Ans. x=sl2 

x' 
9. Given a:+a=-—; — , to find the vj^ue of x. 

a+x 



Ans. «5=— ~ 
2 



2a 



10. Given v^x+v^a+a?=«= win ^ S"*^ ^^« v*^"® 
ofx. . Ans. x=5 

11. Given =-Jl+?si^«!r_^, to find the Talue 

4 3 2 3 
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!2. Given ^a^+x^=if^b*+x^,io find the valae of rr, 

Ans. a;=*/ 



13. Given V»+«+\/<*""3p=-y/aa:, to find the value 

01 «. Ans. X=z : — 

aa + 4 

14. Given -r-r— + ; =fe, to determbe the value of «. 



1+a: 1— a; 



A >-2a 

Ans. aj=:^ — ^--- 



15. Given a+x^x/'a^+Xy/^b^+x^), to find the value 

of X. Ans. a:= — ^a 

4a 

16. Giveniv'(ar«+3a«)-V(««-3a»)=xv'a,tofind 

the Value of ap. Ans. 3?=*/ ' ^ 

^4-4a 

17. Given -v/(a+-a?)+/(a-^x)«i^ to find the value 

of ar. Ans. a:=-^(4a-62) 

18. Given^(a+a;)+V'(o— »)=*»*o fi nd the v alue of a;. 

19. Given y/a+^^^^y/ax^ to find the value of a;. 

a 



Ans. x= 



(v^a-l)«^ 



20. Given ;/(^3y)+v'(^v:y)==o» todctermin 
value of ar. Ans. a:= — - 

21. Given ^{a^+ax)^a — v^(a^— ax), to find the va- 
lue of x. Ans. a;=:-^3. 



no SDIFLE IX^JATIOKS. 

6nd die Tabe of x- Ane. '"^("TXa/ 

23. Giren ^(x+a)=c— -^^ (*+*) ,to find tbe valae of x. 

ft c Abe 

24. Gircn v' +• =</-; r» to ^^ **»« 

^ o+x a-x ^a*— X* 

vahie of x. Ans. x=<il 7 — -^ 



t^ Ihe resolution of gimple equations ^ containing two 

unknagsm quantities. 



When there are two onknown quantities, and two inde- 
pendent simple equations involving them, thej may be re- 
duced to one, by any of the three following rules ; 



RULE r. 



Observe which of the unknown quantities is the least 
involved, and find its value in each of the equations, by 
the methods already explained ; then let the two values, 
thus fouod, be put equal to each other, and there will arise 
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a new equation with oqIj one unknown quantity in it, the 
value of which may be found as before.* 

EXAMPLES. 

1. Given \ ?^"+'o^^?^ i to find the values of a; and y. 

I ox— 2y— 10 i 

TT "/. 23-3ii 

Here, from the first equation, x=^ — — ^, 

10+ ^v 
And from the second, «== — -— ^ 

5 

Wk u 23-3y 10+2y 

Whence we have : — = — -—— 

% 5 

Or 116— 16y=20+4y, or I ?^y- 116 -.20=96. 

Tk ♦ • 96 ^ , 23 - 1 6 ^ 
inat IS} 1/=— ;,=5, and x= =4, 

2. Given < 3^—^ ( *° fi°^ the values of x and y. 

Here, from the first equation, x=a — y. 

And from th^ second. x=6+2/> 

Whence X — y=6+y, or2y=a— 6, 

a, h 
And therefore y= _ ■, and x=a— y, 

^ , ... fl — ^ a+6 
Or, by substitution, x=a S^^^^V* 

3. Given ? , Tf^lTo ? to find the values of x and v. 

2v 
Here, from the first equation, x=14— ~, 

3v 
And from the second . x=24— -^, 

2' 

Therefore, by equality, 14-.-J^=24— J^, 



* This rule depends upon the well known axiom, that things which are 
equal to the same thing, are equal to each other, and the two following me- 
tiiods are founded on principles which are equally simple and obvious. 
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And conseqneDtly 42— 2y=s72»-J^, 

Or by maltiplicatioD 34— 4y=144— % f 
And, therefore, abo 6y^ 144— 84^=60, 

Or, by diyisioB, x=-— «=12, and x=14— — =6. 

6 o 

t 

EXAMPLES FOR PRACTICE. 

1. Given 4ai;4-y=:34, and 4y+x=^l6, to find the values 
of X and y. Ans. x=8, y=2. 

2* Given 2a;+32^=16, and 3x— 2^=^11, to find the va- 
lues of X andy. Ans. x=5, y^2. 

3. Given^+f =2^, and -j.+^=_ to find the va- 
lues of or and y. Ans. x^^, ^^i- 

4. Given, | t^H^^^ \ to find x and y. 

Ans. 3B=5a+^» and y=sja— Jt. 

-+?^=8 ) 
2^3 f 

5. Given < > to find x and y. 
3 2 ^ Ans. a;=:12, and y=6. 

C ^ y i 

6. Given 12 3^ > to find'* and y, 

(j:y::4:37 Ans. a; =12, and y= 9. 

* 2x 3v 

7. Given a?+y=80, and -s-=-r^» to find x and y, , 

Ans. x=42i^, and y=37|4. 

8. Given y— >63s~, and x=sy+6, to find x and y. 

IS 

^ Ans. xs= 24, and y= 1 8. 

RVLE II. 

Find the values of either of the unknown quantities in 
that equation in which it is the least involved ; then sub- 
stitute this value in the place of its equal in the othex' 
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equation, and there will arise a new equation with only 
one unknown quantity in k ; the value of which may be 
found as before. 

EXAMPLES. 

1. Given < «* ^Ho i to find the values of a: and y. 
i Sac— y=x ) ^ 

From the first equation, x=^ll'^2y ; which value, be- 
ing substituted for x, in the second, 

gi ves 3( 1 7 - 2y) — 1/=2. 
Or 61-6y-.y=2, or 7y=51 -2=:49, 

49 
Whence y=— =7, and x=17— 2y«:3. 

. 2. Given < ^ ? _. o J to find the values of x and y. 

From the nrst equation, a;=:13— y ; which value being 
substituted for x, in the second, 

Gives 13— y -y=3, or 2y=13— 3=10, 

Whence y=—=6, and «=13— y=8. 

3^ Given j ^'JV a I,c I ^^ ^°^ ^^^ ^^^"^ ^^ * ^°^ 2^" 
Here the analogy in the first, turned into an equation, 

gives bx=^ay, or x=^-^ 
And this value, substituted for x in the second, 
gives (^-^^^» +ya =c, or -jf-+y* =^ 

Whence we have a^y* +b'y' ==b^c, or y^ = — —r— 

c c 

And, consequently, y^b^—'-r-r-9B.udx=a^ — --r- 

EXAMPLES FOR PRACTICE* 

1. Given -+7^=99, and|+7a;=51, to find the values 

•f X and y. Ans. a;=7, and y^l4» 

l2 
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to find the values of « aud y. Ans. xss60, }f^4Q. 

3. Given x+y=*i and x» — y*=rf, to find the yaloe4»of 

xsndy. . " , Ads. at=— , jf= -^. 

4. Given 5x— d^slSO, and 10x+15|fs825, to find ec 
and y* Ans. rr«e=45, and 3^== 25. 

5* Given x+jf'^^^y ^^^^ x : y II 3 : 1, to find a; and y. 

Ans. a!:=12, and ^^4. 

6. Given a:+|=12, and y+-^=9f to find x aud y. 

^ns^ .r — rlO, and 2f^4» 

7. Given « : y : : 3 : 2, and x* — y^-a-ao, to find x and y. 

Ans. xsc6, and j/=a4. 

8. GiTeD|-12=4+13ancl-ti'+|+i6=?^y+27, 

2 4 5 3 4 

to find X and ^. Ans. x=60, and i^s=20* 

RULE III. 

I 

1 

Let one or both of the given equations be multiplied, or 
divided, by auch numbers, or quantities, as will make the 
term that contains one of the unknown quantities the same 
in each of them ; then, by adding, 01 subtracting, the two 
equations thus obtained, as the case maj require, there 
will arise a new equation, with only one unknown quan* 
tity in it, which may be resolved as before*. 

*Theralues of the unknown qaantities in the two literal equations ax-^bysiCf 
and a'« 4- fr y ss c', may be found in general terms, by multiply ing the first by 
a', and tbs-second by a, and then working a^ordio^to the last rule, when the 

fl^ r <■ ' cb' "^bc' 

results, so determined, will be y=s 4 ^ , and sesz - ; which solu- 

tion mav be applied to any particular case of Ais kind, by substituting the 
numeral of a, o,'a', 6', in the place of the tetters, and observing, when either 
of them is negative, to change the signs accordingly.' 
Where the numerator is toe difference of the products of the i>pposite co- 
.. efficients in the order in which y is not found, and the denominator is the dif- 
(jgrence of the products of die opposite coefficients taken from ^ orders that 
involve dietwo unknown quantities. Coefficients are of th6 saaoe order which 



\ 



t 
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EXAMPLES. 

1- aren j ^*t2^^^4 \ to find the values of a: andy. 

First, multiply the second equation bj 3, and it will 
give 3a;4-6y=42. 

Then, subtract the first equation firom this and it will 
give 6y — 6y=42 - 40, or y=2. 

Whence, also, ar=14-2y=14— 4=10. 

2. Given \ of jl2!^i6 C ^^ ^"^^ *^^ values of x and y. 

Multiply the first equation by 2, and the second by 5 ; 

then lOo; - 6]^= 1 8, and lOx+^^i/^SO. 

And if the former of these be subtracted from the latter 

62 
there will arise 31y=62, or y=--=2. ' 

94-3i; 16 
Whence, by the first equation, a;= — -_i.=---=3. 

\ EXAMPLES FOR PRACTICE. 

1. Given ^+6y=21, and i4~=23-6ar, to find x 

4 3 

and y. Ans, a[;=4, and y<=3. 

2. Given 3a:+73/=79, and 2y=9+--, to findx andy. 

Ans. 2=: 10, and y=7. 

3. Given 30a:+40y^270, and 60a;+30y==340, to find x 
and y. Ans. ^=5, and i/=3. 

4. Given 3«— 3y=2x+22/, ^nd x+y : a?y ;: 3 : 5, to find 
x'aiid y. Ans. x=10, and ^=2. 

6. Given x«y+a:y2=30, and a;'+y3=.36, to find x 
and y. Ans. x=x3, and y=2. 



either afiect no unknown quantity, as c and (/; or the same unknown quanCi. 
t ty m the difierent equationa, as a and d. Coefficients are opposite when i&ey 
afiect the different uBkttown quantities in thd difierent equations, as a and 6V 
a'andfr. » jEi>. 
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find X and y. Ans. x=12, and y=6. 

7. Given x+y : a : : x— jf : ft, and x* — y*=c, to ^d 

the values of x and y. 

a+ft c a— 6 , c 

Ans. *=-^v'^. y=-g-V;^ 

8. Given az+(y=:c, and dx-^-ey^ff to find the valaes 
of X and y. 

. ce-^hf af^dc 

9. Given x+y=a, and x^ — ys=6, to find the values of 

jT and y. * a^+b a'— 6 

Ans. x=-- — , y=— s — 
2a ^ 2a 

10. Given x^ +xy=a, and y^ +afy=6> to find the values 

of X and y. . a b 

Ans. xs= — ; — t-ttj !/= — ; — rrr 

0/* the resolution of simple equations^ containing three or 

more unknown quantities. 

When there are three nnknoivn quantities, and ttiree 
independent simple equations contaioing them, they may 
he reduced to one by the following method*. 

RULE. 

Find the values of one of the unknown quantities in* 
each of the three given equations, as if all the rest were 

* The necessity for observing that the given equations in this and other 
similar case s are so proposed as to be independent of each other, will be 
obvious from the following- example : 

whero, if it were required to determine the values of a;, y, and z, it will be 
found by eliminating x from each of them, and then equating the results, that 

5y— 3* = —3, and 5y^— 3a;«= —3 ; 

which equations, beinc^ identical, or both the same, furnish no determinate 
answer. And, in efiect, if the three equations beproperly examined, it will be 
found, that the third is merely the difference of me first and second, andcoa- 
sequently involves no coaditioii but what is coataioedia the other two^ 
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• 

known ; then put the first of these ralues eqaal to the se- 
cond, and either the first or second equal to the third, and 
there will arise two new equations with only two unknown 
quaotities in them, the values of which may be found as 
in the former case ; and thence the value of the third. 

Or, multiply each of the equations by such numbers, or 
quantities, as will make one of their terms the same in 
them all ; then, having subtracted any two of these result- 
ing equations from the third, or added them together, as 
the case may require, there will remain only two equa- 
tions, which may be resolved by the former rules. 

And in nearly the same way may four, fife, &c. un- 
known quantities be exterminated from the same num- 
ber of independent simple equations ; but, in cases of this 
kind, there are frequently shorter and more commodious 
methods of operation, which can only be learnt from prac- 
tice*. 

EXAMPLES. 

1 . Given < x+Sy+Sz^^^S'i \ to find re, y, and z. ' 



* The Fahies of the unknovm quantities in the three literal equations 
aa;4-j6y+ caress </; a'x~\^yy^c'zsmd'; a' x ^ yy-^c'xssad'; 
may be exhibited, in general temriii, like those before rnentiomd, aS follows; 

"^abcf'-^cnP +c«'6 '— 6«'c -f-6c'o'-c6'a" 
adc"'-^ ac 'd' -f eg (f^-— da Uf'-^dda'^cdfa" 

^*^ ab'c" — "^A" ucab".^a'c* 4- AcV — cb'a" 
, fl6'd"— arf'&"4. rfft'6" ""■ba ^^b^ijl* ^-dJUti' 

'"* aft'c" — .ac'A"-f c?^^^oV>-^6c'a" — cA V 
which foraiulaB, bv sabstitation, may be employed for the resolution of any 
numeral case <^ this kind, as in the instance of two equations before given. 
The numerator of any t& these equations such as «, ccmsists of all the dif- 
ferent nrodttcls, which can be made of three opposite coefficients taken fiiom 
the ordera in which 9 is not found.; and the denonunator consists of all the 
products that can be made of the three opposite coefficients taken from thf 
orders which iDTolve the three unknown quantities. 
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Here, from the first equatioD, x^29— y— 2* 

From the second, x=62— 2y — 3r. 

2 1 
And from the third, x=20 • -^— p^?. 

Whence 29~y -z=6«— 2y -3z, 

2 1 
And, also, 29— y— z=20~^—z, 

From the first of which y=33— Sz, 

* 3 

And from the second, y^=27— -?, 

3 
Therefore 33 — 2z=27 — ^z, or z=l2, 

2 

Whence^ also, y=am53^iz=9 
And x=29-y— z==8. 

2. Given 7 4x — 2y+»z=l« \ to find x, y, and z. 

(.ex+ly-'Z =H3t 
Here multiplyinjp; the first equation by 6, the second by 
3, and the third by 2« we shall have 

1 2x+24y - 1 «z= 1 32, 
12a:- t^y+16r=64, 
I2a:+I4y— 2-^=l26. 
And, subtracting the second of these eqnations succes- 
sively from the first and third, there will arise 

30y— 33z=78, 
20y— 17^=72. 

Or, by dividing the first of these two equations by 3, 
and then multiplying the result by 2, 

20y - 22^=52, 
20y— 17z=72. 

Whence, by subtracting the former of these from the 
latter, we have 62'&=9 20, or r=4. 

And, consequently, by substitution and reduction, 

2/=7, and a;=3. 

3. Civen a;+y+^==63, a;+2y+32r=106, and a?+3y+ 
4^» 134^ to find the values of x, ^, and z. 

Ans, x=24, y=»6, and x;^2d,. 
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4. Given x+^y+-z=32, -x+-^y+^z=^\5, and -x+- 

y+-^=12, to find the values «f x, y and z, 

Ans. a:=12, y=20, ^-ssSO. 
6. Given 7x+5y+tz=19, Sx+7yi-9z = 122, and a:+ 
4y+6^^66 to find the values of x, y, and 2r. 

An«*. a;=4, y=9, z=3. 
6- Given x+y=rt, a:+2r=*6, and y+2r=c, to find the va- 
lues ofxy y, and z, 

. a — 6+c a+6— c , 6-a+c 
Ana. 1/^5= — ;r — ,a:= arid z= . 

^22 2 

^-,. X , y , z ^^ oc ,y , z ^ x , y , z 

38, to find Xf y, and z. Ans. a:= :4, y=6GU and 2= 1 20. 

8. Given z+y^x+lOO, y'^2x=^^z^\00, and z-flOO 
=3rr+3y, to find x, y, and z, 

Ans. x=9y*y, ^=461^1^, and z=63/y« 

9. Given x+y+2r=7, 2ar— 3=^+32-, and bx+bi!=3y 
+ 19, to find Xy y and z, Ans a;=4^y=4', and z'-=\, 

10. Given:3x+5y — 42^=2 -j, 5r-2y+3^=46, and 3y+ 
oar — x=62, to find x, y, and 2r. 

Ans. a;~7, y=8, and z=9. 
•11. * Given rr+y+^=13, a;4-y+M==17, x+z+w^lB, 
andy+2r4-M=21, to find r, y, and t*. 

Ans. flc=2,y=5, ^=6, and u=10. 

MISCELLANEOUS QUESTIONS, 

FRODVCING SIMPLE EQUATIONS. 

The usual method of resolving algebraical questions, 
is first to denote the quantities, that are to be found, by x, 
t/, or some of the other final letters of the alphabet ; 

^- * This can be resolved by proceeding after the same manner as equations 
involving tiiree unknown quantities ; but the resolution of it may be neatly 
facilitated, by introducing into the calculation, be»ide the principle Unknown 
<|uantities, a new unknown quantity arbitrarily assumed, such as, for exam- 
ple, the sum of all the rest: and wnea a little practised in such calculations, 
they become easy. 



i20 SIMPLE EQUATIONS. 

then, having properly examined the stti^te of the question, 
perform with these letters, and the known quantities, hy 
means of the. common signs, the same operations and rea- 
sonings, that it would be necessary to make if the quanti- 
ties were known, and it was required to verify them, and 
the conclasion will give the result sought. ^ 

Or, it is generally best, when it can be done, to denote 
only one of the unknown quantities by x or y, and then 
to determine the expression for the others, from the na- 
ture of the question ; after which the same method of 
reasoning may be folfbwed, as above. And, in some cases, 
the substituting for the sums and differences of quantities ; 
or availing ourselves of any other mode, that a proper 
consideration of the question may suggest',' will greatly fa- 
cilitate the solution. 

1 . What number is that whose third part exceeds its 
fourth part by 16 ? ^ "^^^ \ 

Let x=the number required, 

Then it4 part wiUbel*, and if li«rtla.. 

And therefore - x— -xs^^lG, by the question, 

3 

That is «--a:=r48, or4a?— 3a:=192, 

Hence x=^ 1 92, the number required. 

2. It is required to find two numbers such, that their 
sum shall be 40, and their 'difference 16. 

Let X denote the least of the two numbers required, 

Then will a:-H6=to the greater number, 

And «+*+ 16=40, by the question, 

i4 
That is 2fl;=i40— 16, or «=---= 12=lea8t number. 

2 

And a:4- 16= 12+ 16=28= the greater number required. 

3. Divide 1000/. between a, b, and c, so that a shall 
have 72/. more than b. and c 100/. more than a. 

Let x=b's share of the given sum. 
Then will a:+72=A's share, 
And x4-172=c'8 share. 
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Hence their sam is «+a^+'72+a:+ 1 72, 
Or3a:+244= 1000, by the question, 
That is 3x^ 1000«-244=756, 

Or «— -r-==262Z. =s=b's share, 

3 

Hence a;+72=: 324/. =Ae's share. 
And ap+172s^424/.=«=c.'s share. 
Also, as above, 262Z.=:b.'s share. 

» ^"•■■.^■■^"^ 

Sum of all =1000/. the proof. 

4. It is required to divide 1000/. between two persons, 
so that their shares of it shall be in the proportion of 7 to 9. 

Let x= the first person's share. 
Then will 1000 — a;= second person's share, 
And X : <000— a: : I 7 : 9, by the question, . 
That is 9a:=( 1000 - a:) X 7 =7000— 7x, 

7non 
Or 9x+7a:==7000, or a^=— ---= 437/. 10». = 1st share, 

lo 

and 1000-a:=100b— 437/. 10« c^SOZl lOs. == 2d share. 

5. The paving of a square court with stone^, at 2s» a 
yard, will cost as' much as the enclosing it with pallisades, 
at bs, a yard ; required the side of the square. 

Let a; 2= length of the side of the square sought, 
Then 4x= number of yards of enclosure. 
And x" = number of yards of pavement, 
Hence 4x X 5=20jir= price of enclosing it, 
And x^ X2=2a:» = the price of the paving, 
Therefore 2a:«=20ap, by the question. 

Or 2x:=i$X>y and afassio, the length of the side required. 

6. Out of a cask of wine, which had leaked away a 
third part^ 21 gallons were afterwards drawn, and the cask 
being then guaged, appeared to be half full ; how much 
did it hold ? 

Let x=s the number of gallons the cask is supposed to 
kave held. 

Then it would have leaked away ^ galloBS, 

ji 
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Whence there had been taken out of it, altogether, 

2 l+gJT gallons. 

And therefore 21+-x=:-x^ by the qaestion^ 

That is 63+a:=?«, or l26+2«=:3x, 

Consequently 3a;*2x=126, or ar=126, the number of 
gallons required. 

7. Whjit fraction is that, to the numerator of which if 1 

be added its value will be -, but if 1 be added to the de- 

3 

. ■ ^1 

nominator, its value will be -7. 

4 

Let the fraction required be represented -, 
Then =i-, and -jJ|=t> by t^® question. 



Hence 3a;+3 = y, and 4a;=e=y+l> or ^=^T" ' 
Therefore sQ^^+S^y, or 3y+3+12=4y, 

That is^=16, andx-J±i=l^'^=4, 

4 4 4 

4 

, Whence the fraction that was to be found is •--. 

15 

8. A market woman bought in a certain number of eggs 
at 2 a penny, and as many others at 3 a penny, and hav- 
ing sold them out again, altogether, at the rate of 5 for 2cl., 
found she had lost 4d. ; how many eggs had she ? 

Let X s> the number of eggs of each sort, 

1 

Then will 5a;=the price of the first sort, 
2 

And -x«=the price of the second sort. 

But ^ i 2 : : 2x (the whole number of eggs) : — , 
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Whence — = the price of both sorts, when mixed toge- 

ther at the rate of 5 for %d. 

1 1 4a; 
And consequently q^+^x — r=^» ^y ^^^ question, 

That is ISrr+lOar— 24a:5=120, or x=120, the number 
of eggs of each sort, as required. 

9. If A can perform a piece of work in 10 days, and b 
in 13 ; in what time will they finish it, if they are both 
set about it together ? 

•Let the time sought be denjoted by a:, 

Then -1^5= the part done by a in one day,- 

X : - 

And — = the part done by b in one day. 

• • •• 

Consequently _+_i=l (the whole work). 
That is 13a?-4-10a;=130, ot 23x=130, 
Whence a:=— =5— days, the time required. 

10. If one agent a, alone, can produce an eflfect e. In the 
time a, and another agent b, alone in the time b ; in what 
time will both of them together produce the same effect ? 

Let the time sought be denoted by x, 
ex 
Then a:e ::x : — = part of the effect produced by a. 



a 



And b I e : : a: : — 



ex . ex 



-^f^ part of the effect produced by b. 
Heace ^+*|^=:c, (the whole effect) by the question, 
Or -^+- =1 by dividing each side by c, 

fix 

Therefore x+-r-=a, or bx+ax^=^abj 

b 

Consequently a;=-^= time required, 

M, How mqch rye at 4«. 6(£. a bushel, mun be mixed 
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with 50 bushels of wheat, at 6s. a bushel so that the quk- 

ture may be worth 5s. a bushel ? 

Let x^ the number of bushels required, 
Then 9x is the price, of the rye in sixpences, 
And 600 the price of the wheat in ditto, 
Also (60+x) X 10 the price of the wheat in ditto, 
Whence 9a+600=600+10a;, by the question. 
Or, by transposition, lOx — 9a;=600-500, 
Consequently a;= 100 the number of bushels i;equired. 

12. A labourer engaged to serve for 40 day^, on con* 
dition that for every day he worked he should receive 
20c^., but for every day he was absent he should forfeit 
8d., : now at the end of the time, he had to receive IZ. 
1 Is. Sd. ; how many days did he work and how many was 
he idle ? 

Let the number of days that he worked be denoted by 

Then will 40— a; be the number of days he was idle, 
Also SOrr the sum earned, and (40— a^) X8. 

Or 320— 8a? the sum forfeited, 
Whence 20a:— (320— 8aj) =380^. (=1/. lU. 8d.)> ^y 
the question, . 

That is 20a;-320+8a;=380, 
Or 28a;=380+320=70O, 

Consequently x = --- s= 26, the number of days he 

worked, and 40— x==40— 2i^=l5, the number of days he 
was idle. 

QUESTIONS FOR PRACTICE. 

' 1 . It is required to divide a line, of 15 inches in length, 
into two such parts, that one may be three fourths of the 
other. Ans. ^ and 6f 

2. My purse and money together are worth 205. and 
the money is worth 7 times as much as the purse, how 
much is there in it ? Ans. 17». 6d.^ 

3. A shepherd being asl^ed how mv^ny sheep he bad in 
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bis flock, said, if I had as many more, half as many more, 
and 7 sheep aod a half, I should have just 500 ; how many 
had he? Ans. 197. 

, 4. A post is one fourth of its length in the mud, one 
third in the water, and 10 feet above the water, what is 
its whole length ? Ans. 24 feet^. 

1 1 "^ 

5. After paying away j of my money, and then - of the 

remainder, I had 72 guineas leflt ; what had I at first ? 

Ans. 120guinea9. 

6. It is required to divide 300L between, a, b, and c, 
so that A may have twice as much as b, and c as much as 
A and B together. Ans. a XOOl ., b50/., c 150/. 

7. A person, at the time he was married, was 3 times 
as old as his wife ; but after they had lived together 15 
years, he was only twice as old ; what were their ages on 
their wedding day ? 

Ans. Bride's age 15, bridegroom, 45. 

8. What number is that from which, if 5 be subtracted, 
two thirds of the remainder will be 40 ? Ans. 65, 

9. At a certain election, 1296 persons voted, and the 
successful candidate had a majority of '120; how many 
voted for each ? 

Ans. 708 for one, and 588 for the other. 

10. A^s age is double of b's, and b's is triple of c's, 
and the sum of all their ages is 140 ; what is the age of 
each ? Ans. a's 84, b's 42,and c's 14. 

11. Two persons a and b, lay out equal sums of nic- 
ney in trade ; a gains 126Z. and b loses 87/., and a's money . 
is now double oi b's what did each lay out ? 

Ans. 300/, 

12« A person bought a chaise, horse and harness, for 

60/. ; the horse came to twice the price of the harness^ 

and the chaise to twice the price of the horse and har^ 

ness J what did he give for each ? 

Ans. 13/. 65. 8(1. for the horse, 61. IBs. 4d,. 

forthe harness, and 40/. for the chaise. 

43* A person was desirous of giving 3d, apiece to som^ 

.» 2 
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beggars, bat found he had not moaey enough in his pocket 
by Bd,^ he therefore gave them each Zd.^ and had then 3d. 
remaining ; required the number of be^ars ? 

Ans. 11, 

14. A servant agreed to live with his master for 6/. a 
year, and a livery, but was turned away at the end of 
seven months and received only 21 I3s. 4d, and his livery ; 
what was its value ? 

Ans. 4Z. 16^, 

15. A person left 560Z. between his son and daughter, 
J in such a manner, that for every half crown,* the son 
^^ should have, the daughter was to have a shilling ^ what 

were their respective shares ? 

Ans, Son 400Z., daughter 160/, 

16. There is a certain number, consisting of two places 
of figures which is equal to four times the sum of its di' 
gits ; and if 1 8 be added to it the digits will be inverted ; 
what is the number ? Ans. 24. 

17. Two persons, a and a, have both the same income ; 
A saves a fifth of his yearly, but b, by spending 60/. per 
annum more than A.at the end of four years, finds himself 

■ 100/. -in debt ; . what was their income ? 

Ans. 125/, 

1 8. When a company at a tavern came to pay their 
reckoning, they found, that if there had been three persons 
more, they would have had a shilling a piece less to pay, 
and if there had been two less, they would have had a shil- 
ling a piece more to pay ; required the number of persons, 
an4 the quota of each ? 

* Ans. 12 persons, quota of eaqh 5^. 

1 9. A person at a tavern borrowed as much money as 
he had about him, and out of the whol^ spent U. . be 
then went to a second tavern, where he also borrowed as 
much as he had now about him, and out of the whole 
spent Is, ; and.goiogon, in this manner, to a third and 
fourth tavern, he found, after spending his^ shilling at the 
latter, that he had nothing left ; how much money had he 
at. first? .-'■•. Aus- lli«?. 

20. It is required to divide the number 75 into two sucft 



t A^ c' 



'O.. 



■4- 74'" ■' 



/ 
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parts, that three times the greater shall exceed seven 
times the lets hy 1 5. Ans. 54 and 2 K 

21. In a mixture of British spirits and water, | of the 
whole plus -25 galloDS was spirits, and | part minus 5 gal- 
lons was water ; how many gallons were there of each ? 

Ans. B5 of wine, and 35 of water. 

22. A hill of 120/. was paid in guineas and moidores, 
and the number of pieces of both sorts that were used 
were just 1^00 ; how many were there of each, reckoning 
the guinea at 2l9., and the moidore at*27«. ? Ans. 50. 

23. Two travellers set out at the same time from Lon* 
don and Ifdrk, whose distance is 197 miles ; one of them 
goes 14 miles a day, and the other 16 ; in what time will 
they meet? Ans. 6 days 13| hours. 

24* There is. a fish whose tail weighs 9Z6., bis head 
weighs as much as his tail and half his body, and his body 
weighs as much as his head and his tail ; what is the whole 
weight of the fish ? Ans. 72/6. 

25. It is required to divide the nnmber 10 into three 
such parts, that if the - first be multiplied by 2, the se- 
cond by 3, and the third by 4, the three products shall be 
all equal. Ans. 4y'^, 3^^, and 2/^^ 

26. It is requited to divide the number 36 into three 
such parts, that f the first, ^ of the second, and ^ of the 
third, shall be all equal to each other. 

Ans. The parts are 8, !2, and 16. 

27. A person has two horses, and a saddle, which of 
itself, is worth 50/. ; now, if the saddle be put on the 
bacik of the first horse, it will make his value double that 
of the second, and if it be put on the back of the second^ 
it will make his value triple that of the first : what is the 
value of each horse ? Ans. One 30/. and the other 40/, 

28. If A gives B 5s. of his money, b will have twice as 
much as the other has left ; and if b gives a^. of his mo- 
B^., A will have three times as much as the other has left : 
how much had each ? Ans. a 13s. and b ] J^, 

29. What two numbers are those whose difierencei 
sum and product, are to each other as the numbers 2, 3, 
and 5, respectively ? Ans 10. and . £ 
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30. A person ia play lost a foarth of his money, anfl 
then won back 35,. after which he lost a third of what he 
now had, and then won back 2s ; lastly, he lost a seventh 
of what he then had, and after this foand he had bat 128, 
remaining ; what had he at first:? * Ans. 208^ 

31. A hare is 50 leaps before a greyhpand, and takes 
4 leaps to the greyhound's 3, but 2 of the greyhound's 
leaps are as much as 3 of the hare's how many leaps 
must the greyhound take to catch the hare ? Ans. 300. 

32. It is required tq^ivide the number 90 into four 
such parts, that if the first part be increased by 2, the se- 
cond diminished by 2, the third multiplied by 2, and the 
fourth divided by 2, the sum, difference, product, and 
quotient, shall be all equal ? « 

Ans. The parts are 18, 22, 10, and 40» 

33. There are three numbers whose difierences are 
equal, (that is, the second exceeds the first as much as the 
third exceeds the second), and the first is to the third ^ 5 to 

7 ; also the sum of the three numbers is 324, what are 
those numbers ? Ans. 90, 108 and 126. 

34. A man and his wife usually drank out a cask of beer 
in 12 days, but when the man was from home it lasted the 
woman 30 days ; hovi many days would the man alone be 
in drinking it ? Ans. 20 days. 

35. A general ranging his army in the form of a solid 
square, finds he has 284 men to spare, but increasing the 
side by one man, be wants 25 to fill up the square ; how 
many soldiers had he ? Ans 24000. 

36. If A and b together can perform a piece of work in 

8 days, a and c together in 9 days^ and b and c in 10 days, 
how many days will it take each person to perform the 
same work alone. 

Ans. A 14}f days^B njf and c 23/^ 

dUADRATIC EQUATIONS. 

A Quadratic Equation, as before observed, is that in 
which the unknown quantity is of two dimensions, or 
which rises to the second power'; and is generally divid- 
into Bimple or fure, and compound ot adfected. 
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A simple or pure quadratic equation, is that which con- 
tains only the square, or second power, of the unknown 

quantity, as 

b o 

ax^zs^b, opac'H — ; where a:=^-. 

a d 

A compound or adfected quadratic equation, is that 
which contains both the first and second power of the un- 
known quantity, as 

a a 
In which case, it is to be observed, that every equation 
of this kind, having any real positive root, will fall under 
one or other of the three following forms : 

^ x^-^-ax^s^^b . . . where a;=---±^r--4"6j. 
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It may be observed, with respect to these fonns« that 

1. In theqasedra^ao: — ^6=ro,where a:= — ^a4- ^(laa +fc;,or— la— 

-^/C^aa + fc), the first value of a:, must be positive, because \/(4"^ +*) ^s 
greater than ^\/\at^ or its equal -jo ; and its second value will evidently be 
negative, because each of the terms, of which it is composed is negative. 

2. In the case a?a— aa?— 6 sso, where x =j^a -f ^/i^aS -f-6) orifa — ^ 
{\aA 4-6), the first value of ac, is manifestly positive, tcing the suna of tw* 
^positive terms: and the s^(ond value will be negative, because \/(?'<'f2 "f"^) 
is greater than ^^a.2 , or its equal \a, 

3. In the case osa— «.t-+-6«= o, where w|a -^ s/(\o.^ — ft)» or •2«— ^ 
(^aa— 6), both tlie values of x will be positive, wheni^aa is greater than h ; 
for its first value, is then evidently positive, being composed of two jpositive 
terms \ and its second value will also be positive ; because s/ (^pas — o) is less 
than s/iaa , or its equal i<h 

But if 4 09, in this case be less than b the solution of Uie proposed equa- 
tion is impossible; because the quantity ;^a2 — 6, under the ramcal, is then 
negative; and consequently ^(^as-— £) will be imaginaTy, orof noassigna- 
able value. 

4. It may be also further observed, that there is a fourth case of the form 
ot2 -{•aa;+fr=:=o, where a?=:-»-j'0+ v^C^oa — ^6), or a? — -J-o— ^(^as — 6), 
the two values of x will be both negative, or both imaginary, according as 
i«a is greater or less than h ; the imaginary roots, when they occur, being 
here of the forms—- (c^ -f- cf ^— I) and — (•'•— C v^— 1). 

From which it follows, that if all the terms of a quadratic equation, when 
brought to the left hand aide, be positive, its two roots wiH be both negative, 
or both imaginary ; and conversely, if each of Ae roots be negative or each 
imaginary, toe signs of all the tenns wih be positive. 

So that of all quadratic equations, which can Imve any real positive rpot, 
that of the thifd form, v t^—a^^l- 6 ss o, is the only oad, where tne solution for 
certain numeral values of a and 6, will become ifRpot8ible« 
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2. X '^ax^=h . . . where 3:=+^±-v/(-7-+^)* 

3. x« — a«=— 6 . . where x=+-±^(^-j — 6^. 

Or, if the second and last terms be taken either posi- 
tively or negatively, as they may happen to be, the gene- 
ral equation 

b c 

ax^ ±bx=i^Cn OT x^ dt-x=^dt- 

a a 

which comprehends all the three cases above mentioned, 

may be resolved by means of the following riile : 

RULE. 

Transpose all the terms that involve the unknown quan- 
tity to one side of the equation, and the known terms to 
the other ; observing to arrans^e them so that the term 
which contains the square of the unknown quantity may be 
positive, and stand first in the equation. 

Then, if this square has any coefficient prefixed to it, 
let all the rest of the terms be divided by it, and the equa- 
tion will be brought to one of the three forms above> 
mentioned. 

In which case, the value of the unknown quantity x is 
always equal to half the coefficient, or multiplier of x, in 
the second term of the equation, taken with a contrary 
sign, together with ± the square root of the square of this 
number and the known quantity that forms the absolute or 
third term of the equation.* 



* This rule, which is more commodious in its practical application, than 
that usually given, is founded' upon the same principle; being derived from 
the well known property, that in any quadratic 

«9 Hh a« es ^ 6, if the square of half the coefficient a 
of the second term of the equation be added to each of its sides, so as to ren^ 
der it of the form' . ^ 

that side which contains the unknown quantity will then be a complete square ; 
and, consequently, by ext racting the root of each side, we shall n ave 
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Note. All equations, which have the index of the un- 
known Quantity, in one of their terms, just double that dt 
the other, are resolved like quadratics, by. first finding the 
value of the square root of the first tern), according to the 
method used in the above rule, and then taking such a root, 
or power of the result, as is denoted by the reduced in- 
dex of the unknown quantity. 

Thus, if there be taken any general equation of this 
kind, as 

we shall have, by taking the square root of oc^^, and ob- 
serving the latter part of the rule, 

»'«=-^^(4-+ft.). and 0:= j ---ty(-+6Vsi 

And. if the (equation, which is to be resolved, be ot the 
following form. 



fn 



we shall neoessarily have, according to the same principle, 



%?=|+^(^+6).and.= j|±v'(f+0( 



a_ 

m 



EXAMPLES. 

1. Givenx*4"4a;=140, to find the value of x. 
Here x^-^-Ax^^SAOy by the question. 
Whence ar=— 2+ v' (4+ HO), by the rule, 

Or, which is the same thing, a;=— 24^^144. 

whieh is the same as the rule, taking a and 6 in 4. or — as they may hap. 
pen to be. 

It may here, also be observed, that the ambiguons sign + , which denotes 
both -f- and — , is prefixed to the radical part of the valae of x in every ex- 
pression of this kino, because the square root of any positive quantity, as afl^ 
'^ either + a or— a ; for ( ^) X (4-^)> o' ("■~^) X (r~^) are each b= -|- 
a9 : but {be. square root of a n^ati^e quantity, as »»a2 , is imaginary, or un- 
assignable, there bein^ no quantity, either positive or negative, that when 
multiplied by itself, will give a ne^tive product. 

To this we may als9 further add, that from the constant occurrence of the 
double sign before the radical part of the above expressicxi, it necessarily fol- 
lows, that eveiy quadratic equation must have two rootsi which an ^tiier 
both real, or both imaginary, ficcordJbg to the nature of the quesjlion. 
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Wherefore x=— 2+12=10, or —2-12=- 14. 
Where ooe of the valaes of x is positive and the oiher 
negative. 

2. Giyen x' — 12x+30=3, to find the yalae of x. 
H«re X* - 12x=3-30=— 27, by transposition. 
Whence x=6+^(36- 27V by the rule. 

Or, which is the same thing,x=6+ ^9, 
Therefore x=6+3=9, or =6-3=3, 
Where it appears that x has two positive values. 

3. Given 2x»+8x— 20=70, to find the value of ar. 
Here 2x«+8x=70+20=90, by transposition. 
And j:a+4x=43, by dividing by 2, 

Whence x= -2 + ^(4+45), by the rule. 
Or which is the same thing. x=— 2+^49. 
Therefore x= -2+7=6, or =-2--7=-9- 
Where one of the values of x is positive and the other 
negative. 

4. Given 3x* — 3x+6=&J, to find the value of x, 

2 
Here 3x«— 3it=6i— 6=— -by transposition. 

2 
And x» — ^^"•q by dividing by 3, 

Whence ^^^'k.y/\jT'^z)> ^7 *^^ '"*®» 

2 111 

Or, by subtracting gfrom-, ar=^+ ^/jg. 

Therefore «=2 + g = 5. or -j-g^g, 

In which case x has two positive values. 

1 1 

5. Given ^x^ ^-x+20|=42| to find the value of x. 

2 3 

Here-x> --«=42|—20^=22| by transposition, 

2 3 

2 1 

And x' — x3;=44^, by dividing by ~, or iraltiplied 

by «, 

Whence we haTe *=5i:i/(5+'*4i). ^J *« "^"^e* 
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Or, by. adding- and 44| together, a;=ss-+:^~-, 

Therefore «==1+6|=7, or=--6|=-6i, 

Where one value of x is positive and the other ne- 
gative. 

6. Given oop'+^^^c, to find the valde of x, 

y c 

Here x' -| — x=- by dividing each side by a. 

h b^ c 

Whence, by the rnle, a;=-_±^(— +-), 

Or, multiplying c and a by 4a, a;=:— — ±-y/ — 3^^ — , 

Therefore x=^'^-^±^^(b'+4ac). 

7. Given ax^ - 6«4-c=<i, to find the value of x. 
Here ax^ — 6ap=c2— c, by transposition, 

And x^ — a:^ by dividing by a. 

Whence x**^-— -%/C-— +T-r) hy the rule, 

Or,multg£l— c&aby 4a, a;— — ±— -^(4a(d— c)+&«) 

8. Given ac*4-a«»=6, to find the value of x. 

Here x*+ax^ =6, by the question, 

Orx«=-|±^(^+6)=-i±^v/(«'+4*). by the 
rule. 

Whence «=±-v/(-2±2^/(46+aa)) by extraction oT 

roots. 

9. Given t:«*— t3p'=— ^ttj to find the value of or. 

2 4 32 

Here -a:«--x3=:-g^, by the question, 

Aiid x«— -x^ss-— , by multiplying by 2. 
2 *^ N* 
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1 111 

12 1 
And coBsequejitly «=*?/t«=Vo^ V** 

10. Given 2jc^+3x*=2, to find the value of x. 
Here 2«^+&3=s=«, by the qne^tioii^ 

JL 3 1 

And af'^+o* =J> by dividing by 2, 

z 

Whence **=-|±v'(^+l)=-|±|4 or - 2, 

Therefore a:=(-)»=-, or (—2)3=: ^8. 

1 1 . Given a:* - 12a;3+44a;a -48ar=9009(o). to find the 

value of X. 
This equation may be expressed as follows, 
*(a;a -.6«)3 +8(a;a - 6x)«=a, 

* The biquadratic equation 

a*^ 12*' + 44*" -48* s= d 
can be easily exhibited under the form 

by the following method. 

»♦— 12«*+ 44a?*— 48«(«*— 6« 



2»3^^a)— l2a?'+44«'— 48* 
— 12«3+36a-« 

X* — 6ac) 8«* —48a (8 
8a!'— 48* 



Consequentiy, (>r * — 6cr) ^ +8(a!*— 6aX= a* - 12a?' +44* *— 48« =s a ; 
for since in extracting the square root of any quantity, the fquare of the root 
thus found plus the remainder is always equal to the propped quantity. 

In a similar manner, the biquadratic equation x + 2ax -f-5a* x +4o^ 
ojssd, may be exhibited u« der the form 

which can be resolved by the rule, page 130, for resolving quadratic equa- 
tions. 

Hence it follows, that if the remainder, after having found the first twb 
terms of the square root, accoTding,io (he: rule page 49, can be resolved into 
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Whence a;*— 6ar= — 4^.-^(1 6+a), by the common rule, 
And, by a second operation, ar=3Hh^(9—4± y'ClB+a)) 
Therefore, by restoring the rakie of a, we have 

Or, by extraction of roots, a:= 13, the Ans. 

EXAMPLES FOR PRAC^TICE.* 

1. Given x* — 8 x+1 0=1 9, to find the value ofx. 

Ans. xs=9. 

2. Given x'—x— 40=170, to find the value of x. 

Ans x===I6. 

3. Given 3x» +2x— 9~ 76, to find the value of x. 

Ans. x=5. 

I 1 

4* Given ~x* — .-x+7|=8, to find the value of x. 

4* %J 

Ans. x=:l|. 

5. Given -x — -^y/xsst^^^ to find the value of x. 

Ans. x=49. 
6.t Given x+^{5x+\0)=S, to find the value of x 

Ans. x=:3. 

two such factors, so that the f^tor contaioiDg the unknown quantity, sbal 
be equal to the tenns of the root thus found; the proposed biquadratic may 
be always reduced to a quadratic fprm, as above. See Ryan's Algebra page 
396. Ed. 

* The unknown quantity in each of the following examples, as well as in 
'those given above, has always two values, as appears from the common role ; 
but the negative and imaginary roots being, in general, but seldom used in 
practical questions of this k'nd, ace here suppressed. 

f In some quadratic equations involving radical quantities of the form %/ 
(fix-^b)t ^^ ^ values of or, found by the ordiaary process, wilt not answer 
the proposed equation, except we take the radical quantity with the double 
signH2. In resolving the above example, two values of a?, that is, 18 and 3, 
are found ; but, it appears, that 18 does not answer the condition of the equa> 
tion except we take the radical quantitjr V(5«-f>10) with the sine.— 

Now, since these two values of » are formed from the resolution of the 
equati<m xa -Six s3*-54 ; it necessarily follows that each of them, when sub- 
stitnted for x, must satisfy that equation ; which may be verified thus ; in the 
first place, by substituting 18 for x^ in the equation «a — 21« sa —54, we have 
(18)a— 11X18=— 54, or 324— 37881-..^ that is, — 64=s— 54, or by 
transposition Os= 0. 

Again, substituting 3 for «, we have {2)2 -31 X^ — ^-^4, or 9— 8d«>B — ^54 ; 
.% 54-^'sO, or 3s0. ' 

And as the equation «9 — 21« si-«^, may be deducted from the equation 
4. ^^(5«4-lo) =38-*, or — •(5a!-|-10)tse 8— a? ; it is evident that the radi- 
cal quantitf v^(5«4.10) must be taken with the double signH[^, in the pri- 
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7. Given v/(IO+a:)-.V'(10+«)=2, 1o find theralue 
of a:. Ans. jr=6. 

8. Given 2x*—x« +96=99, to find the valae of «. 

Ans. a=--v/6. 

9. Given x»+20x» — 10=69, to find the value of «. 

Ans. a:=l/3. 

10. Given 3x«'»-2a:»+3=ll, to find the value of a:. 

Ans. x=v^2. 

11. GivenSyoc— Sv'xsa^l-, to find the value of «. 

A «^3 1 
Ans. 3-— or —r, 
81 81 

12. Given -a:^(3+2a:^ )=-+-««, to find the value of 
^- Ans. «-3\/(~3+3y^2). 

13. Given x^( — x)^ ^ t o find the value of a;. 

^x J ^x 

Ans.x=(l+i^2)2. 

14. Given -^(I -a?3)=a;a, to find the value of re. 



/I In* 

Ans. a:=(-^5--7. • 



2^ 2- 

15. Given a:v/(-—l)=i/(ara-&a), to find the value 

mi 

ofx, Ans. a:=Ja+-^(86»+a«), 

16. Given v/(l+«-a:3)-.2(l+a:^a:«)=i to find (he 

value of X. Ans. xzs. — I — 4/41. 

2 6^ 



mitins etraatlon, in order that it woald be satisfied by the values, 18 and 3, 
of «, foand above* that is, 18 answers to tfie sign — and 3 to the sign 4. 
See Ryan's EUmcntaiy Treatise on Algebra, Theoretical and Practical 
where this subject is clearlj illustrated. En. 
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17. Given y/^a?-—)+^n—)=^> to find the value 

of x. Ans. a;=J+i^v'5- 

18. tiiven x*«— 2a:**+jt**=6. to find the value of re. 

I9« Giyen «*— tx3+x==a, to find the value of x*. 



Ans. x^i^v' j 4= v^ v^+j) ^ 



When there are more equations and unknown quantities 
than one, a single equation, involving only one of the un- 
Icnown quantities, may sometimes be obtained, by the rules 
before laid down for the solution of simple equations ; and, 
in this case, one of the unknown quantities being deter- 
mined, the others may be found, by substituting its value 
in the remaining equations. 

EXAMPLES. 

1. Given \ * "^^ ^ao i to find the values of a: and y. 
( xy =28 J ^ 

28 
Here, from the second equation, we have y^ — ; and 

X 

784 
by substituting this in the first x'-f — j-=65, orx* — 65a"2 

=-784. 

Whence, by the common rule before given, we have 



• . ^66^ ,4226 „^.) 



Or, by reducing the parts under the last radical, and 

,65 33' 
extracting the root x=±v^(-~±— j=:7,or— 4, and con- 

sequently, y=— , or —- 1-*=4 or —7. 

7 • 4 

Or the sokition, in cases of this kind, nay often be more 
readily obtained, by some of the artifices frequently made 
use of upon these occasions ; which can only be learned 
irom experience : thus, taking as before, (1 •} ^* 'i'y^ =:66, 

jr2 
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(2.)xy==S8, we shall have, as io the former method, hj 
multiplying by 2, 2jcys56, and, by adding this equation to 
the first, and sabtracting it from the same, x*+2xy+y^^= 
121, and x* ^Zaty+y^ ^9, Whence by extracting the 
square roots of each of these last equations, there will 
arise, «+y=±ll, anda:— y=;+:3» and consequently by 
adding and subtracting these we shall have 2x=+14, or 
xs=7, or —7, and 2f=4, or —4. It will also sometimes 
facilitate the operation by substituting for one of the un- 
known quantities the product of the other, and a third un- 
known quantity which method may be applied with advan- 
tage, whenever the sum of the dimensions of the unknown 
quantities is the same io every term of the equation. 

2. Given < f« jL^v^BO \ *^ ^°^ ^^ values of a? and y. 

Here, agreeably to the above observation, let x^=vy, 

then v'y^+vy'=^b6f and vy^+2y^=^60^ whence,from the 

56 
first of these equations, y»= ^ ,: » and from the second 

y^ = > Therefore, by equating the right hand mem^ 

'D"|"2 

ber of these two expressions, we shall have — r— = ■ - ■ , 

•^ v-f2 v^+v 

or 60v^ +60v=B6v+llZ, And, by transposing 56^, and 

1 38 
difiding the result by 60, ''*+7q^=T7» Hence by the 

common rule, for quadratics, we have '^^^ ^^^'^X^Cq^ 

^B\ I 41 4 

+~) = - 35+3Q=3 • ^^^* consequently, by the form- 

60 60 

er part of the process, y«=—7-5=-7-j-^= 18, or ys=^ 

4 

(l«)=Sv/2, and a;=ry=gX 3 v'S ^^4 ^^2. The work 

may also be sometimes shortened, by substituting for the 
unknown c^uantities, the sum and difierence of two other 
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quantities ; which method may be ased» when the ud- 
koown quantities, in each equation, are similarly involved 

8. Given {y x '" ) to find the values of a; and y. 



\y ^ > to 

{x +y =12) 



Here, according to the above observation, let there be 

assumed x=^+'o, and y=^ — v. Then by adding these 

two equations' together, we shall have a;+y=22=12, or 

2=6, also, since a;=6+TP» y=6— r, and by the first equa*^ 

tion, x^-\'y^=^\Zxyy we shall obtain, by substitution, (6+ 

i;)34"(6 — x>)' = 18(6+^)(6— v), or, by involving the two 

parts of the first menaber, and multiplying those of the 

second, 432+36»*=648— JSu^, whence, by transposition 

216 
54'o =216 ; and by division, x>3=-— =4 ; ori?=-|_2. 

And therefore, by the first assumption, and the first 
part of the process, we have a;=r+'?=6±2=8, or 4, 
and y=z— -0=6^:2=4, or 0. 



QUESTIONS PRODUCING QUADRATIC 

EQUATIONS. 

The methods of expressing the conditions of questions 
of this kind, and the consequent reduction of them, till 
they are brought to a quadratic equation, involving only 
one unknown quantity and its square, are the same as 
those already given for simple equations. 

1. To find two numbers, such that their difference shall 
be 8, and their product 240. 

Let x equal the least number. 
Then will a;+8= the greater. 
And»(ac+8)=«a+8x=240, by the question. 
Whence a? = -- 4 + ^^ (16 + 240)=-4+v/'266 by the 

common rule, before given, 

Therefore x=16— 4=12, the less number, 

and :r+6=12+8=209 the greater. 
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2. It is reqaired to diyide the number 60 iato two such 
parts, that their product shall be 864. 

Let x= tl^e greater part, 
Theu will 60— x = the less. 
And a:(60— a:)« 60x— 'a;«= 864, by the question, 
Or by cbangiDg the signs on both sides of the equation 

«*— 60a:==— 864, 
Whence x=30±v'(900-864)=*30±v^36=30±6, by 

the rule, 
And consequently ar=30+6=36, or 30-6=24, the two 

parts sought. 

3. It is required to find two numbers such, that their 
sum shall be 10(a}, and the sum of their squares 58(6). 

Let 37= the greater of the two numbers, 
Then will a-^x=^ the less. 
And a;'+(<*— 3r)*=2x2 — 2aa;=a*=6, by the question, 
Or 2x« — 2ax=6~a*, by transposition, 

• And x^ '~ax^=^ — - — , by division. 

z 

Whence x=l±^{^^~-)^l±\y{ib-a-) 

by the rule. 

And if 10 be put for a , and 58 for 6, we shall hare 

10 1 ^ 

ar= -^+5\/( 1 16 — 100)=7, the greater number, 

And 10-ap=i^--^(ll6-100)=i3, the less. 

4. Haying sold a piece of cloth for 24/., I gained ^s 
much per cent, as it cost me ; what was the price of the 
cloth ? 

Let a:= pounds the cloth cost. 
Then will 24 "^2;= the whole gain. 
But 100 : a: :: sv : 34«-a;, by the question, 
Or «« = 100(24 -<r)=2400— lOOar, 
That is, ar« + 100«=2400, 
Whence 0?= ^50+^/(2500+2400)=-,. 60+ 70=20 

by the rule. 
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And coDsequentlj 20/.= price of the cloth. 

5. A person bought a Dumber of sheep for 80Z., and if 
be had bought 4 more for the same money, he would hare 
paid 1/. less for each ; how many did he buy ? 

Let-a; represent the number of sheep, 

80 

Then will — be the price of each, 

X 

80 
And - =price of each, if «+4 cost 80/. 

« 80 «0 . 

But — = i_4 +^>hy the question, 

^ 80j: 

Or 80=--j--+a;, by multiplication. . 

And 80a:+320=80a;+a;«+4T, by the same, 
Or, by leaving out 80ir on each side, x^+4x=^S20, 
Whence »=— 2-1-^(4+320)=: -2+ 18, by the rule, 

And consequently x=r.l6, the number of sheep. 

6. It is required to 6nd two number^, such that their 
sum, product and difference of their squares, shall be alt 
equal to each other. 

Let 07= the greater number and y^=i the less. 

X^ — v^ 
Hence 1= — -t~=^'^ — y>or a^=y+'> hy 2d equation. 

And (y+l)+y=y(y+l), by 1st equation. 
That iff* 2y+l=y2-|-y; ory2-|-y«.|^ 

Whence y=-+ 1/ (j+O^^i+gV^^ by the rule, 

Therefore y =14-1^5= 1.6 180 • . . 

3 1 

. Anda;=y4. l=-+-y 5=2.61 80 . . . 

Where . • . denotes that the decimal does not end. 

7. It is required to find four members in arithmetical 
progression, such that the product of the two extremes 
shall be 45, and the product of the means 77. 
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Let x= least eitreme, and y=r coounon difference. 
Then x^x+jf, x+^, andf +%« will be the four Dmnbers, 

Hence i<x+3y)=*'+3^=« i ^v the 

qaestioD, 

And «y« -=77— 45=32, by sabtraction, 

Or y>=— 3=16 by di?Mion, and y=^l6=4. 

Therefore x«+5xy=x* + 12xt=46, by the let equationy 
And consequently x= 6+ v' (36+46)= — 6+9=3, by 

the rule. 
Whence the nnmhers are 3, 7, 11, and 15. 

8. It is required to find three numbers in geometrical 
progression, such that their sum shaU be 14, and the sum 
of their square** 84. 

Let X, y, and z be the three numbers. 
Then xz=sy*, by the nature of proportion, 

And j ^3 ^y, ^^, =84 J ^^ ^^^ question, 

Hence x+2r=14- y, by the second equation. 

And x*+2zx+z» = 196 — 28y+ya, by squaring both 

sideff, 

Or x»+2ra+2y» = 196 -28y+y« by putting 2y« for its 

equal 2rz, 

That is x« +y2 +2r3 = l h6 $8y by subtraction, 

Or 196-28y=84 by equality; 

1 96 fii 
Hence y» — ~ — =4, by transposition and division, 

l(i 
Again X2r=yss=:16, or x= — \ by the 1st. equation, 

16 
And «+y+ir=s_+4+x=14, by the fd equation, 

z 

Or 16+42r+^«=14^, or^»-10:zf=5-16, 

Whence r=6±y^(26— 16)=5±3=8, or 2 by the rule, 

Therefore the three numberB are 2, 4, and %,. 

9. It is required to find two nombers, such that their 
sum shall be 13(a), and the saoi of their fturtfa powers 
4721 (6). 
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Let x=s the di£fereDce of the two numbers sought, 
Tbea will ^a+^ap, or —3— =7 the greater number^ 

2 2 2 * 

And -« — -a, o« — -— = the less, 

t 2 ' 2 ' j 

• But (?ii|ll+if!.Il^=:^>, by the question, 

Or (a+a;)*+(«— af)* = l66, by multiplication, 
Or 2a* + l2a^x*+2x*'=i\&b, by involution and addition. 
And x*+6a'x»=86— a*, by transposition and division, 

Whence xa = —3aa-|.y^(9a*+86—o*)=—3a« = 

v/8(fl^+6)', by the rule. 

And Xy/ - 3a» +2y/2(a* 4-^), by extracting the root. 

Where, by substituting 13 for a, and 4721 for 6. 

we shall have x=3, 

13+a: 16 
Therefore — - — =-^==B, the greater number. 

And — :r — «=5-r-=»=5, the less number, 
2 2 

The sum of which is 13, and 8«+5«=4721. 

10. Given the sum of two numbers equal 5, and their 
product =p, to find the sum of their squares, cubes, bi- 
quadrates, &c. 

Let X and y denote the two numbers ; then 
(1.) x+y=», (2.) xy=p. 
From the square of the first oi these equations take twice 
the second, and we shall have 

(3.) «*+y*=s' — 2p=sum of the squares. 
Multiply this by the 1st equation, and the product will be 
x^ +xy^ +x^y+y^=^8* — 25p. 

From which subtract the product of the first and second 
equations, and there will remain 

(4.) x'+y'=s3— 3sp=8um of the cubes. 
Multiply' this likewise by the 1st, and the product will be 
x*+xy3-|-x*y+y*^«*— 3»»p ; from which subtract the 
product of the second and third equations, and there will 
remain 



L 
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i' 



(5.) «*4-y*==«*— 4*«p4-2p*== sumofthe biquadrate6« 
And, again multiplying this bj the Ist equation and sub- 
tracting from the result the product of the second and 
fourth, we shall have 

6.) x*+y*=«* - 65»p-|-6jp*== sum of the fifth powers. 

nd so on ; the expression for the sum of any powers in 

general being x^+y = «»"— nu'^-^H — L_^^jwMp« — 

w,(m-4)(m-5) m(m-6y 111—6) (m-7) _ 

2-3 ^ ^ 2-3-4 ^ ' 

Itc. 

Where it is evident that the series will terminate when the 
index of s becomes = 0. 

QUESTIONS FOR PRACTICE. 

1 . It is required to divide the number 40 into two such 
parts, that the sum of their squares shall be 818. 

Ans. 23 and 1 7. 

2. To find a number such, that if you subtract it from 
10, and then multiply the remainder by the number itself, 
the product shall be 21. Ans. 7 or 3 

3. It is required to divide the number 24 into two such 
parts', that their product shall be equal to 35 times their 
difference. Ans. 10 and 14 

4. It is requir^'d to divide a line, of 20 inches in length, 
into two such parts that the rectangle of the whole and one 
of the parts shall be equal to the square of the other. 

Ans. lO-v/6-10, and 30—10^^6 

5. It is required to divide the number 60 into two such 
parts that their product shall be to the sum of their squares 
in the ratio of 2 to 5. Ans. 20 and 40 

6. It is required to divide the number 146 into such two 
parts, that the difference of their square roots shall be 6. 

Ans. 2b an^ 12 J 

7. What two numbers are those whose sum i8''20 and 
their product 36 ? Ans. 2 and 18 

8. The sum of two numbers is If, and the sum of their 
reciprocals 3^ ; required the numbiers. Ans. f and | 



J 
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9. The difference of two muDbers is 16; and half their 
j^oduet is equal. to the cube of the less nuipber ; required 
the numbers. Ans. 3 and 18 

10. The difference of two Dumbers is 5, and the differ- 
ence of their cubes 1685 ; required the numbers. 

Ans. 8 and 18 

11. A person bought cloth for 33/. 155. which he sold 
again at ^. 8s. per piece, and gained by the bargain as 
much as one piece cost him; required the number of 
pieces. Ans. 15 

1S« Wbattwo numbers are thosq, whose sum, multipli- 
ed bjr the greater, is equal to 77, and whose difference, 
multiplied bj the less is equal to 12, Ans. 4 and 7 

]3« A grazier bought as many sheep as cost him 60/., 
and after reserving 15 out of the number, sold the remain- 
der for 54/., and gained is. a head by them : how many 
sheep did he buy ? Ans. 75 

14. it is required to find two numbers, such that their 
product shall be equal to the difference of their squares, 
and the sum of their squares equal to the difference of 
their cubes. Ans. ^^5 and J(6+^5) 

15. The difference of two numbers is 8, and the dif- 
ference of their fourth powers is 14560 ; required the 
numbers.* Ans. 3 and 1 1 
■'-' > ■ ", - ■ ' ■■ ' ■ ' 

* in solving this queaUon, the reduced equation, found by the usual me- 
thods of operation, will be of the form a;3-^aa;s= 6 ; which is a cubic equa- 
tioo, and therefore cannot be resolved by the ordinaiy rules of quadratics ; 
but such equations may sometimes be reduced to the form of a quadratic, 
and then resolved according to the mles already given. 

Whenever, in a cubic equation of the form x^-^ax sra6 ; b can be divided 
into two factors m and n, so ^at ms 4>ar« n, dien the cubic equation can be 
resolved as a quadratic : thus, in the cubic equation «3 ^6x =20, 20ss2x 
10, and 33 +6b9 10. Now, multiplying both the sides of the equation by x, 
we have xA^^xa ss lOX^^t adding (2a;)* to both sides, a;4 ..|-103?a es 
<2a!)a 4. 10(2ir); /• completing the square, 

xi -f- 10*3 -f.25 =s(2«)2-f- 10<2«) + 25, . 
and extracting the root, a;3^5e=2«^6; /, by transposition, xs es2x, 
and«=s2, or ssO. 

TfUf method as well as swnto(her sinUiar ar<(/ices, is of no utility when the 
equation has not integtal roots, and even. then it can be resolved more readi' 
fy by J>rewtonU Method qf Divisors. 

It is proper to observe that cubic eqctationtof thefoim «3 -f'axZ'f- bxss.e, 
may be ^Iwexhibited under the fonn of a qua^tic, from whick by comptet- 
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t6 A compaDyat a taverD had 8/. lbs- to pay for iheit 
reckoDiDg ; bot before the bill was settled, two of theotl 
went away ; in consequence of which those who remained 
had 109. a piece more to pay than before : how many were 
there in company ? Ans, 7 

17. A person ordered IL 4s. to be distributed among 
some poor people ; bat, before the money was divided, 
there came in, unexpectedly jtwo claimants more, by which 
means the former received a shilling a piece less than th^y 
would otherwise have done ; what was their number at 
first? Ans. 16 persons 

18. It is required to find four numbers in geometrical 
progression such, that their sum shall be 15, and the sum 
of their squares 85. Ans. I, S, 4, and 8 

19. The sum of two numbers is 11 , and the sum of their 
fifth powers is 17831 ; required the numbers ? 

Ans. 4 and 7 

20. It is required to find four numbers in arithmetical 
progression such, that their common difference shall be 4, 
and their continued product 176985. 

Ans. 15, 19, 23, and 27 

21. T^o detachments of foot being ordered to a station 
at the distance of 39 miles from their present quarters, 
begin their march at the same time; but one party, 
by travelling j^ of a mile an hour faster than the other, 
arrive there an hour sooner ; required their rates of 
marching? Ans. 3j- and 3<mile$ per hour 

22. It is required to find two numbers such that the 
square of the first plus their product, shall be 140, and the 
square of the second minus their product 78. 

Ans. 7 and 13. 

23. It is required to find two numbers, such that their 
difference shall be 13 ^Y^, and the difference of their cube 
roots 1^. Ans. 15f , and 2^f . 
— — — ' ■ ■ — -.— 

ing the square, the value of the unknown quantity will be determined. For in- 
stance, the cubic equation a 3 +2aac2 +5ai>xJ^4a9 <= 0, may be induced to 
the form (aa -4-oa;)« '{-4a2(jK2 -J-aaj)«:0; thus, multiply the given equa- 
tjon by jc, we have a; 4 ^2ax3-^5a3a;2 -^ 4a Sac ^0 ; which may be readi* 
ly exhibited onder the above form : see Ryan's Elementary Treatise on Al- 
g<Arra^Pnctical and Tbeoreticaj. (Art. ^£29.) Ei^. 
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24. It is required to find three.^Bumbers in arithmetical 
progression, s^jch that the sam of their squares shall be ^3; 
and if the first be moltiplied by. 3, the second by 4, and the 
third by 5, the sum of the products shall be 66. 

Ans. 2, by and 8. 

25. The sum of three numbers in Larmonical propor- 
tion is 19J, and the^ product of the first and third is 4032 ; 
required the numbers. Ans. 72, 63, and 56. 

26. It is required to find four numbers in aritbmetical 
progression, such that if they are increased by .2, 4, 8 and 
15 respectively, the sums shall be in geometrical progres- 
sion. . Ans. 6, 8, 10 and 12. 

27. It is required to find two numbers, such, that if their 
difference be multiplied into jtheirsum, the product will be 
5 ; but if thedifierence of their squares be multiplied in- 
to the sum of their squares the product will be 65. 

Ans. 3 and 2, 

28. It IS required to divide the number 10 into two such 
parts, that if the square root of the greater part be taken 
from the greater part, the remainder shall be equal to the 
square root of the less part added to the les^ part. 

Ans. 5+^y/19 and 5— 1^19. 

29. It is reqqired to find two numbers, such that if their 
product be added to their sum it shall make 61, and if 
their sum be taken from the sum of their squares it shall 
leave 88. Ans 7+^2 and 7—^2. 

30. It is required to find two numbers, such that their 
difierence multiplied by the difference of their squares 
shall be 576. agd their sum multiplied by the sum of their 
squares shall be 2336. Ans. 5 and 1 1 . 

31 . It is required to find three numbers in continual 
proportion, whose sum shall be 20 and the sum of their 
squares 140. Ans 6f +^3,^, 6^, and 6|-^3/^, 

32. It is required to find two numbers whose product 
shall be 3?0, and the difference of their cubes to the cube 
of their difference, as 61 is to unity. Ans. 20 and 16. 

33. The sura of 700 dollars was divided among four 
persons, a, b, c and d, wlpse shares were in geometrical 
progression ; apd the diff^nce between the greatest and 
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least, w!t8 to the difference between the two means, as 37 
to 12. What were ail the several shares 1 

Ans. 108, 144, 192, and 256 Dollars. 

OF CUBIC EQUA^IO^S- 

■ 

A cubic equation is that in which the unknown quantity 
rises to three dimensions ; and like quadratics, or those 
of the higher orders, is either simple or compound. 

A simple or pure cubic equation is of the form 

6 b 

ax^ssfc, or a3=- ; where x=2/~ 

a ^ a 

A compound cubic equation is of the form 

x^ «a:=6, a:^ +0x^=6, or x^-^-ax^ -{-bx^s^c, 
in each of which, the known quantities a, 6, c, may be ei- 
ther -f- or — . 

Or, either of the two latter of these equations may be 
reduced to the same form as the iirst, by taking away iti 
second term ; which is done as follows : 

RULE. 

Take some new unknown quantity, and subjoin to it a 
third part of the coefficient of the second term of the 
equation with its sign changed ; then if this sum, or dif- 
ference as it may happen to be. be substituted for the 
original unknown quantity and its powers, m the propos- 
ed equation, there will arise an equation wanting its second 
term. 

JSfote, The second term of any of the Mgher orders of 
equations may also be exterminated in a similar manner, 
by substituting for the unknown quantity some other un- 
known quantity, and the 4th, 5th, kc part of the coeffi- 
cient of its second term, with the sign changed, according 
as the equation is of the 4th, 5th, &c. power."^ 

Equations may be tiansfoiroed into a variety of other new equations; &e 
principal of wliich are as follows: 

1. The equation a;4---4«s— ]d«s -i-106x-^t90s=0, the roots of which are 
2, 3, 4, and —-3 ; by changing the mgna of the second and fourth terms, be- 
comes xA -^4«3*~i9a;a«-.iOSa:— 12%s=0, the roots of which are 5,— 2,— 3, 
and "^. 
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' £XAliIlPLeS. 

1 . It is required to exterminate the second textn of titer 
equation x^-^-Bax^ =i5^ orx^+Sdx^ -* feo, . 

TJ 3ft 

■ ■ o 

Then ( 3aar»= +^ir» - ea^zr+Sa^ 
-6- -6 



Whence a»-.3aa2r+2a3^5=0, 
Or2'»-3a»2f=6— ?«», 
in which equation the second power (^*), of the unknoif^i 
quantity, is wanting. 

3. Let the equation a^ — I2a:«+3a;s=— 16, be tr^tfi^- 
formed into another, that shall want the second term. 

Here a;=-»-|^4, 

Then/— 12f2r+4)3 = - 12^2- 96z- 192 
( +3(r+4) =i +3^+12 

Whence ^8-46-zr— 116=- 16 
Or ^5— 45^=100 
which is an equation where 2^, or the second term, is 
wanting, as before. 

•*'■ - ' '■ " ^ . I. I .. .1. Ill I ■ II I ,. II W !■ I m l I - I I, . ■ ,»■ 

a The equation a:3-f-.za.— 10»-|.8=0, is transformed, by assuming »^ 

—4, intoy3—.llya4.30sf=0,ory2-.liy4.3as=0;the roots of which are 
greater than those oflhe former by 4. - 

3. The equstioQ a? 3— Baca +9* — 1 «= 0,maY be transfoimed into one which 
shall want the third terra, by assoming x =s y+«, and in th^ resultiDg equa- 
<ibii, let 3c3— 12e49, or «a— 4e+. 3a» 0, iik which the values of c are 1 and 
9 ; then assume a?=sy-|-3, or y+ 1, and the resafctingcquatioo will be y 3 J. 
3ya -lc=0, an equation wanting the third term. 

4. The equation 6ar3— ll«a +&r— 1 sb^O by assomiiig xcs -, may be 

transformed into y 3 — 6ya -f. lly— 6 sb ; the rocts of whSch are the rtci* 
jxrocals of the former. v 

5. Theeqnatioo3«3— 13«a+Ua+ldessD,bya»uming*«^may be 

^sformed intoy»-l%a+42y+144»0, d)e nx>t8 ctf whidi attj ftree 
nmes those of the iormer. ^, 

62 
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X 

3. Let the equation x' — 6ac*=10» be traDsformed inter 
another that shall want the second tenn. 

Ans. jf»r-12y=26 

4. Lety»- 16ya+8ly=243, be transformed into an 
equation that shall want the second term. 

Ans. 3P»+6x=88 

3 7 9 

5. Let the equation *'+2«*+x«— r^ = ^> ^^ trans- 
formed into another^ that shall want the second term. 

Ana- 2/'+i^y=4 

6. Let the equation x* +8x3 *- Sac" + 1 Oar— 4=0, be 
transformed into another, that shall want the second term. 

Ans. y« -29ya+94y--92=0. 

7. Lettheequationa«-3a;3+3aj3 —5a:— 2=0 j be trans- 
formed into another, that shall want the third term. 

Ans. y*+y3 -4y— 2=0. 

8. Let the eqnation 3a;^— 2«+l=0, be transformed 
into another, whose roots are the reciprocals of the for« 
mer. Ans. y9^2y^+3=iiy. 

9. Let the equation «*— |a;3+^a:3-|x+TV==0, be 
transformed into another, in which the coefficient of the 
highest term shall be unity, and the remaining terms inte- 
gers. Ans. y^—3i^8+13^» — 162^+72=1=0* 

OF THE SOLUTION OF CUBIC EQUATIONS. 

r 

RULE. 

Take away the second term of the e^^uatioa when ne- 
cessary, as directed in the preceding role. Then, if the 
numeral coefficients of the given equation, or of that 
arising from^the reduction above mentioned, be substituted 
for a and b in either of the following (brmulse, the result 
will give one of the roots, as required^. 



• If, instead of UiQ regular method ef reducing a cubic eqaatkm of the 
general form. 



X=»: 
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v!i+/(^i;)l+!/|i-^(^+i;)i 



or 



Where it is to be observed, that when the coefficient a, 
of the second term of the above eqaation, is negative, 

^-» as also^, in the formula^ wUI be negative ; and if the 

27 3 

absolute term 6 be negative, -in the formula, will» also, 
be negative j but -— will be positive.* 

io anotber, wanting the second term, as pdated out in the preceding article, 
there be put, x sett (v— a)» we shall have, by substitution and reduction, ya 
•f»(96— 3aa)y6s da6—- 27o— 2a3 ; whese, since the value of y can be deter- 
mined, bj either of the fbrmulsp given in this rule, the value- ofo;, will also be 
known, being x^ss ^ {y-^a). And if 6 =s 0, or the original equation be of the 
foHowtng foim «' -f>a«a 4-<^=0, the i:educed equation will be ^3— ^oaysa 
—^3 —27c« where the value of y, being found as above, we aball have, as 
before, x ^s-f fy— a), which ibrmnlae, it may be observed are more conveni- 
ent, in some cases, than those resulting from the preceding article ; as ^eco* 
efficients, thus obtained, are always integers; whereas by the former method 
they are frequently fractions. 

* The method of solving cubic equations is usually ascribed to Cardan, 
a celebrated Italian analyst of the 16th century ; but the authors of it were 
ScifMo Fecreus, and Nicolas Tartalea, who discovered it about the same time, 
independently of each other, as is proved by Mbntucla, in his Histoire des 
JdlaAtmaHqites^ Vol. I. p. 568, and more at large in Hntton*s Mathonatieal 
Dictionary, Art Algebra. 

The rule atxwe given, which is similar to that of Cardan, may be demon- 
strated as follows : 

Let the equation, whose root is required, be a; 3 .^ ax s= ^. 
And assume y -|- arc= «, and Syx cs •— a. 

Then, by substituting these values in the given equation, we shall hav« 

yS-|.3y»«+3yara.f-)»3 + ax (y + «) «y3-4'*3+3y«X(y+t)-#.oX(y 
+af; ssay3 +a3— aX (y*-*) -»■ a X (y-f') = ^ or 

yS-f-^Sss^. 
And if, fycm ihe square of this last equation, thele be taken 4 times thtf 
cube of the equation yt ns -^30, we shall have y6-«2y3«3 -f ;r6 «ai6a 4. 

a^as, or 
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It iBay, likewise be renarked, that when '0ie eqa^dD: 
IS of the form ^ 

«uid -- 18 greater than -—, or 4a> greater thaB276>y the 

27 4 

fiolotioo of it caBDot be obtained by the sd>ove rule : as the 
qaestion, in this instance, falls nnder what is usuallj called 
the Irreducible Case of cable equations.* 



Bot Ihe Bomof this eqoatioo and ys^Ss e=6, is 2y^ s^ h -^^ ^ (b» + 
'5Va3)and their difierence is^'*=V-^(6« -4-^a3); whence y=,cV 

From which it ai:pears, that y-4-*, ocjta eqaal x^ia ssi. 

V^i^+v^Ci^^-t-VT^a^ + VCi^— V<i**4.VT«3)), Which is ihfe 

theorem; 

a a 

' Or, since : is =3=— g-, it will be y + ?=y- g- , w « = . 

rule. 

* It may hew be farther obaenred as a remarkable circumstance in the hfs- 
1017 of this science, that the solution of the Irreducible Ox^e above mentioned, 
except by means of a table of sines, or by infinite series, has hitherto baffled 
the united efforts of the most celebrated mathematicians in Europe ; although 
it is well known that all tiic three roots of the equation are, in this case, real; 
whereas in those that are resolvable by t!\e above formula, only one of the 
roots is real, so that in fact, the rule is only applicable to such cublcs, as have 
, two equal, or two impossible roots. 

The reason why the assumptions, made in the note ta the former part of 
this article with respect to the solution of the equation ms-.-'aa: =r» 6, are found 
(0 fail in the case in question (and it docs not appear that any other can l^ 
adopted) is, that the two auxililiiy equations 3yicr=—aandy3-f-23:B=ft, 
which in this case, become 3yz=sa, andy3 i" *« =:- 6, or y«z3 =5cr 

A3 

^, andy3«[.«3s--5, cannot lake place together ; being tnoonsistent with 

each other. 

For the greatest product that can be formed of the two quantities y3-t-,3 
i9» when they are ail equal to each other ; or smce y3-j-z3sss6, when each 
(Of these es i^ i in which case their product is as ibi . 

But, as. above shown y3»3=~ , by the questboy therefore when — >-^ 

the two conditions are incompatible with each other ; and conscqn^itl^ the 
solution of the problem^ u^a that supposition^ can only bfi Ql»ts|ifted by idiia^ 
ginary quantities. 
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mr ^ EXAMPLES. 

K GiveD 2«3^]2^a^.36x==44» to find the value of x. 

Here x'— 6x2 + 1 8a?=22, by dividing by 2. 

And, in order to extermiDate the Becood term. 

6 
Put x=z+-=^+2, 
3 

(2r-f 2)» =:^^3 +6r» + 1 2z+8 

Then —6(^4-2/ = , -6^2—24^—24 =2f2 

18(z+2) z=z l«ar-fS6 

Whence 23+6^+20=:22, or ^3+6^=2, 
And consequently, by substituting 6 for a, and 2 for b, in 
the first formula, we shall have, 

,.c2 . ,4 , 2I6^> , , c2 ,4 . 216, > 

^(l+i/(l+8))+V(l-i/(> + 8))=V^(l+V9)+ 

Therefore x«^+2=(/4- »/2+2=2+ 1.687401 - 
1.269921=2.32748, the answer. 
.2. Giyen x^* — 6x= 12, to find the value of x. 
Here a beiag equal to —6, and b equal to 12, we shall 
iiayei by the foi'mula, 

»= V(64-^(36-8))- ^ I e-^-^iSS^B) \ ° 

?/(6.+^28)+^-i-^= V(6+6.29 1 6)+ 

^=2.2435+.8967=3.I392 

Therefore xs=3J392, the answer. 
S. Given x3-i^2jc=s — 4, to find the value of x. 
Here a being s^— 2, and 6= - 4, we shall have, by the 
formula. 

a;=»^|-3+v/(4-~)|+V{-2-.-/(4-l)],or 
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by rcdactioD, K- 2 +^v^) -3/(24.^^3)==, 

i/{ -2+1.9246)^ 3/(2+1.9245)=»/(— .0755 - 
V'3,9245=*.4«26- 1.6773= -1.9999, or -2 
Therefore a:=— 2, the answer.* 
AVite. When one of the roots of a cubic equation has 
been found, bjr the coroioon formula as above, or in any 
other way, the other two roots may be determined, as fol- 
lows : 

Let the known root be denoted by r, and put all the 
terms of the equation, when brought to the left hand side, 
=0 ; (hen if the equation, so formed, be divided by a;±r, 
according as r is positive or negative, there will arise a 
quadratic equation, the roots of which- will be the other 
two roots of the given cubic equation. 

4, Given x^ - Idx =4, to find the three roots, or values 
of a:. 

Here x is readily found, by a few trials, to be equal to 
4, and therefore . . ' 

X— 4)x»-15a:— 4(a:2+4«+l 

x»— 4ar* 



4a:a— 15a? 
4a;« — 16a; 



at — 4 
a:— 4 



(•■•MMMMiMMAa 




valne i^fiay be more readily foond, by a few trials, from the equation itself* 
Or if, as in the above example, (he roots, or numeral values of ^(«~.2«|r 



10 _. . 10 



-^^S), and • v^(2 4- -z-^^) b® deteitnia^d according tcthe rub laid dowiv 
in Surds, Ca^e 1 2, the result wiM be found equal to -r 3 9B >< oB^hU 
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Whepce, according to the note above given, 
a?3 +4a:+ 1 =0, or ar3 -f-4a:=— 1 ; 
the two roots of which <|Uddratic are — 2+v^3 and — 2 — 
y^3 ; and consequently 

4 , - 2+ -v/i and - 2 - ^3, 
are the three roots of the proposed equation. 
Or, putting o=— 15 and 6a=4, we shall have, 

V(2+s/-l21)«2+v^-l, 

andc=v||^v^(^^|l)|==^{2^^(4-125)]== 

i/(^^V'-.12I)=2-.v'-l, 
as will be foond either by cubing-2+^— 1 and 2—^-. i , 
or by the rule given in case 12 surds. 

Whence d+c=s=2+^— 1+2— v'— 1=4, 
-K^+<3)+K^-cV-3=--2+^/-lXv'-3=:-- 

-.i((l+c)-i(d-.c)v/~3=J2-v^— IXv'-S^^ 

2+1/3 5 
and consequently 4, — 2— <^3, and — 2+y^3 are the 
three roots of the equation, as before found. 

' EXAMPLISS FOR PRACTICE. 

1. Given x^-|-3x« — 6a;=8, to find the root of the equa- 
tion, or the value of a;. Ans. jr=2. 

2. Given rr'+a;*— £00, to find the root of the equation, 
or the value of 3:. Ans. a:=7.6 16789. 

3. Given x^ - 3«»=:5, to find the root of the equation, 
or the value pf x. Ans. a;=3=3. 103803. 

4. Given a;»— 6a;=6, to find the root of the equation, 
OP the value of a:. Ans. ^4+^2. 

6. Given aj3+9a:s=6, to find the root of the equation, 
or the value of a;. Ans. ^9— V^- 

6. Given x» +2x2-. 23a; ==70, to find the root of the 
equation, or the value of <r. Ads. a;=5.134899. 

7. Given a:^— I7a;a+64a;=860, to find the root of the 
equatioti, or the value of on. Ans, a;=s 14.95406$. 
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8. Giyen x^^mex^A^ to find the three roots of the 
eqoatioD, or the three Talaes of x. 

Ads. ^3, l+\/3» and 1 — V'S* 

9. GiFen x ' — dr > + ^^^ — 1 2, to fiod the three roots of 
the eqiiatioD> or the three values of x. 

Alls. — ^3, l+^StWadi-- ^5. 



OF TH* 

SOLUTION OF CUBIC EQUATIONS. 

BY 

CONVERGING SERIES. 

This method, which, io some cases, will be foand 
more coDvenient in practice than the former, consists 
in sabstituting the numeral parts of the given equation, in 
the place of the literal, in one of the following general 
formula, according to which it maj be found to belong, 
and then collecting as manj terms of the series as are suf- 
ficient for determining the value of the unknown quantity, 
to the degree of exactness required.* 

1. x3+ax=6.t 



* The method laid dowa in this article, of solving' cubic equation, hj 
means of series, was first giren by Nicolk, in die Memoirs qf the Academy 
<lf^mees, an. 1738, p. 99; and afterwards at gpreater Ten^, bj Claikavt 
in his EUmena d*Algebre. 

f With respect to the determination of the roots of cubic equations bjr 
means of series, let there be given, as above, tl^ equation 3^3 •f-a«=6, where 
Uie root by transposing the terms of each of the two branches of rhe comiQon 
Ibrmola, is 

ib I ; or, by potting, for the sake of greater simplicily, V (i^'4"J^»^ ) 
Ba9,«nd reducing the eipre8sion,«<=:«i it/C'+g-)— ^(1— 5-)x ' 
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««, ,„,, f 5 1 +^^(^^7b», . 2.5.8. 1 1 

y>- ^ ' j 1.1 2-S r 276« 8 11 

V.276»+4a'y*^12.2TV27jr4Hr»>+24l7 
In wWch ewe, as weH as ia aB the fcUowin. enes a n 

«=±2VtS>-- (?!^''fi-^ *-8-8 ,27A..-4«3, 

""3.6.9.12.15 l8^'^n?^~^'^^^-(*- ^^ 

Hence, exn^cting tte roote of ,Se «ghth««l m.„b.r »f «U. eq^I^, 
the bmomal theorem, there wiU ariw f/rH-iLx^iJA/ « \ 2 

And oonseqqently, if flj. latter of these two aeries be taken fiom »Iw «• 
the reauh. by n«k«,g the^ .enn of the -aind^.^^^tH^.f^O'*^;. 

where, siaee ^stVQ*" +^«*)y we shall have (i-)» 5___5i* , 
mence, also, bv substitotioo we hare the aWiijrmda + *»» 



r 

r 

r. 
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*" 16.18^"' 27fr« ^""21^4 nb*^'^^ ^' 

In which case the upper sign must be taken when h is 
positive, «i^ the under sign wbenit is negative ; and the 
same for the first root in the two following cases, 

3. x3--.flx=+6, 
where \h^ is supposed to be less than -^a^^ or 27&« < 

J 6 ; _2 Aa^^nh ^ 2.5,8 . 4o3-^27^» a 

2.5.8.11.14 ,4a3 — 27A« 



3.6.9.12.15.18 



( — 7z;r,^ — )»— &c.>*. Or, 
V 27^2 y ' 



Or, putting, as in (be last caae -^ v 'y|^a — rfTa"* ), or its equal \^ — gTJjf" -^ 

i ^5, we shaU have x:s^±^^ | V<^-h4)+ V^^''^^ i ' 
Whence, extracting the roots of the right hand member of this equation, 

, . , 8 a S.S s 3.5.8 . . 

And, consequently, by adding the two series together, and taking the first 
term of the result as a multiplier, we shall have ««= j^ 2^— /'"""Tft *' 

3.6.9.12 3.6.9.12.15.18 > * ^ buusuiuuu^ ^ ^^^^ ; 

for its equal «, we get the aUove expression. 

♦ This expression is obtained from the last series, by barely chanfficg <he 
signs of the numerator and denominator in each^f its temis; which does not 
altor their value. 

Hence, in order to determine the other two roots of the equation, let that 

above found, or its equivalent expression ->/ jt* + v^(t^* — sS^^r^ ) i 
Theii, accqiCug to the formula that has been before given for ihese roots, 
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. 11.14 4a3—276^ 17 20,4oa-276«. . , 

^16.18^ 276a ^ 21.24^ 276* '^ ^ 

which series answers to the irreducible case» and must be 

used when Sa^ is less than 276^. 

And if the root thus found be put =r, th# other two 
roots may be expressed as follows : 

*"^^5'~ 98/26a "< ""e^^ 2762 J+6.9.12.16 
. 4a5->27 6«v, 2.6.8.1 1 .14.17 Aa^ - 2'76« 3 > 

^ ^276« J **01U2.lTr8.2r 276« ^ ■'■^^' > ' 

Or, 



fa the former part (^ the^ present article, we shall have a;=:ip-^-2L 

l.\/(i*+v^(i**-^V=))-V(i*-V(T6-V9«3))} • Or» put- 

ting --x/^Jft' — y^a'^=^'«, aiid reducing the expression, arsra^r-Hh 

i±JiySZ^ |?/(l + »)— V^^""*H- Whence, extracting the cube rooL« 
of the right band member of this equation, there will arise 

And, consequently, by taking; the bfter of these series from the former, and 
making the first term of the remainder a multiplier, we shall have a; s= ^ 
r , 5(^6)3 v/— 3 ), .8.5 a , 2.5.8 11 . 2.5.8 11.14.17 « . ^ ^ 

2±-^^5 r+e:^* +6:9l2T5*'+6:9^^i2l5:iT2T* +*^< 

Butsmce,^^^U6 -^^n )=<^.--._)2.,a ^___«^- ^ 

4a3— 271^2 ^. ,4a3— 2763xa ^ , , o.i, « « o ^i 

- 276a~' ** ~(" 2753 -f^^'" ^°^^^«> l/J^ygV -3=3/1- 
,,\/— 3 -/276a.i-4*3x !-■ ,, ,4a3— 276«v 

.r4a3-2752\ 

iL> — - . ^ — i, if these values be substituted for their equals, in the lastse • 
93/263 ^ 

ries, toe result wHl give the above expressions, for the twa remaining roots of 
the equation. 
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— 15 
/ ^^'-2'^^' > _HJ[7.4a»->-g7^x 80.23, 4a3-^27t». 

Where —^r, or +^r, most be takeo accordiog aa i is 
positire o» neptire ; aod the double signs ±. mast be 
considered as -f in one case, aod • in the other, as usual. 

where |A*, is still supposed to be less than ^Vo^t or 27b^ 
^4a3. 

z^:t2— ?*_ 5,^LY_^*" ^+ 

V(2(4a» -2763)) I 6.9V4aa— 276ay ^ 

g.6.8.llr 276« y 2.5.8.11.14.17 . 276> ^3 
+ &c. J . *0r, 



* B/ transposing the tarms of the commbii ibrmiila, m io the first case, we 
shall have «=y l^/d**— lV«')-hi^} -"i/ 1 V'Ci* '-I^T«')- 
\6 1 . Or» bj putting, for the sake of simplicity, as before, \^(i6s ^^-^ 

a' (» «, and reducing the equation a? = »/« [^(l +-) — ^/(i— .A ) | 

Whence, extracting the roots of the right hand niember, as in the former 
instances, 
« j/. ^\ «.i/^\ 2 /6\2 2.5 /frv* 2.5.8 .ftx* 

l/(i+g)==i+i(^)-^y» +3:6.9(§;)S:6T.r2W •+ *^- 

VV* a,/ «Va,>' 3.6V ««'' 3.6.9V &^ 3;6.ai2V2r^*'~ 

&c 

And consequently, by taking the latter «f these series from the fordser, 
and making the first term of the result a multiplier, we shall have 

e» r^6.9^2»/ ^6.9.18.16^ 2»' ~6.9.12.I5.18j2lS8»J ~ 
&c.| . But«Dce^^(i4»-j^.»J, we shallbar. (A)* ■' g^f '^ j, 
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« 

t>— &c., which series also answers to the irreducible case, 



27^2 






4a3— 37ja 

26 26 



Whence, if these valued be substituted for Aeir equals in the last series, 
were will arise the above expression for the first root of the equation. And, 
if we put the toof thus found, or its equivalent expression 

we shall bave» acconling^ to thefonrmla before given for the other two roots^ 
•*-i6) ^ , Or, taking, »s before, ^ (J b^ — ^ a^)=s, and simplifying th9 

Whence, bv extracting the roots of the right hand side of this eqiiation^ 
4bcre win arise 

v^ 8,; = ' '^2*'' 3.6^ a*' 3.6.9 ^S»'' 3.6.9.12 



28 

And, consequently; if the latter of these series be added to the former, wo 
shall have; by niakiiig th^ first terra of the result a multiplier, 

2^ ^ { SS^Zs) ^B.9d2^2s^ 3.6.9.12.15T8 
(-_)«.-.&c. But since »5=v'(J62-j»,y a3)«( — i--^)^ , we sh^Il 

alsohaTe(i^) «--_--_ «--^^--j_&c, and consequently,^ 

Hence, if theM values be ■ substituted for their equals in the above series, 
<he result will give the above expressions tor the two remaining roots of the 
equation. 

p2 
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and mnst be used when 2a' is g;reater tfaap 27(*. And tf 

the root thoa foand, be pot ss^r, » before, tbe other two 

r 4a>— 276* ( 
roots nay be expressed thus : «=qp^±:^— ■- j 1+ 

2 g76« ^ 2.5.8 g7t« 2 , g.6.8.1l.U 

3.6M03— 276«^ 3.6.9. 12Ma»—276«^ 3^6.9.12.16.18 

, ^76* ^t ^ J ^ 
f— r— s-tt) — &c. > • Or, 

*^+2*^ 4 i ^3.6^4a5-276«^^ 9.12 

27&» 11.14 276* 17.20 276» 

Ma3-276»^"'''l5.18Ma8— 27|a^^""2i.24^4a»— 27ia^ 

D+&C. 

Where the signs are to be taken as io the latter pact 0/ 
the preceding case. 

EXAMPLES. 

1. Given rr 3 -f-6x=2, to find the value of oc. 

Here a3s6, and &^2, whence 

?76« 27X4 11 
— =:-.._= J and 



276»+4o3 27X4+4X216 1+8 9 
26 4 



^(2(276a+4a»)) VW^X 27+4X216)) 

s=- — ■;ss-^-= V' ... Conseqaently, 



2^(27+8X27) 6^9 27 27 
by rormula 1, we shall have 

1 l.qOOOOOO(A) 

|§xiA .0206761(B) 

liUxic .0000782 (d) 

18.21 9 ^y 

??:??xii> .0000082(e) 
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^•^X^E ^ .0000005 (0 



1.0217787 



liOg. 1.0217787 0.0093670 

Log. ^648 0.9371916 

Colog. 27 8.568CS62 

No. 3274801 —1.6151848 



Therefore x== .3274801 

2. GjTen x^ ^9x^12 to find the real value of x. 

Here a= 9 add 6=12 ; 

K o'»>^2 _ ^^ ,2763-4^ 2 27X114-4X276 

whence 2^/-— =23/6 and — — = : * 

^2 ^ 276^ 27X144 

_ 144->1 08_ 86 _1 

144"^~144"* 

Connequehtiy by formula 2 we shall have 

1 1.0000000 (a 

~gX~(A) ^ ~.027?778 (b 

-^Jx^(b) — .0026720 (c 

— J^^g^jCc) -.00^3667 (d 

17 20 1 
-iri4^4^'*y -.0000619 (« 

23.26 1 
— ff30-X4(s) — ,0000114 (f 

29 SS 1 
- -Ssise^iW. -.0000023(0 



Sum —.0307920 



Comp. .9692080 
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Log. 969208 

Log. i\/e or Log. ^48 



-1.9B64137 
0.6604137 



No. 3r622334 .5478274 

therefore j?=53.522334. 

3, Given ata — 12x=15, to fiind three ralues of a?^ 

Here a=t=12 and &=:15 ; 

b 16 4a3-*27fc» 

whence 2^-=2^— =^60 and- 

4.123-27.163 266—225 31 



276« 



27.16a 226 226 

Consequently by formula 3, we shall have 

1 +1.0000000 (a) 

+^X^ A +0.0163086 (b) 



3.6 226 
6. 8- . 31 



9.12 226 

. 11.14 31 

4-:rr~X 



-B 



16.18 226 
^ 17.20 ^_31_ 

""^.24 226^ 
, 23.26^, 31 

^27.30 226 

Sum qf + Terras 
Sum of - Terms 

Difference 

Log, 1.0146837 
Log. ^60 

No. 3.971962 



-.0^007812 (c) 
+0.00006 }4(d) 
—0.0000057 (e) 
+0.0000006 (f) 



+ 1.0163706 
- .0007B69 



1.0146837 

.0062880 
.5927171 

.5990061 



Therefore the affirmative value of x or first root^ 
2.971962. . ^ 
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IGii 



aDQ • 



_^(9X9S)_ ^93 



9 ^ 460 |9^450 3^460 ' 



276« 



225 



+ i 



^•'xIIa 



6.9 226 
» 8>H 31 

^12.15 226 

14.17^ 31 

— •. X^ - c 

18.21 225 

.20.23 J 31 
+ X — D 

24 27 226 
_ 26.29 ^ 31 

30133 226^ 



Sum 

Log. 9760683 
Log. y/93 
Colog. >/460 
Coiog. 3 

No. .4099445 



Also 



r 

1 
Last No. 



Hence, 



1.0000000 (a 
—.0266144 (b 

+.0017186 (c 

- .0001490 (d 
+0000146 (k 

- 00000 U(f 



.9760683 

> 1.9894802 
9842415 
9.1165950 
9.6228787 



-1.6121964 

-1.9859810 
±0.4099445 



Result -1;5760365 

Or -2.3959256 

Whence the three roots or values of x are 3.971962, 
1.5760365 and -2.395925. 
4. Giyen s3<-5x=^3 to find the three values of a;. 

-.26 —4 _ 
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21 



4d3-276« 



4.27 



1 



1 



4.63-27.4 8-1 7 

Hence by the formula 4, we shall haye 
1 



. 6.9^7 

4-r:r^- X- B 



12.15 7 
14.17 1 

"Te.'ii ^7 "" 
^.??i!?xiB 



24.27 7 
26.29 _i 



X-E 



30.33 7 



1.0000000(a) 
-*.026456O (b) 

+.00J 8476 (e) 

-.9001662 (o) 

4- .0000168 (b) 

-.0000018 (f) 



Sum +.9752414 



Log. .9752414 
Log. 2 
L. 3/49 
Colog. 21 

No. 339870 



-1.9891120 
O.SOIO'IJOO 
0.6633987 
8.6777807 

-1.6313214 



Therefore one of the negative roots or values of ar, is 
- .339870= -r. 

4a3^2763 ' 4.63 — 27.4 
Again vl^-iIi-=e/ll'^--~-- V(63 ^27)=V 



189, and 



276« 



1 



4a3-,276J» 7 



1 
2 1 

"*"3:6^7/ 



Hence, 



LOOOOOOO(a) 
+0.0158730 (b) 
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5. 8 1 



16.18 7 
17.20 1 



21.24 7 
,23.26 1 

''**27.30^7'^ 



.0008398 (cj 
+.0000684 (c) 
-,0000066 (e) 
+.0000002 (f) 



Sum 1.0150962 



Log. 1.0160962. 
Log* «/189 

No, 2.431741 



Therefore - 
2 

Last number 



.0066070 
.3794103 

.3869173 

+.169935 
±2.431741 



Result +2,601676 

Or -'2.261806 

And consequently +2.60l676,-2.261806,and --.339870, 

are the three roots required. 

EXAMPLES FOR PRACTigE^. ^ 

1 i Given a:3+9a;=305 to find the root of the equation, 
or the value of a:. Ans. a:=2. 180849. 

2. Given x^ -2j?=5, to find the root of the equation, 
or the value of X. Ans. ar=a2.0946616, 

3. Given x^-^Sx^S, to find the roat of the equation, 
or the value of a:. Ans. 2.103803. 

4. Given x»-.27j;==36, to find the three roots or va- 
lues of «. Ans. 5.766722, —4.320684, and — 1.446038. 

5. Given a;3-48a;3 = -200,. to find the root of the 
equation, or the value of x. Ans. 47.9128. 

6. Given ar^ - 22a:=24, t« find the root of the equation, 
or the value of x. Ans. 6. 162277. 



162 BIQUADtlATIC EQUA^'IONS. 



OF BiaUADRATIC EQUATIONS. 

A biquadratic equation, as before observed, is^one tbat 
rises to the fourth power, or which is of Uie general form 

The root of which may be determined by means of the 
following formula ; substituting the numbers of the given 
equation, with their proper signs, in the places of the li- 
teral coefficieots a, 5, c, i. 



%VX.B 



I 



# 



Find the value of z in the cubic equation ^*+(t«^— 

l6»-.a)z=^»4-i(c»+da»)-~(aic+M) by one of 

the former rules ; and let the root, thus determined, be 
denoted by r. Then find the two values of x in each of 
the following quadratic equations. 



* This method is that given by Simpsoa, p. t20 of his Al^ehrei, which 
cODsists in supposing the given biquadratic to be foimed by taking the diffe- 
rence of two complete squares, being the same in principle as that of ?fer- 
rari. 

Thus let the proposed equation be of the form «4 ^aa;S ^bxa -|*ca;-{r<2 
-siO (1)» havii^ all its terms complete; and assume (x2 '^'■^ax'-^j))2'^(^x 

Then, if aa -f a'^^^+l^^^ 9«-hr be actually involved, we shall have 
a?4 +aa?3>+2/i a?a +«p 



tya I ^ x^i-ax^ +6aa ^.ev-f-d 



And, consequent^, by equating the hom^logxms terms, there wiU arise 
1- 2j» + i«^— 9^ «* I j2/»+ioa— 6=j» 

3, j}2— rs maid I \ p^—d s9rs 
where, since the product of the first and last of the absolute terms of these 
equations is evidently equal to j- of the square of the second, we shall have 
2p 3 -f (io2— *)jBa ^%dp-^~d{ita — h) safCoa^ys— 3a<y -i- ci). ^-r^ . 
Or, bj bringing the unknown quantities to the left hand side, and the known 
to the righi, and then dividing by 2, 
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and they will be the four root of the biquadratic required. 

EXAMPLES. 

1. Giyen the equation a;* — 10ap»+35jc«-.60a?+24=0, 
to find its roots. 

Here fl=-.10,6=35,cp=— 60, and ci=24 ; 
Whence, by substituting these nuaibers in the cubic equa- 
tion. ^ 



IT" 



From which last equatioa p can be determined by the ndes^ before g;ivea 
f«r cables. 
And since, from the preceding equations, it appears that 

' g =3 v^C^ -f- ia2 —6) and r c= -~^, or s/(p2 — d), 

it is evident that the several values of » can be obtained from the quantities 
thus found. 

For, because 0*4 -hcucs 46^2 -f-cx f d, or its equal (x2 -f-^^<*«+p)* — 
(qac -f-**)' «0, it it plain that (aca -J- ^a» +f ^^ =;(?a:-|- r)3 . And, there- 
fore, by extracting" the roots of each side of niis equation, there will arise 
xa ^- Jam? -)-;'=«'*+♦•; ora?2 -j-(^a— ^)a? = r— ■;>. 

Whence, by substituting the above values of p» 9« and r, for their equals; 

and transposing the terms, we diall have xaJ^ ) ?a7 v^C^P+i'^a — b) i 

xi'p'^ ^(p^ — d) ass 0, for the case wbere op— c is positive ; and 

«2+ |io:4:v'(2p-hiaa-4)^ a:-f-p:tv^<pa— d>=aO, 

for tiie case where ap—c is negative; which two quadratics give the four 
roots of ihs proposed equation. 

' o 

And by putting pssz*'^-, in the reducing equation (2), in order to destroy 

its second term, the several steps of the investigation may be made to agree 
with the expressions given in the above rule. 
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we shall hare the tollowing reduced equation, 

■ 13 36 

12 108' 
which heiog resolved, accordidg to the rule before laid 
down for that purpose, gives 

^=i|v(36+18^-^3)+3/(36-18^-3)|. 

But, by the rule for binomial surds, given in the former 
part of the work, 

i/(36+I8t/ «3)=^+i^^3, and ^(85-18^-3) 

1C71 71 )7 

Wherefore ^=-: U+^a/ - 3+s - o\^ - 3 J «^-' 

6)2 2^ '2 2^ ^6 

And if this number be substituted for r,— 10 ft>r a, 35 for 

by and 24 for (2, in the two quadratic equations, 

they will become, after reducing them to their most sim- 
ple terms, 

3c9 — 3a= -2, andic' — 7x=s^ 12 : 

3 13 1 

from the first of which a;~-±^-=^±-=2, or 1, and 

7 17 1 
from the second a:==-:fc^--=~±--==:4 or 3 ; 

2 ^4 2 2 * 

Whence the four roots of the given equation are J, 2, 3, 

and 4. 

Or, when its second term is taken away, it will be of 



A 
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tiie form ' • af*+ix*4-^a?+<^=0- 

to which It cafi alwajs be reduced ; and in that case, its 

solution may be obtained by the following rule ; 

R0L%4 11. 

Find the value of z in the cubic equation 

and \ei th&root thqs determined be denoted by r. 

Then find the two values of a;, in each of the following 
quadratic equations. 

and they will be the four roots of the biquadratic equation 
required*. 



* The method of solving biquadratic equatioas was first discovered by 
Louis Ferrari,, a disciple of the cel6brated Cardaii, before mentioned ; but 
the above rule is derived from that^ven by Descartes in his Geometry^ pub-, 
•lished in 1637^ the truth of vrhich may be diown as follows : 
-Let the given or proposed equation be 

»,4 -f aara -|- 6« + cte 0, 
and conceive it to be produced by the mniUiplication of the two quadratics 

Then, ^ince these equations, as well as the ^veii one, are each 3=s 0, there 
will arise, by taking' their product, 
** +</» 4- *•)« * + («+9 -tprOxi 4- 0>' + qr)X'i'qs = a?4 -f. (ue2 + 6a? -f- c. 

And consequently, by equating the homologous terms of this last equation^ 
We shall have the four following equation^, 

j»4-»* =a 0-; i+q +pr^ a ; ps^-qr^zb ; qs =af ; 

Or, rsa-*f>; S-J-J»tf-#-|>2,s^— gas-, g«e=:c. 

P 
Whence, subtracting Uie square of the third of these from that of the se> 

cond, and then changing the sides of the; equation, we shall havd 

62 
aZ + 2ap2 -t-|»4 r=st4^, or 4c ; otps^ 2ap4 + («2 . — ic)pa == 63 . 

Wher^ the value ofi> may be found by the rule before given for cubic equa- 
tions, 

. Hence, also, since 8 ^ jsra+^a , and 5— j = --, there will arise, by ad- 

P 
^tion and subtractioR. 
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Or the four roois of the given equation, in this last casfi, 
will be as follows : 



X 



^-W l2(r^^)| +1/ I -|+|+v/[(*-+^*)^ -fl \ 



2. Given «« + I2a;- 17=0, to find the four roots of the 
equation 

Here a.=»0^ ^=0, ess 12, and J«= - 17 ; 

Whence, by substituting these uumbers in the cubic 
equation. 

^12 ^ 108 ^8 3 

we shall have, after simplifyiug the results, 

^ f f7*— te. 
Where it is evident, by iuspectioo, that ^:^l, 

And if this number be substituted for r, for h^ and -^ 
17 for c{ in the two quadratic equations in the above rule» 
their solution will give 

a:=-iv^2+^(-^4-v'1B)=-iv^+V'(-i+3v/«) 
x=-i^2-^(-i+V18)=-iV2--V(-*+3V2) 
a:=+iv^2+v^(-4-. ^ I8)=s4.^^2+v(- + --3v^2) 
a:=+iv^2- V'C-i— l/lB)=:+iv/2-^ ^-.t_3v^2) 
Which are the four roots of the proposed equation ; the 
first two being real, and the last two imaginary. 



1.1 . * 1 I * » * 

where p being koowD» 8 and f are UWewifie kBf>wn. 

^^1 conSec|aeDtU, \3j extracting the root» of die two assamed quadratics 
^3 +p» 4- 9«» 0, and x2 ^Tot^tF^% or its eqaal a>— p9«f9 aaO, we shall 
have * 

which expressions, when taken in -f aiid — i, gffe the fottr rooO of the pro- 
posed biquadratic as was i«quiied. 



1 
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RULE* III. 

The roote of any biquadratic equation of the forms a;* + 
«a;»+i5a:+c=0, may also be determined by tbe following 
general formulae first given by £uler ; which are remark- 
able for their elegance and simplicity. 



-•-» 



30 



* This raeiiod which dUSsn considerably from either of the former, cqtf- 
^ta ia supposing the root of the given equal idb, 

3;4 -j. aoiS ^ 6«*{<- c SB Q (1), 
to be of the following trinoniat surd fonn 

-wherep, ^, r, denote the roo^i of the cubic equation, 

of which the coefficients f, g-, and the absolute term A, are the unknown 
quantities that are to be determined, 

Then, agreeably to the theory of equations before given, we shall have 
-f 9-f r = -^f; pq4^pr -f- ?r =§• ; pyr « A. And by squaring each side ot* 
the formula expressing the value ijf a, ^ 

Or, by substituting/for its equal — (j? + y + r), and bringing the temx 
obtained, to the other side of the equation ^ 

X9^fsa2'/pq+2^pr^2\/<ir' 
Also, by again squaring each side of this last expression, we shall have <si 

Or substituting 4g for its equal 4pq+4pr-^4qrj and bringing the term to 
the other side as before, 

Buty since, from what has been above laid ddwn, we have 

1^ «k u. * r^?u+ V^^+ ^''i? *J "^^ ^^r «-\/A» 

Jf these be put toe their equals m the last equation, it will becpme, by 0jft 

substitution, ' ^ 

a?4 JL Zfs^-^Bhix^/a — 4g- « 0. 
Whence, compating these coefficients with those pf the given eauatiom 
there will arise ♦ r 

2ft=: a ; --^ V A = i ; yv -^-g- =s c, or, 
^ a 6a aa c 

And, consequently, by substituting these values in Ae assumed cubic eflua^ 
tiOB (2), we shall have ^ 

the three roots of which last equ^ition, wheir substituted for;», y, and r. in 
the formula a » iyp+\/r+ Vy, will give, by taking each term of tbe ex- 
pression both m + and — , all the ^ur values of «. 

Or, in order to render this result more commodious in practice, by freeing 
Jt from fractions, let y-sy^^- Then by Substitution ani^ rcduaion, we shttll 
have the correspondu^ equation j * 

<l2 
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i 



Find the three roots of the cubic eqaatioo z^+^Utz^-^ 
a* — 4c)z^b*9 by one of the former rales, before given 
or this purpose ; and let them be denoted by r\ r\ aod r"*. 

Then, we shall ha?e 



When h is positive, 
2 

rsT. II ■■ II I I.I I . I II T i I ■- 



X ■»•* ■■■ ■ - ■ 



a?: 



2 



When 6 is oeg»tive, 

X—- r 

«— -2 

X I ] I 1 I . i»«.ji 1 1 I 



fv 



Note. If the three roots r , r\ r ", of the auxiliary cu-» 
bic equation be alt real and positive, the four roots of the 
proposed equation will, also« be real ; and if one of these 
roots be positive, and the other two imaginary, or both of 
them negative, and equal to each other, two of the roots 
of the given equation will be real, and two imaginary ; 
which are the only cases that produce real results. 

3. Given rr* -.26a;*+6aa:-36=:0, to find the four roots 
of the equation. 

Here o=^25» 6=60, and ^=—36; ^ 
Whence, by substituting these values for their equals, in 
the cubic equation above given, we shall have j?^ — ^X25 
22 4- (26^+ 4 x36>=60a, or z^^bOz^+IBdz^SeoO I 



xs-^itaz^ «f (aft — 4c>r ^b9, (4) 
the three roots of which are each, evidentfy) foar times those of the foniier. 
Hence using this instead of equation (3), and deoc^ng^ its roots by r", r", r"\ 
the last mentioned formula, taking each of its terms in 'f' and — ->, as before, 
will give the values of a?, as in the above eipressions. 

JVb(e. If we were to take all the possible changes of the signs, in this case, 
which the terms of the assumed fimnula admit of, it would appear that x 
should have eight different values ; but it is to be obseri^ed, that according 
to the first part of the above investigation, the product V pX vqX ^re^ 
V^» or ^b\ and, eonsequently, that when 6 is positive, either all the three 
radicals must be taken in "t" , or two in -^ and one -j- \ sind wheo & is ne«i 
gative, they must either be all -^, or two -|-. and one ^^; which considera^ 
tions reduce the number of roots to four. 
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ihe three roots of which test equation, as foQcdbjr trial, 
or b^ one of the ibrmer rules, are 9, 16, and 25, re- 
spectirely ;; whence 

x=iJ(+V^9-.v/16+V^6)=H(+3- 4+6)=:+2 
a;=:^(+^9+ y/ 16-^25)=j(+3+4--5)«+l 

Aud consequently the four roots of the proposed equa* 

tion are 1, 2, 3, and — 6. 

ZJUfmZS FOR PRACTICE. 

1. Given a;«-55a;'— 30jc+504=0, to find the four 
roots or values of x, Ans. 3, 7, —4, and —6. 

2. Given a;*+2»«-7xa -8a;=— 12, to find the four 
roots, or values of or. Ans. 1,2, —3, and —2. 

3* Given «♦ '^Qx^ + Hx* +4a=8, to find the four loots, 

or values of «. AnsJ f+v^^' f ^-v/^. 

I ^-r\/3, 1—^3 

4. Given x* — 1 7»« — 20a?— 6=0, to hnd the four rootsr, 
orraluesof.. Ans. | _|+^^; ^|:^^. 

6. Givenaf*-^3»» — 4aj^3, to find the four roots, or 
.aluesof,. A.s.|4+{^j|;_|:|v/^J. 

6 Given** — 19a63+132«a -302aT+200=0, tofindthe 

4rootfi or values of X Am J 4.27768, .80965 

4 roots, or values 01 «. Ane. ^4.6,&66377±v^( -.9.3686) 

7. Given x*—27a;»+162a:«+366a:-.l«00==0; to find^ 

tv r * 1 r 4 i 2.05608, —3.00000 

the four roots, or values ofx. Ans. J ^^^^^.^^q\ 14.79086 

8. Given x« — 12a:« + 12a:— 3=0, to find the four roots, 

«.. ^^i««. «^ * A«a ^ .606018, -3.907878 

or values of x. Ans. J 2.«6S083, .443277 

9. Given** --S6a;«+72x«3^c=0, tofind the four roots, 

r«..«l^^. «r* A,.a $0.8729886, 1.2679494 

or values oi x. Ans. ^ 4 732050^^ -.6.8729836' 

10. Giveno:* — 12a:3+47x3--7^a:+36=0, to find the 
roots, oc values of x. Ans. 1 , 2, 3 and 6. 
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11. Giv€n ar*+24afaj-n4««-24x+l=»0, to find the 

roots, or valuea of x. Ana. J IL /197II14* zL/b 

12. Given x«—6x*-*58xa«. 114x^1 1»0» to find the 
roots, .or Talues of x. 

Ans. :t|v^3+§±-•(17±VV'3)• 



OF THE 

RESOLUTION OF EQUATIONS 

BY APPROXIMATION. 

Equations of the fifth power, and those of higher 
dimensions, cannot be resolved b;^ any rule or algebraic 
formula that has yet bee^n discovered ; eicept in som^ 
particular cases, where certain relations subsist between 
the coefficients of their several terms, or when the roots 
are rational ; and, for that reason, can be easily found by 
means of a few trials. 

In these capes, therefore, recourse must be had to some 
of the usual methods of approximation ; among which 
that commonly employed is the following, tvhich is univer- 
fially applicable to all kinds of numeral equations, what- 
ever may be the number of their^diraensions, and though 
not strictly accurate, will give the value of the root sought 
4o any required degree^ of exactness. 

RULE. 

Find, by trials, a number nearly equal to the roof 
sought, which call r ; and let 2 be made to denote the dif- 
ference between this assu^ed-trooti and the true root «, 

Then instead of a;, in the given equation, stibstitute its 
equal r±2r, and there will arise a new equatipn^ involving 
only ^ and knowb quantities. 
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Reject all the teriod of, this eqaatioD la which z is of 
two or more dimeDsiops^ and the approximate valae of 
2 may then he determined by means of a simple equation. 

And if the yalne, thus found, be added to, or subtracted 
from that of r, according as r was assumed too little or too 
great, it will give a near value of the root required. 

But as this approximation will seldom be sufficiently 
exact, the operation must be repeated, by substituting the 
number thus found for r, in the abridged equation exhi- 
biting the value of ar ; when a second correction of z will 
be obtained, which, be>.ng added to. or subtracted from r, 
will give a nearer value of the root than the former. 

And by again substituting this last number for r, in the 
above mentioned equation, and repeating the same process 
as oflen as may he thought necessary, a value of j; may be 
found to any degree of accuracy required. 

Nott. The decimal part of the ^oot, as found both by 
this and the next rule, will, in general, about double itseu 
at each operation ; and therefore it would be useless as 
w^l as troublesome, to use a much greater number of 
figures than these, in the several substitutions for the 
values pf r.* 

' eXAMPLRS* 

1. Given a:*-^a:*4-«»90. 4o find the value <rf « by ap- 
proximation. 

Here the root, as found by a few trials, is nearly equal 
to 4. 



* It may here be observed, that if any of the roots of an equation be 
whole nombers, tbey may be determined by substitoting 1, 9, 3, 4, &c, suc- 
eessively, both kt pJm and in msitMS, fw the odkiiown qnantity , titl s reralt is 
obtaiaea equal to that in ibe queatiioa; when tfiofle ^t are foitod to succeed, 
will be the roots required. 

Or, since ^e last term of any equation is always equal to the continued 
product of alt its rsoCe, the number of these triatsmay be generally din^nish- 
ed, by finding alt the dH^isors of that term, and tibten sabstituiing (hem both ia 
p(ia and mtniM, as before, fur the unknown quantity, when those that give 
the proper result will be the rational roofs soti^he; but if none of them are 
found to succeed, it may be concluded that the .equation cannot her resoWed 
h;f this inetbod ; the roots in that case, being either irrationul or imaginary. 
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=90. 

and z^ y as small la 



Let therefore 4=r, and r+r3=x 
Then ««=r«+2rz4-z« 

And by rejecting the terms r^, 3rz»' 
comparison with 2r, we shall have 

r3+r2+r+3r«^4-2r^+z,=90; 

iiru 90-r3-r«— r 90^64-16-4 6 

Whence -?=—--r-T-x — r-f —- ;rr-;r-; 13=— =.10. 

3r«+2r+l 48+8+1 67 

And consequently a;=s4 . 1 » nearly. 

Again, if 4.1 be substituted in the place of r, in the Last 

equation, we shall have 

_ 90- r3 ~r»^r_90 -68.921- 16.81 -4.1 _ 

"^ STa +2r+r. 60^3+8.2+1 ^^^^ ^ 

And consequently a;=4. 1 +.00283=4. i 0283 fovasecond 
approximation 4 

And if the first four figures, 4.102, of ttus nvmber be 
again substituted for r. in the same equation^ a still near- 
er value of the root will be obtained ; and so on» as far as 
may be thought necessary 

2. Given ar3+20a;=100, to find the value of a? by ap- 
proximation. Ans a;=4.]42l366 

3. Given ar3+9x*+4a;=-60» to find the value of x by 
approximation. Ans. x=s.tA12\S59 

4. Given x* 38x3+2 \0w» +638x+289=0, to find the 
value of x by approximation. 

Ans. x=c30.53566375 
6. Given x«+6x* — 10«3 -l!2x» -207ar+ 110=0, to 
find the value of x by approximation. 

Ans, 4. 4€4 10161 
The roots of equations, of all orders, can also be de- 
termined, to any degree of exactness, -by means of the foi* 
lowing easy rule ofdouble positioti ; which, though it has 
not been generally employed for this purpose, will be .-j 
found in some respects, superior to the former, as it can 
be applied, at once, to any unreduced equatioii, consisting 
of surds, or compound quantities, as readily as if it hs^i 
been brought to its usual form* 
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RULE I^. 

« 

Find, by trial, two numbers as near the true root as 
possible, and substitute them in the given equation iu" 
stead of Uie unknown quantity, noting the results that are 
obtained from each. 

Then, as the difference of these results is to the differ- 
ence of the two assumed numbers, so is the difference be- 
tween the true result, given by the question, and either of 
the former, to the correction of the number belonging to 
the result used ; which correction being added to that 
number when it is too little,, or subtracted from it when it 
is too great, will give the root required nearly. 

And if the number thus determiped, and the nearest of 
the two former, or any other that appears to be more ac- 
curate, be now taken as the assumed roots, and the opera- 
tion be repeated as before, a new value of the unknown 
quantity will be obtained still more correct than the first ; 
and so on, proceeding in this manner as far as may be 
judged necessary.* 

* The above rule for Double Position, which is math more simple and 
ccnnmodious tlian the one commonly employed for this purpose, is the same 
as that which was first given at|>. 311 (» tiie octavo edition of mf Arithmetic, 
published in 1810. 

To this wc may farther add, that ^en one of the roots of an equation has 
been' found, either by this method or dbe former, the rest m&y be determined 
as follows: 

Briiig all the terms to the left hand side of the equation, and divide the 
whole expression, so formed, by the diffei^nce between the unknown quanti- 
.ty (ix) and the root first found ; and the resulting equation will then be de- 
pressed a degree lower than the given one. 

Find a root of this new equation, by approximation, as in the first instance, 
and the number so obtained will be a second root of the original equation. 

Then by means of this root, and the unknown quantity, depress the se- 
cond equation a degree IcQver, and thence find a third root; and so on,- till 
the equation is reduced to a quadratic ; when the two roots of this, tc^ether 
with the fbrmw, wUl be the roots ofthe equation reauired. 

Thus in the equation x3— 15x3-f.(j3;v=50, the first root is found, by a]^' ' 
proximation to be 1.0S804. , Hence, 
x— 1.02804) x3--15a?a4.6Sx—60(a;2— 13.97195a; 48.63627 =.0. 

And the two roots of the quadratic equation, a* -13.97l96x es — 48.63627 
fuund in the usual way, are 6.57653 and 7.39543. 

So that the three roots of the given cubic equation «3/— 15a; ' «f- 63a: j=:50, 
are t.02804, 6.67653, and 7.39543; their sum beingts.15, the coefficient of 
the second terra ofthe equation, as it ought to be when they are riglit. 



I 

i 
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1. GtiFeii2^+ap'+a;=slOO,lo find ao approximate value 
ofx. 

Here it is soon found, by a few triab, that the Talne of 
X lies between 4 and 5. 

Hence, bj takii^ these as thee two assnmed nnmbers, the 
operation will stand as follows : 

Firai Sup. SeeoniStqt. 

4^ , * X • • 5 





16 


. . x^ 


. 25 




64 


. . x^ 

• 


. 125 




84 


Resnks 


155 




155 


• • 5 • 


. 109 


Therefore 


84 


. . 4 . 


84 


•■ 


m»*- 


^^' • 


*^ •*• 




71 


: 1 :: 


16 



: .226. 
And consequently ac=s4-V*2258XB4.S25, nearly. 
Again, if 4.2 and 4.3 be taken as the two assumed num* 
bers, the operation will stand thus ; 

First Sup» Second Sup^ 

4.2 . • a: \ . 4.3 
17.64 . . x» . . 18.49 
74.088 . . 0:3 . . 79.607 



Therefore 



95.928 Results 102.297 
102.297 . . 4.a . . 102.297 
95.928 . . 4.2 . . 100 



l» . MW 



6.369 : .1 :: 2.297 : .036. 
And consequently x»4.3-. 036=4.264, nearly. 
Again, let 4.264 and 4.265 be the two assunii^ num- 
bers; then 

First SupM, SecondSup. 

4.264 . . X .\ 4.265 
16.181696 . . x^ . . 18.190225 
77.526752 . . x^ . • 77.681310 



■M>«n 



99.972448 Results 100.036535 
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Therefore 
100.036535 4.265 100 
99.972448 4.264 99.972448 



,0(54087 : .001 :: .027562 : .0004299 
And consequently 
a;=4.264+.0004299=4.2644299, very nearly. 
2. Given (Jjc" - 15) «+a?y/x=90, to find an approxi- 
mate value of X. 

Here, by a few trials, it will be soon found, that the va- 
lue of OP lies between 10 and 1 1 ; which let, therefore, 
be the two assumed numbers, agreeably to the directions 
given in the rule. 

Then 
First Sup . Second Sup . 

25 . . (Jar« — 16)« . .84.64 
31.622 . . x^x . .36.482 . 



Hence 



56.622 Results 321.122 

121.122 . . 11 . . 121.122 
56,622 . . 10 . . 90 



64.6 : 1 :: 31.122 ; .482. 
And consequently a:=^l 1 —.482=10.518. 
Again, let 10.5 and 10.6 be the two assumed numbers. 

Then 
First Sup » Second Sup, 

49.7025. . (ix»-15)» . .55.830784 
34.0239 . . Xy/x . .34.511099 

83.7264 . . Results . . 90.341883 

Hence 
90.341883 . . 10.6 . . 90.341883 
53.7264 . . 10.5 . . 90. 



6.616483 : .1 :: .341883 ; 0051679 

And consequently 
x=10,6— .0051679=10.5948321, ttery njeart^. 
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EXAMPLES FOR PRACTICE. 

1. Given a;3+lOx'+6a?=2600,to find a near approxi- 
mate valae ofx, Ans. x= 11.00673 

3. Given Sa;* -- 1 6x^+40x* — 30x+l=:0, to find a near 
value of X. Ans. x= 1 .284724 

3. Given x^+2x*+Sx^+4x^ + tx=^b43il,toBndihe 
value of a;. Ans. 8.414455 

4. Given V(7x«+4a;«)+v^(20a:»- 10a:)=28, to find 
the value of a:. Ans". 4.5 10661 

5. Given y'(144xa..(x2+20)2)+y/(l96x«-(3r«+«4) 
^)=1 14, to fand the value of x. Ans. 7.123883 

Of exponential EQUATIONS. 

An exponential quantity is that which is to be raised to 

some unknown power, or which has a variable quantify for 

its index ; as ^ 

X J. 

a*, a*, X*, or x*, &c. 

And an exponential equation is that which is formed be- 
tween any expression of this kind and some other quanti- 
ty, whose value is known ; as 

a*=6, x»=a. &c. 

Where it is to be observed, that the first of these equa- 
tions, when converted into logarithms, is the same as 

a; log. rt=6, or xsrs —5! — !; and the second equation x»= 

log. a. 

a is the same as x log. x=. log. a. 

In the latter of which cases, the value of the unknown 

quantity x may be determined, to any degree of exactness 

by the method of double position, as follows : 

RULE. 

Find, by trial, as in the rule before laid down, two num- 
bers as near the number pought as possible, and substitute 
them in the given equation 

a- log. x — log, a, 
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instead of the unknown quantity, noting the results obtain- 
ed from each. 

Then, as the difference of these results is to the differ- 
ence of the two assumed numbers, so is the difference 
between the true result, given in the question, and either 
of the former, to the correction of the number belonging 
to the result used ; which correction being added to that 
number, when it is too little, or subtracted from it, when 
it is too great, will give the root required, nearly. 

And, if the number thus determined, and the nearest 
of the two former, or any other that appears to be nearer, 
be taken as the assumed roots and the operation be re- 
peated as before, a new value of the unknown quantity 
will be obtained still more correct than the first; and so 
on, proceeding in this manner, as far as may be thought 
necessary. 

EXAMPLES. 

1. Given x*==IOO to find an approximate value of a;. 
Here, by the above formula, we have 

X log a:=log. 100=2. 
And since x is readily found by a few trial?, to be nearly 
in the middle between 3 and 4, but rather nearer the lat- 
ter than the former, let 3.6 and 3 6 be taken for the two 
assumed numbers 

Then log. 3. o=. 6440680, which, being multiplied by 
3.6, gives 1.90 i238 = first result ; 

And log. 3.6~.6663025, which, being multiplied by 3.6 
gives 2.002689 for the second result. 

Whence 
2.002689 . . 3.6 . . 2.002689 
1. 904^38 . . 3.5 . . 2. 

.098461 : .1 - .002689 : .00273 
ibr the first correction ; which, taken from 3.6, leaves 
a;=3.59727, nearly. 

And as this value is found, by trial, to be rather too 
small, let 3.69727 and 3.69728 be taken as the twoassum- " 
ed numbers. 
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Then log. 3.59728==0.5559742431 34677 to 15 places 
The log. 3.59727=0.665973036847267 to 15 places 

which logarithms., mnltiplied bj their respective nambere, 
give the follofriog products : 

1.999995026343512 K ^ i. , i- 

1.999985122662298 \ ^^^^ ^^^ ^^ *°^ "^^ figare. 

Therefore the errors are 4974656488 

aod 148-/7337702 
and the difference of errors 9902681214 
Now since only 6 additional 6gures are to be obtained, 
we may omit the three last figures in these 'iBrrors ; and 
state thus : as difference of errors 990268 1 : difference of 
sup. 1 :: error 4974656 : the correction 502364, -which 
united to 3.59728 gives us the true value of x=i 
3.59728502364.* 

2. Given i:'=2000, to find an approximate value of ar, 

Ans a:=4.82782263 

3. Given (6a;)«=96, to find the approximate value of x. 

Ans. a:= 1.8826432 

4. Given ;r»= 123466789, to find the value of x. 

Ans. 8.6400268 

6. Given x*—«= (2a:— «:»)*> to find (he value of x. 

Ans. ar=1.7479S3. 

« 

OF THE 

BINOMIAL THEOREM. 

The binomial theorem is a general algebraical expres- 
sion or formula, by which any power, . or root of a giveii. 
quantity, consisting of two term^, is expanded into a series ; 
the form of which, as it was first proposed by Newton, 
being as follows : 
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(p+p^);r=Pn [i+-^+-(-v- )^*+-(-T— ) 

^ ' *• n n ^ 2» »^ 2u 

. TO— 2n „ , 

(--_.)«,, &C.J 

Or, 

m— 3fi 

— D(l, &c. 

4n 

Where r is the first term of the binomial, ^ the second 

term divided bj the first, — the index of the power, or 

root, and a, b, c, &c. the terms immediately preceding 
those in which thej are Jrst found, including their signs 
+ pr ^. 

Which theorem may be readily applied to any particu- 
lar case, by substituting the numbers, or letters, in the 
given example , for p, q, tn. and n, in either of the above 
formulae, and then finding the result according to the rule.* 

* This celebrated theorem, which is of the most extensive use iii ui^e^ra, 
and various other branches of analysis, may be otherwise expressed as fol- 
lows: 
, , .m m.^ , tn.x mm-'nx 2 , mm-^nm--'2nx 
(a+cc)-5=a-[l + -(-)-L.-.--; — (-) -4----^ — •— 5 — (-)3&c.l 
"^ ^ ^n n^ ^nW^^n 2» V ^^n 2n 3n ^o ^ 

Or, (fl-^ac)^ = 

Or, (a+ar)^ = 

It may here also be observed, that if m be made to represent any whole, or 
£ractioaaI number, wiiether positive or ne^tive, the first of these expressions 
may be exhibited in a more simple form 

Where the last term is called the general term of the series, because if 1, 3, 
3, 4, &c be substituted successively for n, it will give all the rest 

R 2 
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EZAMFLCB. 

1. It is required to convert (0^-4^0;)' into an infinite se-. 
ric0. 

X m 1 
Hcre.p=a«, ^=-t» •^=si or m =a 1, and n = 2 ; 

whence 

m Ml 1 

III 1 a X X 
m-^n _1— 2 a: a: _ «* 

noas. X X — — — =E« 

-4ii ^ 8 2.4.6a« o« 2.4.6.8o'^ ' 
m-4n _ 1— 8 3.6x^ a; __ 3.5.7a;g _ 

"""SwT^*^ ior^**2l4^.8a^ a* "^2.4.6.8. 10a»""^' 
4tc. &c. •. &c. 

Therefore (a« +x)*= 

^'*'ift"2l4ai""*"2.4.6o* 2.4.6.8a''^2.4.6.8.10o»"" ^^ 

Where the lavtr of formation of the several terms of tb^ 

seria is sufficiently evident. 

1 

2. It is reqoired to convert,— ,-j\-, or its equal (ft-f' 

5y *i into an infinite series. 

& tn 

Here p==o, ^=-, and -=—2, or m== - ^, and n:^\ ; 

a n 

idienc0 

9» 2.. 1 . b 26 



n 1 a« ft ft' 



1^! 
I 
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m 

2» 2 a® a a* 

m-2n —2-2 36* h 4b^ 

fii-3n —2—3 4^3 b 5b* 

1 — - — D^= -„x r^"'^^'^^^ 

4n 4 a« a a» ^ 

&c. &c. &c. 
Consequently 7— 1-7^-=— - ' — &c. 

3. It 18 required to convert -, or its equal A^ 

(a> — «)'^, into an infinite series. • 

Here ^ 

. afjfw— 1 -«^ 

P-«.a«, <i=a:—- -, apd — =-.j-- or m=— 1, and n=i2 ; 
a^ » 2 

«vhence 

m m -.11 

n 2 o oa 2a8 

2n^ 4 2^3^^ aa 2.4a* ^^ 

w— 2» _— 1^*4 3ac« a;_ 3.5a:3 _ 

3n ^^ *^6 2.4o« aa'"2.4.ea7^**» 

III— 3n _- 1-6 3.5a;8 ^_ 3 6.7ar* _ 

4a ^* 8 2.4.6a^ fl?'^2r4X8a«^""*^'^ 

Therefore 

a« -a)'^ fl 2V'^2.4V'^ 2»4.6^a7'"^2.4.6.8V»'^ 



(a« 



And 
(a^^xy ' '^2V'^2.4^a8-'"*"2,4.e^a«'''*'2.4r6.8^«^^ 
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4. It is required to cooTert %/9^ or its e^nl (8+1)^ 
into ao infioite series. 

Here t=Z^ q=^,aaid -"=^. or m=l and «==3 ; 

* • Whence 

P»=(8)«=:8»=2=A. 

m 12.1 1 

«-« 1—3 1 I _ 1 _ 

^^ B<i=— — X^-^Xg3— 3.6.2* ^* 

«i-2« _ 1~6 1 1 _ 5 _ 

3» ^^"" 9 3.6.2« 2^""3.6 9.2^ "^^ 

m— 3ft •1 — 9. 5 1 6.8 

X--= — .; :rT.-r-:=E, 



•4» — 12 3.6.9.27 23 3.6.9. 12.2* • 

m-4n 1-12 6.8 ^ I 6.8.11 



6ii 16 3.6.9. 12.2* • 2» 3.6.9.12. 15.2 « » 

&c. &c. &c. 

Therefore ^9= 
^^ I_ 1 6 6.8 5.8.11 

"^3.2* ""3.6.2*^3.6.9.2^*3.6.9. 12.2* •'*a6.9. 12.1 5.2 » » 

&c. 
6. It is required to convert ^2, or its equal ^(1 + 1) ; 
into an infinite series. 

I 2 3_ _}_:^_t 3.5.7 

'+2"" 2.4*^2.4.6 '"2.4.6.C"*'2.4.6.8.10 ^' 
6. It is required to convert ^7, 6r its equal (8—1)^, 
into an infinite series. 

1^ 1_ 5 5.8 

S.2« "3.6.2* "■3.6.9.2'^~3.6.9 ^.S^*** ^* 
7 It is required to convert \/ 240, or its equal 

(243— 3)^, into an infinite series. 

1 4 4.9 4.9 14 

Anfl <t ^L-i — .n , II... jb#* 

5.33 5.10.3^ 5.10.16.3«« 5. 10.1 5.20. 3>« 
8. It is required to convert (a±a;)Mnto an infinite series. 

r 2«» 2.4«« 2.4.6oa 2.4.6.80*- ^i 
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i. 

9. It i§ required to convert (a+by into an iniinite se- 
ries* 

. / i^.^^ 2^««. 2.563 2.5.85* _^, ) 

' Ans. o*?l± — + — ±&c. > 

( 3o 3.6a«~3.6.9.a3 3.6.9. 12a* ^ 

10. It i^ required to convert (a — 6)* into an infinite 
series. 

Ji 6 36a 3.763 3.7.116* , i 

AnS. a < 1 ~ mmm — -&c. ? 

\ 4a 4.8a« 4 8.12a3 4.8 12.l6a* S 

1. 

11. It is required to convert (a +ic)3 into an infinite 

series. 

iC .2x a;3*.4x3 4.7a:3 4.7.10a:5 ^ 

Ans.a** < 1-f — 1 «— h ^ &c 

I ^3a 9a3^9ao3 9KUa*^9KliA^a^ 

2. 

12. It is required to convert (l—o:)^ into an infinite 
series. 

2x 2.3agg 2.3.8a:3 2.5.8.13a; * 

""T""67rO 6,10.16 6.10.16.25^ 

13. It is required to convert j, or its equal 

(a-tac)» 
(a ;i: x)"^ into an infinite series. 

li a? , 3a;3 ^ 3.6ar3 , 3.6.7ar* ^ ^ 

a 

14. It is required to convert j, or its equal 

, (a±af)3 

(a + 1)"^ into an infinite series. 

IV --a? , 4x3 4 7*3 , 4.7.10X* 
An8.a3jl + ^+^-g--:y_-g-+-^^^^^-:p &c. 

16. It is required to convert — , or its equal 

(1 + a;) ^ into an iniinite aeries. 

. , ar , 6a:» 6.11x3 . 6.11.16ac* 

Ans. 1— r+ — — ^ A &c. 

6^5.10 6.10.16^6.10.15.20 
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16. It is required to convert (^^LllfVy or ito equal 

-J Va-x/ 

(a+a;)5(a«^-a:*) , into an infinite series. 

OF TH£ 

INDETERMINATE ANALYSIS. 

In the common rules of Algebra, such questions are 
usualljT proposed as require some ceclain or definite an- 
swer ; in which case, it is necessary that there should be 
as many independent equations, expressing their condi- 
tions, as there are unknown quantities to be determined ; 
or otherwise the problem would not be limited. 

But in other brnnches of the science, questions fre- 
quently arise that involve a greater number of unknown 
quantities than there are equations to express them ; in 
which instances they are called indeterminate o^ unUorit- 
ed problems ; being such as usually admit of an indefinite 
number of solutions ; although, when the question is pro- 
posed in integers, and the answers are required only in 
whole positive numbers, they are, in some cases, confin- 
ed within certain limits, and in others, the problem may 
become impossible. 

PROBLEM 1. 

To find the integral values of the unkoown quantities x 
and y in the equation 

ax— 6y=+c, or fla:+6ys=?c. 
Where a and b are supposed to be given whole num< 
bers, which admit of no common' divisor, except when it 
is also a divisor of c. 

RULE. 

1. Let wh denote a whole, or integral number ; and 
reduce the equation to the form 
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by±c . c — htt , 

x=-i — wh. ora;= -wh. 

a a 

2. Throw all whole numbers oat of that of these two 

expressions, to which the question belongs, so that the 

numbers d and e in the remaining parts, may be each less 

than a ; then 

du±:e , B'^du , 

-^ — =swh, or i=a?A. 

a • a 

3. Take such a nnltiple of one .of these last formulae, 
corresponding with that above mentioned, as will make 
the coefficient o(y nearly equal to a, and throw th^ whole 
numbers out of It as before. 

Or find the sum or difference of -^^ and the expression 

aboTe used, or any multiple of it that comes near —.and 

• (k 

the result, in either of these cases, will still be =stvA., a 

wliole number. 

4 . Proceed in the same manner with this last result ; 

and so on, till the coefficient of ]/ becomes ^=1, and the 

remainder = some number r ; then 

tiH-r 

— ii=«;A.=|), and y^=ap^ry- 

Where p may be o, or any integral number whatever, 
that makes y positive ; and, as the values ofy is now known, 
that of X may be found from the given equation, when the 
question is possible*. 

Note. Any indeterminate equation of the form 

in which a and 6 are prime to each other, is always possi- 
ble, and win admit of an infinite number of answers in 
whole numbers 
But if the proposed equation be of the form 

c?x4-by-s=c, 

* This rule is foBoded on the obvious principle, that the sura, difference, 
or product of any two whole narabers, is a whole number ; and that if a 
»»4jmber divides the whole of any other number and a part of it, it will also 
divide the remaining part. 
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the namber of answers will always be limited ; and, ia 
some cases, the qaestioD is impossible ; both of which ctr- 
cumstaoces may be readily discovered, from the mode of 
solatioD above given'*. 

EIAHPLES. 

1. Given 19— 14^=11, to find x and y in whole num- 
bers. 

Here 3p=— ^5 — =»&., and aiSQ — ^=»a. 

19v Uy+ll 5V-11 
Whence, by subtraction, -~ ^- — ^19 ^ 

AlS0,-=^-r— X4== -V- =y-2+^^;-=t»A. 

* 19 19 ^ ^ 19 

And by rejecting y — 2, which is a whole number^ 

Whence we have y=19p+6. 
_14y+U_ 14(19p+6)+l l _266/? +96 

I4p+b. 
Whence, ifp be taken =0 we shall have x=6 and y 
=6, for tbeir least values ; the number of solutions be- 
ing obviously indefinite. 

2. Given 2x4-3^=25, to determine x and y in whole 
positive numbers. 

* That the coefiicieDts a and 6, when these two f6rmu\gs are possible, 

should hare no cominoa divisor, which is not at the same time, a divisor of c, 

is evident; for ifaa:mi,aod b:z:tnet we shall have a»^6y s=:mijc^mey=s 

c 
c ; and consequendy d«-|-ey=s— . Butd, e, «, y, being supposed to be whole 

c 
numbers, ~, most also be a whole number, which it cannot be, except when m 

is a divisor of c. 

Hence, if it were required to pay lOOZ. in guineas and moidores only, the 
question would be impossible; since, in the equation 21 »-|'^'^7^=^3000 which 
represents the cooditioos of the problem, the coefficients, 21 and 27, are each 
divisible by 3, whilst the absolute term 9000 is 6ot divisible by it See my 
Treatise ovi Algebra, for the method of retiolvSjig questions of this kind,>y 
means of Continued Pcactiohi. 



I 
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Here a?= — ~»l2-v4—~^ 
2 2 

Hence, since x must be a whole number, it j^^llows that 

— y must also bef a whole number. 

2 

Let theJreforc ~^=tB>A =5p ; 

Then 1-2^=2/?, or y=il — 2p, " 

And since 

a;=il2-i/+l^^::=12-(l^2|))+p=il2+3p-l, 

We shall have a?=l t+3p, and y= I — 2/? ; 
Where j) may be any whole number wbateiver, that will 
render the yalues of x and y in these two equations posi- 
tive. 

But it is eiident, from the value of y, that p must be 
either or nl§ative ; and consequently, from that of x, 

that it must be 0, — t, —2, or —3. 

Whence, if /}^=0,/)=— !,/?== -^2,15=: -,3j 

Theni^==*>»^=^'^=f'^Z!' 

Which are all the answers in whole positive numbers 
that , the question admits of. 

3. Given Sx=^Qy -\Q iQ find the values of x and y in 

whole numbers. ^ 

i>t/— 16 ' ^ . 2y— 1 , 2«— 1 

Here x'^-— — =2y ^5+~—-^wh ; or -4: — ^xvh, 

o o C5 

Also ?^X2=l?ti5=y+^=r^^. 

Or, by^Tejeottng-i//which is a whole number, there will 

'. 9^^^2 
remain ~=a?A. =■-/>. 

Therefore y^Sp+2, 
^ ^ %- 16 8(3i>+^) - 1 6 24p ^ 

3 ' . 3 3 t 

. Where, if p be put=l, we shall have a;?»8 ai|d p*=5, 

s 
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for their least Talaes ; the nnmher of answers being, as in 

the first question, indefinite. 

4. Given 21a:+172f="2000, to find all the possible Ta- 

lues of X and y in whole numbers. 

2000- 17y ^^, 6-17y- . 
Here a:= ^^ — ?=96+-^^-^U: wA. ; 

Or, omitting the 95, — - — =L=wA. ; 

21y 5— 17f/ 4y+5 

Consequently, by addition,—^-! — jfj gf"""^*' ' 

AW.itt»X,_«S±.l'=,+l+S^=^. ; 

4+201/ 
Or, by rejecting the whole number 1, — -=xpft. j 

* :. ,. u. I- 2ly 4+20y y-4 , 
And, by subtracUon, --? -^=i_.=su'A.=/) ; 

Whence y=2ljE)+4, * 

A„d .=^22^^=!2«2:^m£±ll=92-.i7;,. 

Where if p be put =0, we shall have the leasl value of 
y=4, and the corresponding, or greatest value of a:=92. 

And the rest of the answers will be found by adding 21 
continually to the least value of y, and subtracting 17 from 
the greatest value of x ; which being done we shall obtain 
the six following results : 

a?=92 I 73 I 58 I 41 124 I 7 
y=4 I 25 I 46 I 67 I 88 I 109 

These being all the solutions, in whole numbers, that 
the question admits of. 

Kott !• When there are three or more unknown quan- 
tities, and only one equation by which they can be deter* 
mined, as 

C6r+6y+c2r=cj, , 
i(; will be proper first to find the limit o\. the quantity that 
has the greatest coefficient, and then to ascertain the dif- 
ferent values of the former, from 1 up to that extent, as 
ici the following question. 
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6. Given ^x-^By+^z^^lOO, to find all the different va- 
lues of ar, y, and ^, in whole numbers*. 

Here eabh of the least integer values of x and y arc 1, 
by the question ; whence it follows, that 

100-5-3 100-8 92 ,^, 

2r=a— , =— = =—-=134. 

7 7 7' 

Consequently z cannot be greater than 13, which is also 
the limit of the number of answers ; though they may be 
considerably less. 

By proceeding, therefore, as in the former rule, we shall 

have 

." 100-5W— 72r ^^ ^ i-.2v-2r 

a;= — ' — '^ =33-y— 22r^ Jlj^zi^wL ; 



3 



3 



And, by rejecting 33-.y— 2z, 

1— 2y-^<s , 3y,l-2t/— ^ y+\^2 

^^— '•=^wh. ; or -|H ~|- ^"'-^-^ =^^^- 5 



Whence 



y+l^z_ 



i. 



=/>. 



Andy^3p+z^l; 

And consequently, putting j9=0, we shall have the least 

value of y=5: -- 1 ; where z may be any nUmber, from 1 

up to 13, that will answer the conditions of the question. 

When, therefore, z=2 we have y=l, 

, ^ 100-19 ^ 
And ir= ~ — =27. 

Hence, by taking 2'=2, 3, 4, 6. &c. the corresponding 
values of x and y, together with those of z, will be /ound 
to be as below. 

8 
7 
3 



2r= 2 


3 


4 


5 


6 


7 


y= 1 


2 


3 


4 


5 


6 


a:=27: 


23 


19 


15 


11 


7 



-* If any iadetenninaie equation, of the kind above givoo, has one or moi% 
of its coefficients, as c, negative, the equation may be put under the form 

in ifhich c^se it is evident that an indefinite number of values may he given 
to the second side of the equation by means of the indefinite quantity z ; and 
consequently, also, to x and y in the first And if the coefficients a, by c, in 
any such equation, have a common divisor, while d has not, the qaestion, as 
In ib^ first case, beconies impossible. 
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Which are all tb« iatej^ vahifis of »> y, god z, that caii 
be obtained from the giveo equation. 

J^ote 2. If there be three xioknown qaantities, and only 
t«vo equations for deterouniog them, a^ 

ax+by+cz=^dy and ««+yy+g^=&, 
exterminate one of th«se quantities in the usual way, and 
find the values of the other tf?ofrom the resulting equa- 
tion, as before. 

Theji, if the values, thus found, be separately substi^ 
tuted, in either of the given equations, the corresponding 
values of the remaining quantities will likewise be deter- 
mined : thus, 

G. Let there be given a;— ?y+^=d, and 2x+y-*ap7, 
to find the values of x, y, and z. 

Here, by multiplying the first of these equations by 2,, 
and subtracting the second from the product^ we shall have 

3z-6y=3,or2'=5±!?=n.y^.!|=:^^. . 



% 



^^!?(=|=.«,.=p. 



And consequently -f , or ^-*-^=~3sn>/i.=». 

Whence 5f»=3J>. 
And, by takitigps&:l, 2, d, 4, &e. we shall have yasd, 
6, 9, }2, 16, &e..aiid z^Q, M, 16; f 1, 26, be. 
But from the first of the two given equations 

whence, by substituting the above values for y and z^ the ' 
results will give «;==d. 6, 7, 8, 9, &c. 

Ap^ th^relbr^ t^e firnt ux vahies ^ «* y» and r» are as 
below : 



a;s?6 


6 


7 


8 


1 ^ 


10 


y«3 


6 


9 


12 


15 


18 


^=r6 


11 


16 


21 


26 


31 



Where the law by which they can be continued is suffix 
cieatly obvious. 



EXAMPLES FOR PRACTICB. 



1. Given 3r=?s8y«-» IQ, to fiud the least lvalues qfx and 
y in whole numbers. Am* a7^8» y^6 
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2. Given Hx=iby+'7, to fiod the least yalaes of x aud 
y in whole numhers. Ans. x=3, y=7 

5. Given 27ar=l 600 - f6y, to find the least values of a 
and yin whole numhers. Ans. a:— 48,y=19 

4. It is required to divide 100 into two such parts, that 
one of them may be divisible by 7, and the other by 11. 

Ans. The9nly parts are 56 and 44. 

6. Given 9:r+13y=2000, to find the greatest value of<c 
and the least value of j^ in whole numbers. 

Ans. a;=216, y=^' 

6. Given 1 lac-{-5y=254, to find all the possible values 
of 9 and y m whole numbers. 

Ans. a;=l9, 14, 9, 4 ; y=9, 80, 31, 42 

7. Given 17x+l%-i-2l2'=400, to find all the answers 
in whole numbers which the question admits of. 

Ans. 10 different answers 

8. Given 5x4*72/4-1 1^=2^4, to find all the possible va^ 
lues of Xy y^ and z^ in whole positive numbers. 

Ans. The number of answers is 59 

9. It is required to find id how many different ways it is 
possible to pay SO/, io half-guineas and half-crowns, with-, 
out using any other sort of coin ? 

Ans. 7 different ways 

10. I owe my friend a shilling, and have nothing about 
inebat guineas, and he has nothing but louis-d*ors ; how 
must I contrive to acquit my6elfx>f the debt, theiouis being 
valued at 17<. a piece, and the guineas at 2]«. ? 

Ans. 1 must give him 13 guineas, and he must 

give me 16 louis 

1 ]. How many gallons of British spirits, at 12tf., 15«., 

and 18«. a gallon, must a rectifier of compounds take to 

make a mixture of 1000 gallons, that shall be worth 17s. a 

gallon ? 

Ans. 111^, at 12^., 111} at 15^., and 777j^ at 18^. 

TJkOhLESl II. 

To find such a whole number, as being divided by otheY 
given nombers, shall leave given remainders., 

82 
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1. Call the Dumber that is to be detemiiaed «» the nttm- 
tenby whicbit tato bedtndeda, /^, c, &c« and the giTtn 
remaipders/, g^ &, dc. 

2. Subtract each of the renuiioders from s, and divide 
th^ differeocetf by a^ & , c» |(c« and there will arise 

9^^f x*^Vt X^^h 

— * — r8- , &c.3=swho]eDamber8. 

a , a t « 

3. Pat the fiirst of these fractions — ^^p vid substitute 

the value of X, as found in terms of^, from thb equation^ 
in the place of x in the second fraction. 

4. Find the least ^ue o£p in this second fraction^ bf 
the last problem, which put snr, and substitute the ratue 
of », as fi^und in terms of r, in the place of x in the third 
fraction. 

Find, in Uke manner, the least value of r, in this third 
fraction, which put »«, and substitute the value of x, 9s 
found in terms o£$^ in the fourth fraction as before. 

Proceed in the same way with the next following frac- 
tion, and so on, to the last ; when the value of x, thas de* 
termined, will give the whole number required. 

B]l4MrLGS. 

1. It is required to find the least whole number, wbicb» 

being divided by 17, shall leave a reipainder of 7, and 

when divided by 2&, shall leave a remainder of 15. 

Let x= the number required. 

w 7 X — 1 3 
Then^-t^ and — ^~;— s=iwhole numbers. 

17 26 

X — 7 
And putting--r- = P> we shall have x«=I7j?+7. 

Which value of x, being substituted in the second fract 
17«+7-13 lT/J-6 . 
tion, gives--^^^ "^^ifiT "^ 

But it is obvious that— f is also =w^. 
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And coDseqaeDtly -gg-— ■ s a s - f^ -^aswv 

Where, by rejecting p» ttiere teinaiTi%^—--wh.^r. 

Therefore |}==26r— 18 ; 
Whence, if r be taken = 1, we shall hayep=8. 
And cooaeqpiently «?=17f +7=17x8+7«=143, t^c 
number sought. 

£« It ift required to find the least whole number, whicb^ 
being divided by 11, 19, and 29, shall leave the remain- 
ders 3, 5, and 10 respectiyely. 

Let x^ the ntrmber required. 

arl-S ap-6 ,af— 10 
Then • -t ■ ^^ and-«^ — == whole numbers. 

a; -3 *^ 

And, putting-^— s=jj, we shall have^^»llp4-3. 

Which value of x, being substituted in the second frac< 

^ llp-2 
tioB, gives— :^—==w&, 

» 19 19 ^ 19 

And, by rejecting p, there will remain,— -y- ==wA. 

., V , . .. . 3p-4 ^ 18p— 24 l^p-S 
Also by multiplication -i—-X6ss=---i^ — =~-T^ ^ 

Or, by rejecting the 1, — "** r^rsh, \ 
But-^ia likewise =^wk. 

Whence — ^ — — 7~-==^7^==«''* •> which pat -•=-- r. 

Then we shall have 
ji,= 19r— 5, and x=^f l(19r~6)+3f 209r-62. 
And if thifa value be substituted fur x in the third fu-c-' 
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tioo, there will arise 

209r— 62 . ^ , 6r— 4 , 

Or, by neglecting 7r— 2, we shall have the remaioit!^ 

part of the expressioa — — - ^wh, ; 

But by multiplicatioD, 
6r-4^^ 30r-20 , r— 20 . 

29 29 ^ 29 ^^ 

r— 20 
Of, by rejecting r, there will remain—— «=w& which 

put=s«. 

Then r=29*+20 ; where, by, taking ««asO, we sh^U 
haver==20. • ^ 

And consequently 
' ;3f=209r~ 62=209X^0 -62=4 128, 

the namber required. 

3. To fiind a number, which, being dirided by 6, shall 
leave the remainder 2, and when divided by 13, shall 
leave the remainder 3 Ans. 6j& 

4. It is required to find a number, which being diyideS 
by 7, shall leave 6 for a remainder, and if divided by 9, 
the remainder shall be 2, An9. 110 

5. It is required to find the least whole number, which, 
being divided by 39, shall leave the remainder 16, and 
when divided by 66, the remainder shall be 27. 

Ans. 1147 

6. It is required to find the least whole number, which, 
being divided by 7,' 6, and 9, respectively, shall leave the 
remainders 6, 7, and 8. Ans. 215 

7. It is required to find the least vihole number, which, 
being divided by each of the nine digits, 1,2, 3, 4, 5, 6, 7, 
8, 9, shall leave no remainders. Ans. 2620 

8. A person receiving a box of oranges, observed, that^ 
when he told them out by 2, 3, 4, 6, and 6 at a time, he 
had none remaining ; but when he told them out by 7 at 
a time, there remained 5 ; how many oranges. were there 
in the box ? . Ans. 180 



Dl6PHAKTIN£ ANALYSIS; SOI 

OF THE 

iDIOPHANTINE ANALYSIS. 

This branch of Algebra, which is so called from its in- 
ventor, Diophantas, a Greek mathematician of Alexandria 
in Egypt, who flourished in or about the third centor)' after 
Christ, relates chiefly to the finding of square and cube 
Dombers, or to the renderiag ceitaiQ compound expres- 
sions free from surds : the method of dping which is by 
mtiking such substitutions for the unknown quantity, as 
wH! reduce <he resulting equation to a simple one, and 
then finding the value of that quantity in terms of the rest. 

It is to be observed, however, that questions of this 
kind do not fdways admit of answers in rational numbers, 
and that, when they are resolvable in this way, no rate 
cfiffi be given that will apply in all the cases that may occur ; 
bot M ^ as srespects a partictilar class of these problems 
reiatitig to squares, they may generally be determined by 
means of some of the rules derived from the following, 
formulas. 

PROBLEM I. ' 

To find stich values of a: as will make ^{ax^+hx-^^c) 
rational, or aa:*+6x+c= afquare.* 

R92.E. 

1. Wheo Ae first temi of the formula is wnntkigi or a 
s=0, pat the side of the t^re tbfight ssn ; theo hr+c. 

And, consequently,, by transposing c, and dividing by 

the coefficient >, we shall have ar= —7 — ; where n may 

o 

b^ any number taken at pleasure. 



• The coeiBcieDts a, 6, of the unkootvti qotnltties, as well as the absolute 
tenn «, are here supposed to be all integers \ for if they were fractions, 
ihej coald be readily reduced to a common square denominator ; which, ,be- 
ins afterwards rejected, will notalterttte oature of the question ; since any 
sqoaxe number, when multiplied or divided by a square number, is still a 
square. 
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2. When the last term is wanting, or c»0, pnt the side 
of the square soaght^fur, or, for the sake of greater gene- 

rality,= — ; then, in this case, we shall have ax' -j*^x^ 

And, consequently, hy multiplying by n^ , and dividing 

by rr, there will arise an^x+bn* =m«x, and «=— ;; , 

where m and n, both in this and the following cases, may 
be any whole numbers whatever, that will give positive 
answers.* 

3. When the coefficient a, of the 6rst term, is a square 
number, put it =J^, aud assume the side of the square 

sought^(2a?-| — ; then, d2x»+6x+c==d*x^H — a?H - 

n n n* 

And, consequently, by cancelling <2^x', and multiplying 

by?i*, we shall have 6n*a?+cn«=2c?m»a?+m*, and rcss 

4. When the last term c is a square number, put it =» 

«' , and assume the side of the square sought::^ he ; 

ft * 

then, ox" +64?+e" ss — - — | x+«* . And consequent- 
ly, by cancelling e' , and dividing by x, we shall have ax-(- 

, m«jr., 2cm . bn^*^%WMi 

5 S3 1- — and x^^ -— 

n» n in* — afi^ 

6. When the given formula, or general expression^ 

ox»+6x4-c 

can be divided into two faotors of the £brm/x+|r ^Q^ ^4* 

■ ■»■■ ii.iiiii I 11 1 I I I i»i. iiii ■ I ^— ». 

« The unknowQ quantity t, in this case, can always be found in integers 
when h is positive ; and, in Case 4, next following, its integral valne can al- 
ways be determined, whether b be positive or negative. See Vol* ll* of Boii* 
O/castle^s Treatise on Algebra* Art. (H). 
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k, which it always^c^an wheu^^— 4flc is a square, let there" 
he taken (/x+g)X{hx+ky-=^-^{fx+gy ; then, by re- 
daction, we shall have x=~-- — :r-r; where it may be 

obserred, that if the square root of 6» — 4ac, when rational, 
be pat aS, the two factors above mentioned, will be 

ax-i — u— and x-i — - — * 
.2 2a 

And, consequently , by substituting them in the place of 

the former, we shail have 

2rt(n« -^am^) 

6. When the formula, last mentioned, can be separated 

into two parts, one of which is a square, and the other the 

product of two factors, its solution niay be obtained by 

putting the sum of the square and the product so formed, 

equal to the square of the sum of its roots, and — times 

one of the factors, and then finding the values of x as in 
the former instances. 

7. These being all the cases of the general formula that 
are resolvable by any direct rule, it only remains to ob- 
serve, that, "^ither in these, or other instances of a differ* 
ent kind, if we can find, by trials, any one simple value of 
the unknown quantity which satisfies the condition of the 
question, an expression may be derived from this that will 
furnish as many c^her values of it as we please. 
. Thus, let/>, in the given formula ax^ +6iC+c, be a value 

ef OP 80 found, and msdke ap^ '\-hp'\'C^=^q* . 

I • — " — .,-,,,. -. .. ^ .. — — . ^ . - .^^ 

* These factors are found bj putting the given formulae ax^ -f-ia"t'c«=a 
0, and then determining^ its roots ; which, by the rule for quadratics, are 

2a ' 2a ^ ' 2a 3a ^ 

Whence, Mb^—Aac be a sqi^are, of which the root is 5, we shall have a, «-f. 

^— -. . and a? -4-3r 4-o ,for thedivisbrs of a«a -f^^+Ct w <»+—=—-' 
12a 2a» ' 2o^^2a' ' ' ' 2 

«ad xJ^-^-, for its two factors* tfs in the ah07e rate. 
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Then, by pnttiog x^y+p, we shall havtf asfi +5ip+c= 
«(y+p)*+A(y+/?)+c=ay«+(aapTH)y+af*+fcl>+«.or 

From which latter etpresMon the values of 3^, and con- 
seqd^endj those of or may be found, as in Case 4. 

.Or» because c=^> ^bp-^ap* , if this valuue be: substitut- 
ed for c> in the ocigiiial formula ax^ +hx'\re^ it will become 
a(xa— j»«)+6(a;— p)+9r«, or 

9'+(a;->/')X(ii»+af^+&)s=a square ; 
which last expression can be resolTed by Case 6. 

It may here, also, be farther observed, that by putting 

the given formula ax^ +bx+c^^'Y and taking ^=-5— > 

we shall have, by substituting this value fof a; in the former 
of these expressions, and then multiplying by 4a, and trans* 
posing the terms ay'-{-(6 — 400)=?^; or, putting, for the 
sake of greater simplicity, &* — 4ac=s&^,-this last expression 
may then be exhibited under the form a2/'4"^'=^'» where 
it is obvious, that if fly»+(6*— 4ac), or ita eqtfal ay*+6'> 
can be made a square, ax^'^-bx+c, will also be a square. 
And as the proposed formula can always be reduced to 
one of this kmd« which consists only of two terms, the 
possibility or impossibilitv of rei^olving the question, in 
this state of it, can be more easily perceived.^ 

EXAMPLES. 

1. It is required to find a number, sveh that: if it j^e 
multiplied by 5, and then add6«l to «9, the feBoit^ahitll be 
a square. 

Let x= the required number ; then, as is Case .1, 6x-^ 

« I ■ I ' .11 m il ■ I !■ I I ■ 11 .— — » 

*-it mayiiefe fo^ observed, that an infinite number of e^^pressioDS, of the 
ki6d ■a»*4"(^* -"'w^)i or oy' +4's=» »> , h^re tpeptiooed, are wJboUy ifa»-. 
soivable ; amone which we may reckon 

V r: 3, 5y* ±6, 7y« ±5, &c 
none of which can ever become squares, whatever number, either whole or 
fracliopftl, be substituted fory; aUboogb there' are a variety oi instances in 
which-tbe value af y may \)e found, even in iategers, a> ai X9 render the for* 

raulaoy'-f*^=' - 

For a farther detail of which circumstance, as well as for oth^r fmrCiculars 
relating to this part of tb6 subject, see t^ second^vohune vtlMsT^aA^^ra^ 
or^the second volume of BormycagfUU Algekrih. 
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I0ss;f|3 ^ 0f ^sa. • where it is evident that n may be 

any number whatever greater than v^l9. 

Whence, if » be taken =s6» 6, 7, respectively, we shall 

25—19 ,, 36-19 ^„ 49-19 

have a:^—- J— — If , or — - — «3f , or — g — =6 ; 

the latter of which is the least valae of x, in whole num- 
bers, that will answer the conditions of the question ; and 
consequently 6a;+19=5X6+19«30+l9==49, a square 
number as ^as required. 

2. It is required to find an integral number, such that it 
shall be both a triangular number and a square. 

It is here to be observed, that all triangular numbers are 

of the form — -— - ; and therefore the question is reduced 

,. x^+x .^ .^x^+2x 
to the making — 5— ♦ or its equal a square. , 

^Where, since the divisor 4 is a square number, it is the 
same as if it were required to make 2x^+2x ix square. 

Let therefore 2a:«+2aj=( — ) = — ^,agreeably to the 

method laid down in Case 2. 

Then, by dividing by x^ and multiplying the result by 
n", the equation will become Sn'ap+^n^ssjii^ar, or (i^*— . 

2na)x=2»a ; and consequently a; =——--^ ; where, if 

n be taken =^2, and fn==3^ we shall have x=8, and — ^^ 

64-4-8 72 ^ 

ssz — X^ss— =36, which is the least integral triangular 

number tlu^t is at the same time a square. 

3. It is required to find the least integral number,' such 
that if 4 times its square be added to 29, the result shall 
be a square. 

Here it is evident, that this is the same as to make 40;' 
+29 a square. 

And, as the first term in the expression is a squftre, le^t 

T 
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4a?* +29ss(2H* -)* «=4ap» 4^ ■ » +— ; agreeably to Case 

3. 

_, 4m , m* -^ 4m ^^ m* , 

Then, — a:^ — .=29, or— «= 29 ; and conse- 

qaently «= — z 5 where, if mand it be each taken 

^ ^ 4mn 

29—1 
=*1, nre shall have ap= «57, aad 4af*-f 29ss4X49+ 
29=225=(16)', which is a square number, as was re- 
quired. - 

4. It is required to find such a value of x as will make 
7x» — 6a;+l a square. 

Here the last term 1 being a square, let there be taken, 
according to Case 4, 

7a;« — 6«+l=(-«-l) = — x* x+I. 

Then, by rejecting the 1 on each side of the equation, 

and dividing by x, We shall have 7x— 6= — «.— — , and 

consequently «« — - — -— -- ; where, if m and » be each 
takea =1, the result will give x=s-I1-=k-=3|, orby tak- 

ing'n=3, and m=8, we shall have *==fiT~g«~3> which 

makes 7X3* -6X3+1 a=i49=7a, as required. 

5. It is required to find such a value of x as will make 
8x* + 14j;+6 a square. 

Here* by comparing this expression with the general 
formula ffic^+6ar+c, we shall have a=:8^ ^=3= 14^ and c =^6. 

And as neither a nor «, in the present instance, are 
squares, but A2-»4flc=196— 192=4 is a square, the given 
expression can be resolved, by Case &, into the two follow- 
ing factors 8x+6, and oj+l. 
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Let, thereftre, 8a?« + 14ar+6« (8a;+6)(a?+l)=~(a;+ 

1 y , agreeably to tbe rule there laid down. 
TheD there wUl ari^e, bj dividing each side by x+l» 

And, consequently, by multiplication and reduction, we 
shall have, in this case, «=— -; where it appears, 



8na _„!« 



wi* 



that, in order to obtain a rational answer, -~ must be less 

than 8, and greater than 6. 

Whence, by taking m=^5^ and n=2, we shall have x^ 

g— =1, which makes 1+11+6=:^=^^)' .as re- 

quired. 

6. It is required to find such a value of a; as will make 
8«*— 2 a square. 

Here, by comparing this with the general formula ax^ 
+^JF+c, as before, we shall have a=2, 6=0, and c= — 2, 

And as neither a nor c are squares, but 6' ^4ac= « 4ac 
s»— l(2x — 2)«1« is a square, the root of which is 4, 
the given expression can be resolved, by Case 5, into the 
two factors 2x— 2, and x+1, or 2(a;-- 1), and (x+1), 
which is evident indeed, in this case, from inspection. 

Let, therefore, 2jp3-2=2(ar-l)x(a:+l)«= -7 (a^+O^ 
agreeably to the rule ; and there will arise by division 

2x— 2cs— (op+l)* And, consequently, by multiplication. 
It 

and reducing the result, we shall have a? = s ^ ; where, 

by taking n^l, and m=l, we shall have a;=s3, and 2x^ * 
2=s:l8— 2=16=(4)», or taking n=2, and m=3, the re- 
sult will give x=--17. 

But as X enters the problem only in its second power, 
+17 may be taken instead of — 17 ; since either of them 
give 2xB — 2=576=(24)a , 
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« 

7. It is reqaired to find sach a value of x as will make 
5x' 4'36«+7 a square. 

Here, by compajring the expression with the general 
fonnala, we shall have a =5, 6=f 36, and e^i. 
And as neither a nor c are squares, bat 6' -.4ac=1296 
^~ 14Q=»i 156s=(34)' » is a sqoare, it can be resolved, as in 
the last example, into the two factors 5a:+l, and x+T* 

Whence, putting 5x«+36aF+7=«(6«+l) x («+7)=-j 

(«+7)«, there will arise, by dividing by x+7, 5x+l«= 

And, consequently, by multiplication, and reducing the 

resulting expression, we shall have xsz^-- ; where, 

5*1* — ffi^ 

taking fn=2, and n=l, the 8ub<^titution will give xs=s 

^^^ ^1=27, which makes 5x(27)» +36X27 +7=4624 
6X 1—4 

=i(68)', as required. 

8. ft is required to find such a value of x as will make 
6x2 + 1 3a:+ 10 a square. 

Here, by comparing the given expression with the ge« 
neral formula aa;'+6x+c, we have a==6, ^=13, and c= 
10. And as neither a. c, nor 6*— 4ac, are squares, the 
question, if possible, can only be resolved by the method 
pointed out iirCaie 6. 

In order, therefore, to try it in this way, let the first 
simple square 4, be subtracted from it, and there will re< 
main, in that case, 6x* + 13x+6. ^ 

Then, since (13)«— 4 (6X6)=-. 169— 144=25, is now a 
square, this part of the formula can be resolved by Case 
5, into the two factors ; 

3«+2, and 2a?+8. 

Whence, by assuming, accprding to the rule, 6x> + 13x 

+ 1 0=4+ (3x+2) X (2x+3)= j 2+^(3x+2) | ' *» 4 + 
— (3x+2)H — ^(3a;+2) , we shall have, by cancelling 
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the 4, on each side, and dividing by 3af+2 ; 2a:+3=— 

n 

+^:(3x+2). 

And, consequently, by multiplying by n^, and iranspos- 
ing the tenns, we have 2«ax— 3m2a;=4OTn+2m2 -'3««, of^ 

2tt*^3ma • 

Where putting m=2, and n=:3, the result will give xe^ 

24+8—27 5 

— ^Q^ ,- — =g, or if m be taken =13, and n= 1 7, we shall 

have ^-, 4xl7XI3+2X(13)3-^3X(17)« ^355_ 

2(17)2-.3(13)a 71 ""*'• 

Which makefi 6 X(6V+ 13X6+10=226=, (16)2 as 
required, 

9. It is required to find such a value of x as will make 
13a:3 + 16a;+7 a square. 

Here, by comparing this with the general . formula, as 
before, we have 0= 13, 6»=16, and c=7.- And as neither 
a, 6, nor 62 — 4ac,are squares, the answer to the question, 
if it be resolvable, can only be obtained by Case 6. In 
order, therefore, to try it in that way, let (1 — a?)a or 1 — 
2a; +0:2 \^ subtracted from the given expression, and 
there will remain 12a;2 + J7a?+6. 

And as (17)»— 4(6X12), which is =1,18 now a square, 
this part of the formula can be resolved by Case 6, into 
the two factors 4a?+3 and 3ar+2. Whence, assuming 13 

ii;» + 16x-+7te(l-«)*+(4a?+3)X(3a;+2)« 5 (\^x)+ 

~(Sx+2) I »:^(l-x)-+^^(l-:r)X(3a:+2)+ J" (3x+ 
2)2, we shall have, by cancelling (1 -a:)*, and dividii^ by 
-3x+2; 4a;+3= - (l--a^)+—(3a:2l.); and, consequently, 

by multiplying by «« , and transposing the terms, there 
will arise 4n^x+2mni9^3f^^xia9^jnn+2m^ -^Sn^ y or ic=s 
2inn+ 2fw2— 3n2 

4n2+lmn-*-3m» ' T 2 
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Where putting m and n each est , we shall have «=£ 
2+8-3 , u '3,15,„ 13 45 , 63 181 

4+^:^^' which mak«^+-+7=^4~+-=-^ 

'^^r— V, as required. 

10. It 18 required to find such a value ofx as will make 
7a:^ +2 a square. * 

Here it is easy to perceive that neither of the former 
rules will apply. 

But as the expression evidently becomes a square wbea 
x« 1 , let, therefore, x== l-f-y> according to Case 7, and we 
shall have 

7a;3+2=r:9+14y+7y», 
* •*> 

Or, putting 9+ 1 4y+7y> =(3+ ~y)» , according to the 

rale, and squaring the right hand side, 0-{'\4y'\'ly*^9'{- 

6m , m* . 

— y+-rSl 
n ^ n^ 

Hence r^ectingthe 9'8 and dividing the remaining terms 

by y, we have 7n*y+14»^=6i»fi+fi»«y ; and, consequent- 

6mn— 14n« . , , 6mn— 14n^ . . . 

ly, y=-;r-r r-, and x=lH — -— --; where it is 

evident that m and n may be any positive or negative num* 

bers whatever. 

If, for instance, m and n be each taken s=i, we shall 

4 1 

have y=^5and flr= --. Or, since the second power of 

X only enters the formula, we may take, as in a former in- 
stance, «=^, which value makes 7xa +2= J+2=J+y^ 
^^^ a square. 

Or, ifm=3 and n=«-l, we shall have a;=17, and 7x» 
+2as7 x{i^y +25=2026=s(4&)», a square as before. 

Ai^d by proceeding in this manner, we may obtain as 
many other values ojTx as we please.^ 

PROBLEH. 11. 

To find such values of » as will ndke ^{fix^+^x^+c 
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S'i'd) rational, or ax^-^hx^+cx'^-d^ a square. Thi? 
problem is much more limited and difficult to be resoWed, 
than the former ; as there are but a few cases of it that 
admit of answers in rational numbers ; and in these the 
rules for obtainii^ them are of a very confined nature ; 
being mostly such as are subject to certain limitations, or 
that admit only of a few simple answers, which in the in- 
stances here mentioned, may be found as follows. 

RULE. 

1. When the third and fourth terms of the formula are 
wanting, or c and d are each=0, put the side of the square 
sought ==nx, then a»®+6af^=n«x«. 

And^ consequently, by dividing each side of the equa- 

n* — 6 ' 

tioh by a? a , wc shall have aa;+6=n* ,or «= , where 

a 

n may be any integral or fractioijial number whatever, 

2. When the last term d is a square, put it t=«^ , and as- 

same the side of the required square =^eA — x ; and the 

2e 

reversed formula is e^ +cx4-hx' +ax^=€^ ^cxA a;^. 

Whence, by expunging the terms e'-^cx^ which are com^ 
laon, and dividing by ar^, we shall- haV'e, 4ae3a;+46e^=»c^4 

and, consequently, 



4ac^ 

c 466^-^c^ 
Or, if, in the same case, there be put c+— aj-| x^ 

for the side of th-e required square^ we shall have, by squar- 
ing, ©*+c«+*af«+«x»«c»+c.T-ffti»''*+-^^^ — 5 «' + 

oc 
(45ea_^c2)a 
^^ — -^^ — ^x*. And as the first three terms (e*+ca:-f- 

i^ic^)arenow common,, there will arise, by expunging 
them, and then multiplying by 64€0, 64aeOa;3=:8ce^(46e^ 

Whence, by dividing each side of this last equation by 
a^, and ledncii^ the result, tve sbaJl have 
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_ 64fleg — 8cg«(46c» — <;«) 

which last method gives a new yalae of x^ difierent from 
that before obtained. 

It mast be obserred, however, that each of these forms 
fall, when the second and third terms of the giyen forma* 
la are wanting, or^ and c each =£0."^ 

3. When neither of the above roles can be applied to 
the question, the formula can be resolved, bj first finding, 
by trial, as in the former problem, some value of the un- 
known quantity that makes the given expression a square ; 
in which case, other values of it may be determined from 
thi^, when they are possible, as follows : 

Thus, let /> be a value of x so found, and make 

Then, by putting a:=y+p, we shall have ap^+hp^+cp 
+d=^a{y+p) > ^bly+p)» +c(y+l>) +d^ay^ + (3ap+6) 
y' + ^Bp^+^p+cyy+ap^+bp^+cp+dy or ax^+bx^+cx 
+d==ay^+{3ap+b)y^ +(3pa +2p+c)y+q^ . 

From which latter form, the value of y, and consequent- 
ly that of X, may be found by either of the methods given 
in Case 2. 

It may also be further remarked, that, if the given for- 
mula, in any case of this kind, can be resolved into factors, 
such that one of them shall be a square, it will be suffi- 
cient to make the remaining factor a square, in order to 



c 



* la the first of these methocU, the assumed lOOt, c4--~-«,i8detenniQed by 

first taking it in the form e'^nae, and then equating the second term of if, 
when squared, with the corresponding term of the original formula \ when 

it will be found, that nsa—. 

In like manner, the assumed root e l '- a? 4— -— — aa , in the second 

method, is determined bir first taking it in the tatm i^nx'\-mx2 , and then 
equating th« second and thiitl terms of it, when squared, with the conres* 

c 
ponding terms of the girea fi)imula ; when it will be found, thiit ^*^ ^ 

4he3 — (•• 



I 

] 



I 



\ 
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render the whole expression so ; since a square, mnltipli- 
ed or divided by a square^ is still a square^* . 

EXAMPLES. . 

1. It is required to find such a valae of « at will make 
llop'+S*' a square 

Let the given expression llx*+3ap*=n»a:« : agreeebly 
to Case 1. 

Then, by dividing by ««, we shall have lla:+3=n^ } 

n'— 3 
and, consequently, x= — rr — ; where n.inay be any num- 
ber, positive or negative, that is greater than V ^« 

Tsiking, therefore, n=2, 3, 4, 5, &c. respectively, we 

shall have, in this case, a^==TT» tt' iT' ^^ ^' *^® ^^^ ^^ 

which is the least integral answer that the question admits 
of. 

2. It is required to find such values of x as will make 
a;3— 2x*+2a:+l a square. 

Here the last term I , being a square, let I +2x — 2a:> + 
a3~(l+3;)* = l+2a?-}-a», agreeably to the first part of 
Case 2. 
. Then, since the finit two terms, on both isides of the 
equation, destroy each other, we shall have x'— 2«'s=«'y 



* The method of deterpiiqing the factors of which any fonnula is compofr- 
ed, when it can be done, is to pat the given expression =0, and then find 
the roots r, r', &c. of the equation so formed ; each of which will give a fac* 
tor ON— ^, ap — r', and these are generally easily discorered, as we here seek 
onjy the rational roots, which are always divisors of the absolute term, or 
of that which does not contain x 

Thus, the fbrmula a?3_x9^jc-j-l is resolvable int© the factors (1— a?) X 
(1+«)X(1— «), or (l-^)»X (••*-«); and bv patting l-f«=n»,w© 
nave as=n9 — 1 ; where, if n be taken equal to aBy number whatever, ars— 
aSi— x-|-l will be a square ; diongh, by any other mode of solution it would 
be difficult to find even two or three values of «. 

It may here, also, be observed, there are bat few ^eatiooa in this problem 
that can be detennined in whole nonabers. Several of them, likewise, ad- 
mit only of one answer, and others are totally irresolvable, either in integen^ 
or fractioos. Thos, if if wdre re(|uired to make «3 -fl a square, the only 
positive value of a that renders this possible, is 9 ; and the making of Ssp? 
«» H scpuue, is impossible* 
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or x^saSx*. and coasequenily x^S; wbicb, hjr6«i»titu- 
tioD, makes l+«x-2a;> 4-23 =3 1 ^-18+27= t6> asquare, 
as required. 

Agaia, bj putting rB=y 4"^* siccording to Case 3, we shall 
bave i+2x^2x^+x^^l+2(y+3)^2{y+3y+(y+^y 

And, consequently, by making l6+17y+7y«+y3sB(4 

17 289 

+— y)*— 16+17y+— -y«, agreeably to tbe first part of 

Case 2, by cancelling 16+17y, tbcre will arise 7y3+y®= 

ixru 289 ^ 289-448 159 ^ 
Whence y^-g^- 7= ^j = « _, and a? « 3 - 

159 192-169 33 . ,, ... 

---= — .-- =:r-* for another value of a:. 

64 64 64 

Which number, being substituted in the original formula, 

* . o « • . . 429026 .666 • 
makes l-f2a:-2a;»+«^==gg2jj^'=(jg2) • a square, as 

before. 

3. It is required to find such values of x as will make 
3a;' — 6j;>-|-6x4'4 a square. 

Here, 4 being a square, let 4+6a5 — 5x*+4a;*s=:(2+ 
^)ss4-{-6x-f }x', as in the first part of Case 2. 

Then, xince tbe first two terms on each side of the 
equation destroy each other, we shall have 3x' — 5a;' =| 
x*, or 3x— 5— { ; and, consequently, in this case x=^ 
5+}_29 

3 ""12' 

Whence (2+} X—) =:(2+y) = (y) » square, as 

was required. 
Or, by the seccond method of the same Case, let 4+6a; 

29 87 841 

X* ; then, as the fint thr«e terms on each side of thit 
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equation destroy each other, we shall have 5^^^* ""Ta^^ 

841 87 
=3«»,or— -«-— =3, or 841«-. 1 392=768 ; and con- 
866 I o 

^, 1392+768 2160 .... ^. 1 

seqaentty. af«s- — =s v v ; ^ which is another value 

841 641 

of a;^ that, beiog substituted ia the origiQal formula, will 

make it a square. 

4. It is required to find such values of x as will make 
a;3+3 asquare. 

Here^ it is evident, that the expression is a square when 

a:=l. Let therefore a;=5l+y, and we shall have S+jc® 
=4+3y+3ya +2^3. 

And as the first part of this is a squv-ire, make, according 

to the first part of Case 2, 4+3y+3y^+y^={2+^yy=^ 

4+3y+^y« . Then, because the first two terms on each 

side of the equation destroy each other, we shall have y^ 

+3y»=VV2/^ or y+3 = VL. 

wi. ^ ,9-4.8 39 , ^39 

Whence 2f=T?:— 3= — -7;:-=— rr;, and x=l— —-= 
^ 16 16 16' 16 

16-39_ 23 ,. , . , 1 r 

— ^rg — ^—T^ 5 which IS a second value of 4;. 

3 39 
Again, let 4+3y+33/3+y3=i(2+jy+— y»)»= 4 + 3^^ 

117 1 fi21 

"^^^"''"T28^^'^4096^*^^^^°'^^°^*^*^^ fieconji part of 

Case 2* 

Then as the first three terms on each side of the equa- 

*• J X 1. u u ,.1. . 1^21 , . 117 ' , 

tion destroy each other, we shall have 755^^ +Ti5^ ^^ ' 

1521 , 117 , 

or vA =1. 

4096^^128 

Whence, also, y =::^3^, and a:=l+^^=^j^, which 

is a third value of x. 

And by proceeding in the same way with either of thes^ 
new yalues of x as with the first, other values of it may 
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be obtained ; bat the resalting fracfioa will become conti- 
nuallj more complicated Id each operadoo. 

PROBLEM III* 

To find such valaea ofx oamMmeke ^(ax^+bx^ + 
vx^+dx+e) rational, or ar*+6ap«+cjc«+<'«+«= a 
square. 

The resolution of expressiong of this kind, in which the 
Indeterminate, or unknown quantity, rises to the fourth 
power, is the utmost limit of the researches that have hi- 
therto been made on formuls affected by the sign of the 
square root ; and in this Problegi, as well as in that last 
given, there are only a few particular cases that admit of 
answers in rational numbers ; the rest being either im- 
possible, or such as afford one or two simple solutions ; 
f^bich may generally be found as follows :* * 

RULE. 

4 

1 . When the last term t, of the given fonnala, is a square, 
put it =/*. and make/»+(fa:+c»«+6«»+aa«=(/4- 

2/*+ -^^^5— *')''=^ +*'+«*" +—8-rt ■**+ 

— 64?*— * ■ 

Then, by expunging the first three terms, which are 
common to each side of the equation, there will remain 

Ja'+aaf* =»-^-7r7ir a;*+^ — -^rrrr- ^**- And conse- 

8/* 64/» 

quently, by dividing by a;^^ and reducing the result, We 

shall hare «= ^-^''f(^f' - ±). 
snail aare*- (^^cp^d'y_Q4af ' 

which form fails when the coefficients c and d, or h and d, 
are each ==0. 

* An an instance of what is above said, it may be observed (hat the [Goly 
value of d? that renders the formula 2x4-3x8 f 9 a square, is I; and the for- 
mula a4— «3 •f 1, cahnev^r be a square, e&cept nrfaen «rs ^ 1, of — I. - 
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2. When the coefficient, a, of the first term of the for- 
mula, is a square, put it =g», and make g^x^+bx^+cx^ 

Then, dx+e=^l5l"j:*l)x+lfezill'; and con- 

sequently, :r= J^f "^ ' ); ^f ^^' ; which form Uke- 

If ise fails under similar circumstances with the tprmer. 

3. When the first and last terms of the formula are both 
squares, put a=g3^ and c?:?/^, and make/»-Ma; ^cx^ + 

hx^+g'x^^{f+^+gx^y:==f^+dxM.y'g+-^f^^^^ 
^x^+g^x^. Then cx^+bx^:=^ (2/g+^>'+^x. 

And, consequently, ^^^^ rflf '~^~\ 

Or, because g enters the given formula only in its se- 
cond power, it may be taken either negatively or positive- 

id^'^fi'Wg-hc) 
ly ; and, consequently, we shall have a?= — frhfJTd^ — 

So that this mode of solution furnishes two different an- 
swers. 

Also, if there be taken for another supposition/^ +</« 

+cx2+6x3+g^x4=(/+-|a;+gx3) »=/«+^^a:+ (2/g+ 
— x^4-6x'+flr«x*, hence bV cancelling, dx+cx^'=-^<t 

+(2/ir+4^>' ; and consequently. s=jfS^^--^ 

And because/ enters the given formula oqly in the se- 
cond power, it may be taken either negatively or positi veljji; 

andj consequently, we shall also have ^1=77 ;^ a^^ j-S 
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So that this solotioii likewise furnishes two yalues of :», 
which are each different from the former. 

Biitthes forms all fail onder similar circnmstances with 
those of the second Case. 

4. When neither the first nor the last terms are squares, 
the formula cannot be resolved in any other way, than by 
first endeavouring to discover by trials, some simple value 
of the unknown quantity, that will answer the conditions 
of the question ; and then 6nding other values ofit, accord- 
ing to the methods pointed out in the two last problems. 

Thus, let p be a value of x so found, and maJce ap^ + 

Then by putting af=y+j», we shall have op* +6p3+tfp* 

+rf)y+a/>* +^7>'+cp* +^p+c. or ax^ •\-hx^'\'Cx^ +<^«+ 
e=oy* +(ap+^)y ' + (6ap* +36p+c)ya -f(4op3 + 36p*4 2 
cp+cl)^-)-?'* From which last formula the value of2f,and 
consequently that of x^ may be found by Case 1. 

EXAMPLKS. 

1 . It is required to find such a value of x, as will make 
) -.2x+3ic*— 4ar3+5af* a square. 

Here, the first term 1, being a square, let 1— 2x+3x2 
-.4x»+5x*=(l-x+xa)a = 1 - 2x+3x« —Jx^+x*, agree- 
ably to the method in Case 1. 

Then we shall have 6x* — 4x^s^x*— 2x'. 

And, consequently, 5x— 4«=x— 2 ; whence a:=J-=A. 

And consequently, J-2x-l-3x*-4x3+6«*— 1- 1+|~| ' 

5 9 
+ — =-s-^ ; which is a square number, as was required. 

2. It is required to find such a value of x, as will make 
4x*-i-2x3— x»-|-3x--2 a square. 

Here the first term being a square, let 4x* — 2x' — x* -f- 

3jp - 2=(2x> - ix - ~y ==:4x* - 2x» -^^ 4.--ap-f^,ac- 

c^rding to the method in Case 2. 

«, 6 26 B 

Then, we shall have 3x — 2=--x+37-, or3x— — x=S 

ID Sop lO 
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+r-g. Whence, 768a^-80t^=s5 124-26 j and,cOD8equently, 

_612+26_637 
^ 7^8—80 688* 

Ofi if we put a;='t the fOTmala in that case will become 

y^^'y^'^y^ y^ 

And, therefore, multiplyiii^ this by y^ , which is a square, 
it will be 4— 2y -y^ + 3y» — 2y*. Where the first term 
being now a square, if the expression, so transformed, be 

resolved by Case 1, we shall havey— •— -- ; and «=- = 
^ ' ^637 y 

— , as before. 

3. It is required to find such Talues of x, as will make 
l+3a?-f7aJf« • 2a;'+4ap* a square. 

Here, both the first and last terms being squares, let 14- 

3x+7x» -2a;3+4x*=(l+|r+2x3)«=l+3a+^ x* +6 

2 4 

x'+4a;^ » according to the method in Case 3. . 

26 
Then, we shall have 6a:»+---<c» «7a:« — 2x* : or 6a;4"^ 

4 

ap=s:7 — -_ . and, by reduction, «=—,. 
4 > > J '32 

And, if we put the same formula l+^v-^lx^^^^-^- 
4x4=(l+|x— 2a?a)a — l+3a;~Jx«-*6a:»+4ir«, we shall 
have, by cancelling, 7x*— 2x3= — Jx^^^gaps . whence 6x 

** * 'X' 16' 

And, in a similar manner, other values of x may be found, 
by employing th« method of substitution pointed out in the 
htter part of Case 3. 

4. It is required to find such values of x as will make 
2x« — i a square. 

Here, 1 being an obrious value of X| let, according to 

Oase 4f «==!+?• 
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Then 2x*^l^l{l+yy - l=2(l+4y+6y« +4y'+y*) 
^ 1 = 1+8^4- I2y» +8y'+ 2y* . And since the first term 
of this last expressioo is ihh¥ a sqoare, we shall hate by 
Case 1, l+8y+l2ya+8y3+2y4=(l+4y-.2y«)3=l+8y 

Whence, as the three first terms of the two numbers of 

this equation destroy each other, there will remain 4y^ — 

16y3=s2y*+8y3 ; or ^=12; and, consequently, a:=sl +2^ 

=13 ; which value being substituted for x^ makes 3ar^ — 1 

=»*6712!=(239)» , as required. And if 13 be now taken, 

as the known value of x, and the operation be repeated as 

before, we shall obtain^ for another value of t^ the com- 

1- . jr .• 10607469769 
plicated fraction j ■ ,, ' ^.^, . 
* 1447l9216Jf 

PROBLEM IV. 

To find such values of « as will make ^/{ax^+bx^ +cx 
+d) rational, or ax*+6a-"-fcx+ii=s a cube. This formula; 
like the two latter of those relatibg to squares, canuQt (^ re- 
solved by any direct method, except in the cases where 
the first or last terms of the expression are cubes ; it be- 
ing necessary, in all the rest, that some simple nutnber 
answering the conditions of the question, should be first 
found by triaU before we can hope to obtain others ; but 
when this can be done, the problem, in each of the cases 
here mentioned, may be resolved as follows. 



RULE. 

!• When the last term d of the given formula is a cube^ 

c 

3? 



(J 
put it ==c3, and mdkee^+cx+bt^+ax^=^e+— xy = 



Then, by expunging the two first terms on each side of 
the equation, which are common, there will remain ox^H* 

bx^=^:z — x'+s— »* ; whence, by division and reduction^ 
27e» ' 3e3 ' ' •' 

we shall have 27ac»x+27/6c»=sc»x+9c«e3,«nd consequents 
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lyx= — T"^^ — T'j which form fails whea the co^- 

cients b and c, or a and c, are each equal 0. 

2. When the coefficient a of the first term is a cah^^ 

put it =/», and make/»a»+i»«+ca:+«^(/a:+«p)' *= 
Then, by expunging the two first terms on each side of 

As 

- the equation, as before, there will remain ca:+rf=-j^a;-f" 

-^-Tj ; whence, by multiplying by 27/*<*, we shall have ?7 

/»cr4-27c(^«=s9^«/«a;4"^8, and consequently 0;=^ 

■ . ■ ■■■ ; which form likewise fails, when b and c 

or 6 and d, are each =0. 

3 When the first and last terms are both cubes, put as=: 
/» and d=iB3, and make e»+cx+6x»+/^xa=(c+/x)'5= 
c3+3/cax+3/»ca:2+/3a;S 

Then, cjp+^a^*=3/e«x+3/'«cx« ; 
Whence, we shall have 6ar— 3/^ex=3/««— c ; and, conse- 

quently,a?=~— ^ ; which formula may also be resolved 

by either of the two first cases. 

4. When neither the first nor the last terms are cubes,, 
let p be a talue of x, found by inspection, or by trials, and 
make ap*+bp'+0p+d^=sq^. 

Then, by putting fl:=y+p, we shall have ap*+bp*+cp 
+d^a{y+py+b{y+py'^c{y+p)+d^ay^+{Sap+b) 
^3+ f3ap« +tbp'^c)y+ap^+6p*+cp + d, or ax»+6«« 
+ca5+d=ay«-f(Sap+t)y*+(3ap*+2fc|?+o)y+7». 

From which latter form, the value of y^ and coaBB^ 
^uently that of x, may be found, as in Case !. 
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EZAUrLES. 

1, It la required to find each a Talae of ^ as will malc^ 
«c'+r+J a cube. 

Here, the last term being a cube, let the root of th^ 
cube sought s=l4*ia?9 according to Case 1. 
Then, by cabifig, we ^ball have 1+x+x^ ^l+x+l^/S^ 

And, since the two first terms on each side of this eqQa> 
tioa destroy each other, there will remain x* =zXx^j^^^x^ ^ 

Whence, dividing by a?»» we shall have^'iyx+i=l» or 
x-f'^^S? ; and consequently a;=27-»d:= 18 ; which num^^* 
ber» by substitution, makes 1+^+x>"=l+18+324Bs3i3 
=r' a cube number, as was required. 

And if we now >take this value of jt, and proceed accord* 
tog^to the method employed in Case 4, we shall obtain xt=**» 

"■•■ ^ ' : which last number will also lead, in like manner. 
50653 ' •* 

io> other new values. 

2. It is required to find such a value of a; as will mak^ 
x»+3a:a + l33 a cube. 

Here» the first term being a cube, let its root^^l-l-^^ 
according to Case 2. 

Then, by cubing, we shall have \33+^^+x^=^{\+xy^ 
=E;;l+3x+3ic»+«8. 

And since the two last terms of this equation destroj^ 

each other, there will remain l-^Sx^lSS, o|: 3x^ 133-- 

132 
1=132 ; whence «=— -=44, and a3+3x2+133^aU8e 

=(45)^, a cube number, as was required. 

And if 45 be now taken as a known value of x,. other 
valisies of it may be found, as in the last example. 

3^ It is required to find such a value of x, as will mak^ 
e4-28a:+89jc»- 125x3 a cube. • 

Here, let the root sought =2 «-5x according to Case 9. 

Then, by cubing, we shall have 8+28x+39x«-J25x* 
=s(2-6x)»=:8-60x+150x«--125a:«. 

Aad^ since the fiist and tot terms of this equation if^ 



\ 



« ' 



DIOPHANTINE ANALYSIS. 



i%3 



alroy each other, there will remain 28x4-89ae* a— 60x4^ 

Whence, by dividing by op, and tran6(K>8ing the terms we 

shall have 150a — 89;c^2a+60, or 6U=scii8 ; aod conse^^ 

88 
quently a?=^. 

And as this formula can alsabe resolved either by the 
first or second case, other values of x may be obtaine49 
that will equally answer the conditions of the question. 

4. It is required to find such a value of x, as will make 
^jp>— 3ar+7 acube. 

Here, — 1 being a yalue of x that is readily found, by 
inspection, let x=y— 1 , agreeably to Case 4. 

Then, by substitution, we shall have 2x3— 3x+7=:2ry 
-*l)3-.3(y~l)+'7=2!/»-6ya+3y+a. 

And as the last term of this expression is a cube, let 8 

+32/-.6y»+2y3=(2+-i^)*=4+3y+g2/' +642/' accord- 

iog to Case 1. Then, by expunging the equal terms on 

3 1 
each side, there will remain 22/^ — 6ya=-y3-j. ^3. 

o o4 

Whence, dividing by y^ , and reducing the terms, we 

shall have 128y— 384=y+24, or 127y=408 ; andjconse- 

408 , 408 ^ 281 
guently y=~-, and a= j^- 1—^. 

Which number, by substitution, makes 2a:*— 3a?+7= 
2X(281)3 ^^ 281 , „ 45118016 /366\^, 

nci2-7)^ -^^m+'^^ioTiss-s^-'Cli?; ^"^^"'^- 

ed. And, by taking t(iis last as a new value of a;, others 
may be determined by the. same method. 

• «» 

PROBLEM V. 



Of the resolution of double and triple equalities. 

When a single formula, containing one or more unkno wa 
4uantities, is to be transformed into a perfect power, 
^.such as a square or a cube, this is called^ in the Diopban* 
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tioe Analysis, a simple ecfoality ; and when two formula^ 
contaioing the sac&e unkoowQ quantitj, or quantities, are 
to be each (ransformed to some perfect power, it is then 
called a doable equality, and%3 on ; the methods of re- 
solving which, in such cases as admit of any direct rul^, 
are as follows : 

RULE. 

1. In the case where the unknown quantity does not 
exceed the first degree, as in the double equality. 

ax+h^ O ' and ex'\'d^^ U , 
let the first of these ibrmolfiB ax+b^ssz' , and the second 

Then, by equating the two values of x, as found from 
these equations, we shall have C2^'\'ad — 6c£=o»', or acz^ 

And since the quantity oir the right hand side of this equa- 
tion is DOW a square, it only remains to find such' a value of 
2r as will make, when the question is r->solvable« acz^ -f a(ac^ 
— 6c)=Q; which being done, according to the method 

z» — 6 
.pointed ou* in Problem 1, we shall have a:=«— - 

2. When the unknown quantity does not exceed the 
second degree, and is found in each of the terms of tl^ 

''two formulas ; as in the double equality 

ax* +Aa;-=» Q , and ex* -{'dx — □ . 
Leto;^ ) then, by substitution, and multiplying each Ol 
the resulting expressions by y^, v.e shall have 

o+^y^O and €+rfy=D, 
from which last formulae, the ^alue oSy, when the question 
is possible, and consequently that of«,.may be determined 
as in Case 1 . 

But if it were required to make the two general expres* 
sioiis 

oa;«+^«+c=a, and Ara4-«^+/=Dj 
the selulion could only be obtained in a few particular 
eases, as the resulting eqaalitj would rise to the jfonrQi 
p.ower. 
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In the case of a triple ^qaalitjr, where it is reqaired to 
make 

let the 6rst of them aa;+^=«*» the second cx+{/y==u», 
aad the third ex+Zy^^'*- 

Th^D, by first elimioating x in each of these equations, 
and afterwards y^ in the two resulting equations, we shall 
have (af^b€)v' — (c/*- de^vfi =»(arf— 6 c)tt?« . 
or, putting T^3s=tir, and reducing the terms, the result will 

give the simple equality-^^r — r ^* * S— r = -r » where 

the right hand member being a square, it only remains to 

find a value of z that will make the left baud member a 

square ; which, when possible, may be done by Problem 1 • 

Hence, haviag ^y we have as above, v*=-uz ; and the 

d'-^bz^ _ aar*— c 

first two equations will give a:= — j — r-u^ , and y= -v-r **^ » 

aa — be ad'-oc 

where u may be any uhoVe or fractional number whatever. 

But if the three formula;, here proposed^ contained only 
one variable quantity, the simple equality, to which it 
would be necessary to reduce them, would rise, as in the 
last case, to the fourth power ; and be equally limited 
with respect to it? solution. 

4. In other cases of this kind, all that can be done is to 
find successively by the former rules, several answers^ 
when one is known ; and, if neither this nor any of the 
above mentioned modes of solution are found to succeed, 
the Problem under consideration can only be determined 
by adopting some.artidce Df substitution that will fulfil one 
or more of the required conditions, and then resolving the 
remsiining formulae, when they are possible, by the me«> 
thods already delivered for that puroose ; but as no gene* 
ral precepts can be given, for obtaining the solution in this 
way, the proper mode of proceeding, in such cases, must 
chiefly depend upon the skill and sagacity of the learner* 

EXAUPLfiS. 

1. It is required to find a number x, such that x+l^t 
aod x+ 1 92 shall be both squares. 
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Here, accor^ogto Case l,let x+lSS^o*, and 0^+192 

Then, bj eliminatiog x, aed eqaatins the n»»aU, we 
shall have w» - 128=5ar«— 192,4>r w«+64=s2r«. 

And, as the qaantitj on the right hand side of the equa* 
tion is DOW a square, it only remains to make o^^ 4-64 a 
square. 

For which purpose, pot its root =w+» ; then t»' +64 
=5:w«+2nw+»«, or 2iwr+»«3=fi4 ;.and consequently w»= 

o4 — fi i_ 11 

— ^ — ; where taking n, which is arbitrary, =2, we shall 

64—4 60 
have tp== .=—=3 15 ; and consequently i:=w2 — 128 

:s]52^128a=226- 128»97, the answer. 

2. It is required to find a number rr, such that x^ -^-x 
and x' — X shall be both squares. 

Here, according to case 2, of the last Problem, let x= 

- : then we shall have to make ----^ — , and-—— squares ; 

y y"" y y y ' 

or, by reduction, —( 1 +y) = D , and-j( I — y)= p . 

Or, since a square number, when divided by a square 
number, is still k square, it is the same as to make 

l+y=D and I— y=D; 
for this purpose, therefore«let l4-y=^*. or y— z*— 1 ; 
then 1— .y=r2— 2r> ; which is also to be made a square. 

But as neither the first nor last terms of this formula 
are squares, we must, in order to succeed « find some sim- 
ple number, that will answer the condition required ; 
which, it is evident from inspection, will be the cas^ when 

<v — I. 

Let, therefore, 2*= 1 '—w, agreeably to Problem 1, Case 
7, and we shall have 1— y=2— «»=2— (1— w)2=i l+2w 
— ID? ; ory=W— 2w; 

Or, putting 1 — nw for the root of the former of these ex- 
pressions, there will arise, by sqoarkig, 1+2«j— t8^*= 1-^ 

Wb^nce^ expuilging the 1 on each 9ide> a^d diriding by 
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by^. we shall have2^tt;« ^2n+n^w; and consequently 

vvhere, in order to render the value of ^ positiFe, » may 
De taken equal to any proper fraction whateyer. 

Or, if, for the sake of greater generality, — he suhsU 
tuted for n, we shall hare 

where « and « may now he taken equal to any inteerat 
numbers whatever, provided n be made greater than 7™ 

If, for instance, n =2 and m=l, we shall have ;r«=?f - 

169 ^*' 

and if «=:3 and m^2, x^~ ; and so on, for any other 

number. 

3. It is required to iSnd three whole numbers in arith- 
metical progression, such, that the sum of every two of 
them should be a square. 

Let x,x+y, and x+2y, be the three numbers sought • 

Then, by eliminating x and y from each of these eaua- 
tions, we shall have ra— «a==w2— 1,3, or Zv^^u ss:^2 
And, if we now put v^uz, there will arise 2u^z^^u^'sa 

?»*;or, by dividing by tiS2^a-l=^^ ; where, the right 

hand member being a square, it only remains to make 2z^ 
— 1 a square, which it evidently is when ^5= 1. 

But as this Value would be found notto answer the con- * 
ditions of the question, let r=l^p; then 2z^^ l=z9f\^ 
p)2«l==H4p+2pa. ^' *V* 

And, consequenUy, if this last expression be put ^(l -^ 
np)^, we shall have, bysqnaring, 1— 4»+2»a=si-^oi„^ 

n^p^, 01 ^4+ip=z^2n+n^p; whence ^ 

_^2»— 4 2fi — 4 na^g-jig 

na-*2 n«— 2 n^^t ' 
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in 

Or, if, for the sake of greater generality, — be substituted 
for n ID this last expression, we shall have 

And since, by the two 6rst equations, i/^v^—u^ ^u^z^ 
.iis=(2'S.~l)ii3^aDci r=j(i«a_^)5=r^(2-z3)|ja^iti8 evi- 
dent, that z must be some number greater than 1, and less 
than ^2. 

If, therefore, m=s9 and n=5 we shall have 

81-90+50 4i _24l «« . 720^ , 

'=—|— 5— =31' ^~3P ^ 2 ""^ 2f=3P ^^'- 
Or,takingt«==2x3J, af=482, and y=2880, we have 
ac*=s482, fl;+y»3362, and ff+2ys=6242, which are the 
numbers required. 

4. It is required to dividfe a given square number into 
two such parts, that each of them shall be a square.* 

Let a' £= given square number, and x^ and a^ ^x* its 
two parts. Then since x^ is a square, it only remains to 
make a^ — x* a square.' 

For which purpose let its root =inx^a^ and we shall 
have a *-3c'=n2a;*— 2a?ia:-ra», or— x'5=»*a;* — 2ofix ; 

9/yn 

whence, by reduction, x= ^ . , the root of the first part, 
and lUr— a= — --.— .a= r-rthe rpot of the second. 

fta+1 «a + l 

Therefore f — 7— ) andf — --r-- j are the parts re- 

quired ; where a and n may be any numbers taken at 
^ pleasure, provided n be greater than 1. 

5. It is required to divide a given number, consisting of 

I III! I I . I . ■ II ■ I »l I 

* To this we may add the following^ nsefal propertjr. 
If 9 andr be any two uoeqaal numlMrs, of which. $ is the greater. It cao 
then be readily abown, from the natare of the problem, that 

2r8,st — r2 nndaa-jmri 

will be the perpendicular base, and hypothenuse of a ri^tpang^led friang^. 

From which expressions, two square numbers may be wand, whose sum 

^r difference shall be square nuinoers; fiir (2rj)3 -+•<»« —rfl)8"»(W+ra) 

a, and («a-f-r3)a— (2rj)8* (aa — ra)a, or («»-j-r»)»-t<*«*^'!a;s«» 

^3rs)a; where 9 andr may beany numbers whatever. 



I 
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f 

livo known square numbers, into two other square nam- 
bers. 

Leta«-|-fr« be the giveti numbers, and «« , y« the two 
required numbers, whose sum, x^+y^ is to be equal to &^ 

Then it is evident, that if x be either greater or less 
than o, y will be accordingly less ot greater than b. Let 
therefore a:==a+«»'2', an^ y=b ---nz^ and we shall have a» 
+2ai?M?+w«r» +A« — 26«^+n«z« =»a» +b» . 

Or, by transposition and rejecting the terms which are 
common to each side ofthe equation, m^z^ +n^z^^2bnz 
—Sofiwr, or ma^+n«;^^=26n-. 2am ; whence 

2bn ^2am 2bmn+a(ns — w« ) ^amn+bOn'-^^ ) 

virhere wi and n maybe any numbers, taken -at pleasure, 
provided their assumed values be such as will render the 
values of af, y, and z\ in the above expressions, all posi- 
*tive. 

6, It is required to find two square numberi^, such that 
their difference shall be equal to a given number. 

Let d= the given difference ; which resolve into two 
factors a, 6 ) making a the greater and b the less. 
^ Then, putting 4:j= the side of the less square, and x+ 
5== side ofthe greater, we shall have (x+by'^x^=i^x^ + 
26r+6»— a;«==d(a6) or 2fea;+6« =d(a6). 

Whence, dividing each side of this equation by 6, we 
a— 6 
shall have «:a:—^=;= the side of the less square sought, 

a^b tt'i'b 

.and flp+i=* -g — J-A:s-— as the side of the greater. 

iCfor instance, is^O, take aX6ss^x2, and we shall 

havea?=-— - =14, and a:+-2=— I~.«=i6; or I6«-14« 
X 2 

?=:256-m=60 the given difference. 

7. As an instance ofthe great use of resolving fbrmula^ 
of this kind into factors, let it be proposed, in addition to 
what lias been before said>to find tw6 nun^ers fX and ^ ^ 
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sach (hat the difference of their squares, «»— j/', shall be 
an integral square. 

Here the factors of a;«— y^, being x+y and «— j^, we 
shall have (ar+y) X(a:— y)=a;^ — j(». And since this pro- 
duct is to be B'square, it will evidently become so, by 
making eacb of its factors a square, or the same multiple 
of a square. 

Let there be taken, therefore, f©rthis purpose, 

Then, by the question, we shall have (x+y)X(a:-y) 
or its equal x^^y^^m^r^s^ ; which is evidently asquare> 
whatever may be the values of wi, r, ?. , 

But, by addition and subtraction,' the above equations 
fiive, when properly reduced, 

«= 2 , y- 2 1 

where, as above said, w, r, and s, may be assumed at plea- 
sure.^ Thus, if we take in=2, we shall have a;==r2+sa. 
and 2^^r3 — s2, which expressions will obviously give in- 
tegral values of X and y, if r and s be taken = any integral 

numbers. . 

8. It is required to find two numbers, such that, if ei- 
ther of them he added to the square of the other, the 
sums shall be squares. 

Let X and y be the numbers sought ; and consequently 
^2 J^y and y^ +x the expressions that are to be transformed 
into squares. Then, if r — x be assumed for the side of the 
Arst square, we shall h^vex^+y^r^^2rx+x^y or y=r" 

-^^rx ; and consequently «=— r— . 

And ifs+y be taken for the side ef the second squstre, 

we shall have i/3+l^«=^«+2»y+j^ ; or, by reducing 

the equation, r^ -i/=4rsjf-f 2r5« , and conseqaently, by re- 

aiucuon, y-^^^=Jr. «?d ^="^-S+r ' ""^^"^ "" "^^ ' 

may be any numbers,takefl at pl^ Asure,provided r be great- 
C3fthan2j»,. 
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9. It is reqaired to find two numbers, sdch that their 
sum antl difference shall be both squares. 

Let 2B and rr'— x be the two numbers sought; then, 
since their sum is evidently a square, it only remains to 
make their difference, x^^— 2a:, a square. 

For this purpose, therefore, put its root ==x — r and we; 
shall have x^ — 2u[ =x* ^^rx+r^ ; 

Or, by^ transposition, and cancelling x^ on each side of 
the equation, 2rx~ 2x=r2 ; whence 

apsa — • , and x^ — 2x=if ^^ — ^ ; 

2r— 2 *Vr-^W r— 1' 

where r may be any number, taken at pleasure, provided 
it be greater than 2. 

10. It is required to find three numbers, such that not 
only the sum of all three of them, but .also the sum of 
every two shall be a square number. 

Let 4x, x2-.4x, and 2x+ 1 , be the three numbers sought ; 

then4x+(x*-4x)='r3,(x2-.4x)+(2x+l)=xa-2x + l, 

and 4x+(x^-4x)+C^aJ+ I)=x2-J^2x+1, being all squares, 

it only remains to make,4x+(2x4-I), or its equal, 6x+l, 

a square. For wb'ifh purpose^ let 6x-f 1 =»", and we shall 

n* - 1' 
have, by transposition and division, x= — - — , whence, 

6 

4n»-4 (n«-l> 4n«-4 ^2n«-2 , ,^ . 

— g — '^^6 6 — ' — 6 — +^>^r^*»®"'^«q"al3 

2n»-2 n* -26n3-f25 ^««+2 

— ^ — » 5^ » sind — - — , are the numbers re* 

quired. 

Where n ma^ be any number, taken at pleasure, pro- 
vided it be greater than 5. 

QUESTIONS FOR PRACTICE. 

1. It is required to find a number x, such thatx+1 and 
a;-* 1 shall be both squares. Ans xs=|. 

2. It is required to find«a numker x, such that x+4 and 
x4-7 shall be both squares^ Ans. f^. - 

3. It is required to find a number x, such that lO^-'i^ 
4nd 10-*x shall be both squares. Ant. m^^p 



232 DIOPHANTINE ANALYSIS. 

4. It is required to find a iHiinber:c»8ii£bifaat x'+l 
aodx+l shall be both squar^es. Aiis. V^* 

5. It is required to Ond three integral square Dambers^ 
such that the sum of everj two of them shall be sqiiares. 

Ads. 528, 5796, and 6326. 

6. It is required to find two numbers x and y, such that 
x^-{-y and y«+x shall be both squares. 

Ans. x=s^-g^ and y= -f^, 

7. It is required to find three integral square numbers^ 
that shall be in harmonica] proportion. 

Ans. 25, 49, and 1225. 

8. It is required to find three integral cube numbers, 
x^iy^, and z^, whose sum may be equal to a cube. 

Ans. 3, 4, and 5. 

9. It is required to di?ide a given square number (100) 
into two such parti that each of them may be a square 
number. Ane. 64, and 36. 

10. It is required to find two numbers, such that their 
difference may be equal tpthe difference of their. squares, 
and that the sum of their squares shall be a square num- 
ber. Ans. 4 and f . 

11. To find two numbers, such that if each of them be 
added to their product, the sums shaU be both squares. 

Ans. I and |. 

12. To find three square numbers in arithmetical pro* 
gression. An» 1. 25, and 49, 

13. To find three numbers in arithmetical progression, 
such that the sum of every two of them dhall be a square 
number. Ans. 120}, 840j^, and 1660j^. 

14. To find three numbers such, that if to the square of 
each the sum of the other two be added, the three sums 
shall be all squares. Ans. 1, |, and y. 

15. To find two numbers in proportion as 8 is to 15,, 
and such that the sum of their squares shall be a square 
number. Ans. 576 and 1080, 

16. To find two numbers such, that if the square of 
each be added to their product, the sums shall be both 
squares. Ans. 9 and 16. 

17. To find two whole numbers such, that the sum or 
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ilifierence of their squares, when diminished by unity shall 
be a square. Ads. 8 and 9. 

18. It is required to f esolve 4225, which is the square 
of 65^, into two other integral squares. 

Ans. 2704 and 1521. 

19. To^d three numbers in geometrical proportion, 
such that^kih of them, when increased by a given num- 
ber (19), shall be square numbers. Ans. 81, f, and Tfi?* 

20. To find two numbers such, that if their product be 
added to the sum bflheir squares, the |*e9ult shall be a 
square number. Ans. 5 and 3, 8 and 7, 16 and 5, kc. 

21. To find three whole numbers such, that if to^ the 
square of each the product of the other two be added, the 
three sums shall be all squares. Ans. 9, 73, and 328. 

£2. To find three square numbers such, that their sum, 
when added to each of their three sides, shall be all square 
numbers. 

Ans. -hy^^^UHh and ^||||=root8 required, 
23. To find three numbers in geometrical progression 
such, that if the mean be added to each of the extreme^., 
the ftumS) in both cases, shall be squares. 

Ans. 5, 20, and 89. 
. 24. To find two numbers such, that not only each of 
them, but also their sum and their difference, when ifi- 
creased by unity, shall be all square numbers. 

Ans.. 3024 and 5624. 

25. To find three numbers such, that whether their 
jsum be added to,, or ^btracted from, the square of each of 
them, the numbers thence arising shall be all (squares. 

^ Ans.VV. W»and VV 

26. To find three square numbers such, that the sum 

of their squares diall also be a square number. 

Ans. 9, 16, and \y. 

27. To find three square tiumbers such, that the difierT 
^ace of every two of them shall be a square number. 

Ans. 485B09, 34225, and 33409. 

28. To divide any given cube^number (8), into three 
"othe»-ciXbe flumbcrs. /ins. I, M ani ^£f. 

x2 * , . 
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29, To fiod three square Dumbers Buchy that the difier- 
enxie betweeQ every two of them and the third shall be «> 
square number. Ads. 149a, 24P, aod 2^93. 

30. To End three cube Dumbers such, that if from each^ 
of them a given number (1) be subtracted, the sum ofthQ 
remaiudera shall, be a square number. 



or THE 

StTMMATION AND iNTERPOLATION OF 
INFINITE SERIES. 

The doctrine of Infinite Series is a subject which has 
engaged the attention of the greatest mathematicians, both' 
of ancient and modern times; and, when taken in its 
whole extent, is, perhaps, one of the most abstruse and 
difficult branches of abstract mathematics. 

To find the sum of a series, the numl>er of the terms of 
which is inexhaustible, or infinite, has been regarded by 
some as a paradox, or a thing impossible to be done ; but 
this difficulty will be easily removed, by considering that 
every finite magnitude whatever is divisiblis in infin-Htm^^ 
Of consists of an indefinite number of parts, the aggregate; 
or sum of which, is equal to the quantity &r6t proposed. 

A number actuaHy infinite is, indeed, a plain contradict 
tibn to all our ideas ; for any number that we can possibly^ 
Goaceiye, or of which we hare any notion, must always' 
be determinate and finite ; so that a greater may still be 
assigned, and a greater after this ; and so on, without a^ 
possibility of ever coeaing to an end of the Increase or ad- 
dition. 

This inexhausfibility, therefore, in the nature of num- 
bers, is all that we can distinctly ctMnprebend by their in,- 
finity ; tor though we can easily conceive that a finite- 
quantity may become greater and greater without end, yet 
ive are not» by that meanst enabled to form any notion of 
fh« v/^tmaftcm, or last magnitude., whijA ils iti^pable iri* 
ferther atEgmentatioae 
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Hence, we eaQDot ap[)}y t^ an infinite series the comf 
mon notion of a sam, or of a coliectioB of several particu- 
lar numbers, which are joined and added together, one af> 
ter another; as this supposes that each of the numbers 
composing that sum, is known and determined^ But as 
every series generally observer some regular law, and con** 
tinuaHy approaches tawards a term, or limit, we can ea* 
sily conceive it to be a whole of its own kind, and that it 
must have a certain real Talue, whether that vaiue be de« 
terminable or not. 

Thus in many series » a number is assignable, beyoni]^ 
which no number of its terms can ever reach, or indeed^ 
be ever perfectly equal to it ; but yet may approch to* 
wards it in such a cnanner, as to differ from it by less than 
any quantity that can be named. So that we may justly 
call this the value or sum of the series ; not as being si 
Bumber found by the common method of addition, but sucb 
a limitation of the value of the series, taken in all itsinfi- 
Rite capacity, that, if it were possible to add all the terms^ 
together, one after another, the sum would be equal ta 
that nua]A>er. 

In other series, en thecontrary, the aggregate, or valoe 
9f the several terms, taken collectively, has no limitation ; 
ivhich state of it may be expressed by saying, that the sum 
0f the series is infinitely great ; or, that it has no deter- 
minate or assignable valae, but may be carried on to sucb 
a lengthy that its sum sbaU exceed any giren number what<^ 
ever. 

Thus, as anilkistratioiLQf the first of these cases, ii 
may be observed, that if r be the ratio, g the greatest 
.term,and /theleast, of an|r decreasing geometric series,^ 
the stun, accordii^ to the common rule, will be (rg— /)-r" 
(r^)): andif we suppose ihe less extreme /, to be dimi- 
nished till it becomes =-.0, the sum of the whole series will 
be rg^^T'^i): ibr it is demonstrfi^le^ that the:sum of no 
assignable nomber of terms of the i»ejues can ev^er be equal- 
tu that quotient ^ and yet no number less than it will ever 
%Q equal ta tbe va^ue jo{ the series. 

Whatever oenseqaenccv^ therefor e> ibJkMv j(]comihe sop^- 



«a6 SUMMATION OF INFINITE SERIES. 

position of rg4-(r— 1) being the true and adequate valuer 
of the series, taken in all ita infinite capacity, as* if all the 
parts were actually determined, and added together, no as- 
signable error can possibly arise from them, in any ope- 
ration or demonstration where the sum is used in that sense; 
because, if it should be said that the series exceeds that 
value ; it can be proved, that this excess must be less than 
any assignable difference ; which is, in effect, no differ- 
ence at all ; whence the supposed error cannot exist, and 
consequently rg-f-(r— 1) may bejooked upon as express- 
ing the true value of the series, continued to infinity. 

We are, also, farther satisfied of the reasonableness of 
this doctrine, by finding, in fact, that a finite quantity is 
frequently convertible into an infinite series, as appears 
in the case of circulating decimals. Thus two thirds ex- 
pressed decimally is f =.66666', &c. =y\ + rjy + rA^ 
4~ TtrliTT 4; &c. continuied ad infirutum. But this is a 
geometric series, the first term of which is ^, and the 
ratio rV ; and therefore the sum of all its terms, conti- 
nued to infinity, will evidently be equal to §, or the num- 
ber from which it was originally derived. And the same 
may be shown of many other series, and of all circulating 
decimals in general. 

With respect to the processes by which the summation 
of various kinds of infinite series are usually obtained, 
one of the principal is by the method of differences point- 
(ed out and illustrated in Prob. iv. next following. 

Another method is that first employed by James and 
John Bernoulli, which consists in resolving the given se- 
ries into several others of which the summation is known ; 
or by subtjTacting from an assumed series, when put =ss, 
the s^me series, deprived of some of its first terms ; in 
which case a new series will arisen the sum of which will 
ike known. 

A third method which is that of Demoivre, consists in 
j^utting the sum of the series ass, and multiplying each 
aide of the equation by some bineimal or trinomial expres- 
sroD, which involves the powers of the unknown quantity 
ar, aud certain teowa coefficients ; tften takipg iCf afief 
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xthc process is performed, of socfa a value tiiat the assum* 
ed binomial, &c. shall become =0, and transposing some 
of the first terms, a series will arise, the sum of which will 
be known as before. 

Each of which methods, modified so as to render it 
liiore commodious in practice, together with several other 
artifices for the same purpose, wiil be found sufficiently 
elucidated id the miscellaneous questions succeeding the 
following problems. 

PROBLEM I. 

Any series being given to fiad its several orders of dif* 
ferences. 

RUL£. 

1 . Take the first term from the second, the second from; 
the third, the third from the fourth, &c. and the remainders 
will form a new series, called the Jir$i order of differences. 

S. Take the first term of this last series from the se« 
cond, the second from the third, the'tfaird from the fourth,, 
&c. and the remainders will form another new series, call- 
ed the second order of differences, 

3. Proceed, in the same tnamieF, for the^tfaird/foiirth, 
fifth, &c. order of diEerenoes.; and so enttlltliey'teniii* 
nate, or are carried as far as may be thought necessary.* 

I. Required the Aeveral orders of differeooies ef^lhese'' 
riesl,2>,3a, 4«, 6*, 6*, &c. 
I, 4, 9, 16, 2^, 36, &c 

3. 5, 7, 9^ n,££c. Istdiff. 
2, 2, 2, 2, &c. 2d diff. 
0, 0, 4), &c. 3d ^Ktf". 
% Requiredlhe different orders of differences of the se^ 
ries 1,2^, 33,4«,63, 6',&c. 



- ^ 

*• WhcQ the several terms of the series cootinuaUy Increase, the differences 
wiH be all positive ; but when thejr decrease, the diftereaccs will be negative 
tfid pQtitire dtfifBftfelj^. 
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1,8,27,64, 126, «16, &c. 

7, 19, 37, 6!, 91, &c. let diff. 
12, 18, 24, SO,&c. 2ddifi: 
6, 6, 6, &c. 3d difi: 
0, 0, &c. 4th diff. 

3. Required the several orders of differences of the se- 
ries 1,3, (», 10, 15, 21,&c. 

Ans. l8t 2, 3, 4, 5, &c. ; 2d, 1, 1, l,&c. 

4. Required the several orders of differences of the se- 
ries 1, 6, 20. 50, 105, 196, &c. 

Ans 1st, 5, 14, 30, 55, 91, &c. ; 2d, 9, 16, 25, 
36, &c. ; 3d, 7, 9, 11, &c. ; 4tb, 2, 2, &c. 

5. Required the several orders of differences of the 
.1111 1 . 

''"''2' 4' 5' 76' 32'^"- 

Ans. lst,-l,-i,-l,-. &c. ; 2d,l, 1, l,&c, ; 

PROBLEM IK 

Any series a, 6, c, d^ e &c. being given, to find the first 
term of the nth order of differences. 

RULE. 

LetJ^ stand for the first term of the nth differences. 

Then will a -^ nb + n.— ^--c— n.— -— .--r— d+n.—^;— 

2 2 2 2 

.—r— .— ~— e, &c. to n+1 terms =5, when n is an even 
3 4* 

number. 

. - , , n— I , n-^ln— 2, n— ln«->2 

And ^ a+nb-n.'-^c+n.— 3~'"'~'*-"~2^-""X*' 

— r— e &c. to n+1 terms »^, when n is an odd number.*^ 

■»■■■■ 11 ..^^.^.u^.^..^,,,,,.,,,,,^^^ , I „ | 1,11 — —^ ■! Ill Jill . 

* When the terms of the several orders of diflferences happen to be very 
great, it will be more convenient to take the logarithms of the quantities con- 
cerned whose differences will be smaller; and when the operation is finishefj) 
tl|e quantity Msweriog to &e last logarithm may be easily founds 
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EXAMPLES. 

1. Required the first term of the third order of differ- 
ences of the 8erie9, 1,5, 15, 36, 70, &c 

Here a, 6, c, d, e« &c. ssl, 5, 16, 35, 70, &c. and ns=3. 

Whence — o + n6 — w.— 3- C'\^1^»-—- • — — d =; — . a 

Z "Co 

+36-3c+(i=- 1+15-46+36=4= the first term re- 
quired. 

2. Required the first term of the fourth order of differ- 
ences of the series 1, 8, 27,^ 64, 125, &c. 

Here Ay 6, c, d, e, &c. =1,8, 27,64, 125, &c. aDdn=4. 

Whence a— n6+n.--——c — «.—--- ,-^i+n.—-- 

2 2 5 "^ 2 

-^.--—e=a-46+6c-4d+«=l -32+162-266+125 

=0 ; so that the first term of the fourth order is 0. 

3. Required the first t^rm of the eighth order of differ* 
ences of the series, 1, 3, 9, 29, 81, &c.* Ans. 256. 

4. Required the first term of the fifth order of differ- 
ences of the series, ^ 2' 4' 8* 16' 32' 64' ^''^ , 

Ans. -~. 

PROBLEM III. 

To find the nth term of the series, a, 6, c, ^, e, &c. 
i/vheu the differences of any order become at last equal to 
each other. 

^ RULE. 

Let cf , cT, (T, <2^^, &c. he the first of the seyeral orders 
of differences, found as in the last problem. 

fxsv. 11 . n-1 y , n-1 n— 2 n— 1 n— 2»-3 

Then will a + -rpcTH — p-.— ^— <f H — _,_-.-_ 

B"^ — ^-^'-^^-^s— ••--j-> <?^&c. «=nth term required. 

•vThe labour in q^estioD8 of this kind may be oflen abricjjfed, by puttings 
ciphers for some of the terms attheb^nnin|^ of the series; bj which qMis 
Uveral of tibe differences will be equal to Q, ttxid the $338werpii that.aceomit, 
'9b(&itted f d fbwer ftons. 
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EXAMPLC8. 

1. It 18 required to find the twelfth term of the series 
2,6, 12,20, 30, &ir. 

it, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

2, 2, 2, &c. 

0, 0, &c. 

Here 4 and 2 are the first terms of their differences. 

Let, therefore, 4Kcr, 2»cr', and nsasjS; 

Then a+^^+~-™cr= 2 +^(f+56l^==2+ 
444-110=sl56=I5th term, or the answer required. 

2. Required the twentieth term of the series, 1, 3^ 6~, 
10, 16,21,4ic. 

1, 3, 6, 10, 15, 21, &c. 
2, 3, i, 5, 6, &c. 

1, 1. 1, 1, &c. 
0, 0, 0, &c. 
Here 2 and 1 are the first terms of the difierences. 
Let, therefore, 2=«r, 1 ^bcT, and n='iO. 

Thena+!i^cf +~^^ir'»l+19d'+171cr'= I + 

384-171=21 0=20th term required. 

3. Required the fifteenth term of the series, 1, 4, 9, 16^ 
25» 86, &c« Ans. 225. 

4* Required the twentieth term of the series, 1, 8, 27> 
64,125, &c. Ans»8000. 

5. Required the thirtieth term of the series^ ^> «* &> 

111, .1 

— — — (KC. Ans. ttt:* 

10- 16* 21' 46* 

FROBLSmV.* 

To £nd the sum of n terms of the series^ a, 6, c, il^ £, 



W.i^ 



* Wben the differences in this or the former rule are finally es 0, soy ttim^ 
or the dam of any number of the terms, may be accurately deteimmed ; bat 
if the diiferencea do not>TaniBh,* the result is only an a^proximatian ; wfakb, 
hofV«ver, may be often Tory usefully applied in resolnng varioas quettiDns 
that may occur in this branch of the subject, and -which tVlU hecome>(Mti- 
nnaUy «<arer the tnith as the diffiBrencea dha^nHlk 



I 

i 
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kc. when the differences of anj order become at last 
equal to each other. 

RULE. 

Let dy d\ d'\ d'^y &c. be fhe first of the several or- 
ders of dififerences. 

Then will na + n. -- a-f'n, . ^ o +n. 

2 2 3 2 

n — 2n— 3„,, , «— 1 n — 2 n-S «— 4 ,. „ 
__.__(i' +n.-^.— — .-^.— -^t^-, &c. = to the 

sum of 7* terms of the series. 

EXAMPLES. 

1. Required the sum of n terms of the series, 1, 2, 3, 
4, 6, 6, &c. 

Here 1, 2, 3, 4, 5, 6, &c. 
I9 1, 1, I, 1, &c. 
0, 0, 0, 0, &c. 
Where 1 and are the first terms of the differences. 
Let, therefore, a=:l, (?=!, and d"=0. 

Then will na+n.— -— a =»i — =— ;; — = 8«i» of » 

2 2 2 

terms, as required. 

2. Required the sum of n terms of the series, 1^, 2^, 
3a, 4a, 5«,&c., or 1,4,9, J 6, 25, &c. 

Here 1, 4, 9, 16, 26, &c. 

3, 6, 7, 9, &c. 

2, 2, 2, &c. 

0, 0, &c. 

Where 3 and 2 are the first terms of the differences. 

Let therefore, a:5=l, cf=3, and cf' =2. 

__, ... , fi— I „ , »— '1 »— 2 

Then will na+» . --5— « +» .—2^ . --^— » = » + «n« 

n-1 ■ nI-1 n— 2 3«a-3» , n^— 3««+2tt 

: — +2fl . . = 1 ' = 

fi ^ 2 3 2 ^ 3 

— "^ — ^ . ^ '= sum of n terms as require. 
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3. Required the sum of n terms of the series P, 2^, 
3', 4', 5S<^c. or 1, 8,27,64, 126, <^c. 

Here 1, 8, 27, 64, 126, 4-c. 

7, 19, 37, 61, 4rc. . 
12, 18, 24, H. 
6, 6, 4^. 
0, H. 
.Where the first terms of the differences are 7, 12, and 

6. 

Let, therefore, a=1, (r=7, d" = 12, and d"=6. • 

... • ** 1 i» 1 ^"^ J *i— 2 _, , fi— 1 
Then will «a+n.— -— cf+n.— --.—-— tf +n.-rp- 

2 2 3 2 

n-.2n— 3w, i^ **""^_i lo ^"^ " — ^ i_ «« 
. cf ==n+7n.— - — h 12n.^ . + 6» . 

3 4 2 2 3 

;i-.1 n— 2 n-3 . 7n«-7n 



2*34 



==n+ — - — - + 2n3 — 6na + 4n + 



it4_6ng + lln^-6n 4w 14n«-14n 8n»— 24na + 16n 
^ ^4 ^ "^ 4 "^ 4 . "*" 4 

'4., : . '*a5r 3=s8om of « terms as 

^44 

required. 

4. Required the sum of n terms of the series, 2, 6, 12, 

* nx(i*+l)X(n+2) 
20, 30,<S'c. Ans. 3 

5. Required the sum of n terms of the series, 1, 3, 6, 

n n+1 n+2 
10, 16, 4-c. Ans. -.— ^ 

6. Required the sum of n terms of the sbries, 1, 4, 10, 

nn+ln42n+3 
20, 35, 4»c. Ansi y.-g-r* 3 ^ 

7. Required the sum of n terms of the series 1*» 2*, 
3«, 4«,4'C.,or 1, 16, 81, 266$ H* 

Ans. _+-+_-- 

8. Required the sum of n terms of the series P , 2' , 3^ » 



— p 
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PROBLEM V. 



The series a, 6, c, d. «, &c. being given, whose terms 
are an unit's distance from each other, tp find any inter- 
mediate term by interpolation. 



RULE. 



Let X be the distance of any term y^ that is to be inter- 
polated^ from the first term, and df, d\ d'\ ^c. the first 
terms of the differences. 

Then Will a+xd +x,^^d'i^x.^^.^^d:"+x.^^ 
re - 2 a?— 3 « ^ 

EXAMPLES. 

> 

1. Given the logarithmic sines of 1^0', !<> 1', 1^ 2', and 
1^ 3', to find the log. sine of 1^ 1' 40". 

Here \^ (S V* T !*» 2' !<> 3' 

Sines 8.2418653 8.2490332 8.2560943 8.2630424 

71779 7061 I 69481 

-1168 -1130 

V - 38 

Whence the first terms of the differences are 71779,— 
1168, and 38 «4P 

Let, therefore, ar^P 1' 40"- 1^ 0'=il' 40"=1|= dis- 
tance of 2/, the term to be interpolated ; and {i'=71779, d' 
=—1168, and d"'=38. 

Then wUl y=a+a:^+x.^^(l^'+ap.^-i.^^rf'"=:a+ 

\ (r+|d^-.A(j"':==8.2418553 + .0119631 + 0000694- 
3 9 81 

,0000002=8.2538876=sine of 1*> 1'40", as was required. 

.2. Given the series— ,—,—,— ,—»^c. to find the term 

50 51 52 53 o4 
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which stands in the middle between the two terms --- and 

52 

t;;: Ans. — -- 

53 105 

3. Giiren the natural tangents of 88o 54\ 88* 55\ 88* 

56', 88«» 67', 88 68', 88<> 68', to find the tangent of 88<> 

58' ir. Ans. 65.711144. 

PROBLEM VI. 

Having given a series of equidistant terms, a, 6, c, d, ty 
&c. whose first difierences are small ; to find any interme* 
diate term bj interpolation. 

RITLB. 

Find the values of the uiiknown quantity in the equation 
which stands as^ainst the given number of terms, in the fol- 
lowing table, and it will give the term required.^ 

1. 11-6X40 • 

2. a— 26+c=0 , 

3. a— 3a4-3c— d=0 

4. a-46-l-Hc— 4rf4-^==0 

5. a— 66+IOc-IOrf+5c-./*=0 

6. a-66+l6c— 20rf+16el-6/+g=0 

(n- 1 n— 1 «--2 

n - 1 fi-2 n— 3 - 
n.-^r— . — ^r- . -r-«. «c. =0. 



Or 



EXAMPLES. 

1. Given the logarithms of 101, 102, 104, and 105, ta 
find the logarithm of 103. 

* The mora terms are given, in any series of this kind, the more acca. 
rt^telj will the equation that is to be osed approxiquite towards the true r^v 
suit, or answer required. 
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Here the number of terms is 4. 
And agaioat 4, in the table, we have a--46+6c— 4d+e 

^0; or c= >-~! — i — 1-i— d=: value of the unknown 

6 

quantify, or term to be found. 

a=2.0043214 

Where, taking the logs, of 6=2,0086002 

101, 102, 104, and 106 rf=2.0l70333 

e=2.02 11893 

And consequently 

4 X(6+d)= 16. 1025340 

a+e = 4.0516510'r 



6)12.0770233 

2.0128372= log. of 103, as 
required. 

2. Given the cube roots of 46, 4^, 47, 48, apd 49, to 
find the cube root of 60. • Ahs. 3.684031 

3. Given the Ipgartthms of 60, 51, 62, 54, 66, and 66, 
to find the logarithm of 63. Aiw. 1 .7242768695 

FROMJSCnOUS EXAMPLES RELATING TO SERIES. 

1. To find the sum (s) of n terms of the series, 4,2, 3^ 
4, 5, 6, &c. 

First, 1+2+3+4+5 &c. . . . n=fi. 
And n+fn-- l)+(»— 2)+(n-3)+(»-4) he. 

+l=s; 

Therefore, by addition, 

(n+l)+(»+l)+(ii+l)+(w+l)+(»+l)&c 

+(n+l)=28. 

And consequently n(«+))=28 ; or s= — - — =:sumre. 

qnired. 

2. To find thejsum (s) ofn terms of the series, I, 3, 5, 
7, 9, ll,&c. 

First, 1+3+5+7+9 &c (2w-l)=8. 

And(2»-.l) + (2n-3)+(2i»-.5)+ . . . +!=« 

y2 
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Therefore by addition, 

2«+2n+2n+2n+2n+ &c, 2ttr=2s. 

And consequently 2nXn=2s ; 

Or 8=-— =n3= sum required. 

3. Required the sum (s) of n terms of the series, a-f* 
(a+i)+(a+2d)+(o-l-3d)+(a+4d) &c. 

First, a + {a+d) + (a+2(i)+(a+3d) &c + 

Ja+(n— l)d}=8. 

And a+ {nd-d) +a+ (nd-2a) +a+(nd-3d)+a+ 
(«(l— 4(2) &c. aarg. 

Therefore, by addition, 2«+(nJ— c?)+2a+(n«?— d)+ 

2a+(nd— rf)&c +2a+(nd-rf)=28. 

And consequently (2a-|-««?*- c?) Xn=2s ; 

Or s=(2a-t-nd— d)X-= sum required. 

Or the same maiy be done in a different manner, as tcA^ 

a+(a+d)+(a'\^2d)+{a+3d)+(a+4d) &c. 
_ I (+1+1 + 1 + 1+ l&cOXa I _ 
- ( (+0+1+2+3+4&C.) Xi I ""*• 
But n terms of 1+1 + 1 + 1 + 1 &c. =n. 

And n termsjof 0+ 1 +2+3+4 &c.= — ~^- 

Whence 8=»a+ "^^""'^'^ = J2o + <« (» - 1) } X^ 

which is the same answer as before. 

4. To find the sum (s) of n terms of the series 1, ^, cc', 
a:», »♦, ?EC. 

First, l+x+a:»+ar»+A;*,&c »«-'=8. 

And a:+x«+a:'+«c*+3C*, &c a?'*=8x. 

Whence, by subtraction, ac^— l=fia; — s. 

Or s= p=: sum required. 

a?— 1 

And, when x is a proper fraction, the sum of the se- 
ries, continued ad infinitum^ may be found in the same man- 
ner 

Thus, putting l+x+^a+x^+cc^+a;*, fcc. =8,, 
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We shall baTeap+ar^+ar'-j-ar^+a;*, &c.=8a:, 
And coDsequeatly — l=sa?—8 ; or 9— sa;=l, 

Whence s=- «= sum of an infinite number of t^rms, 

I — a; »' 

as was to be found. 

6. Required the sum (s) of the circulating decimal' 
.999999 &c. continued ad infinitum, 

' First, .999999 &c.=:^+-|-+— — +— l-&c.= 

10^ 100^1000^10000 

111 1 

' ^^To'^Too'^Tooo'^'Toooo'^^^*^'^^' 

^' 1 0"*" 1 U0"^1 000 "*" 10000"^ 9' 

Therefore, 1+-L+-L+— L+&c. =— . 
' ^10^ 100^ 1 000 9 

And consequjently 1=-^ — q=— = s ; 

Whence s=l= sum of the series. 
6. Required the sum (s) of the series o24-(a+d)^-f 
<a+2d)« +(o^3(i)*+ (o-h 4c?)» , &c. continued to n terms; 

Here 
First, a*=s=a5 

[a-^-dy saa+SXla^f+lcia 
;a+2d)»=raa4.2x Zad+Ad^ 
'a+^dy =:a8 +2 X Sad+^d^ 
[a'\'Ady =oa +2 X4arf+ 16rfa 

&c. &C. 

Whence 
Sum of n terms of (1 + 1 + 1 + l+5tc.)o* 
+ . . . ditto of (0+1 +2+3+4+&c.)2arf 
+ . . . ditto of (0+1+4+ 9+1 6+&c.)d 
But n terms of l + l + l + l + &c.=». 

And of 0+1+2+3+4 &c.=^^— ^ 

1.2 






s= 



Also «f §+n-4+9+&c =!i^'iriX!!!zJ) 

1.2.3 



I 



8= 
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Therefore 8=fw2+»(»- 1)fl<^+- ^ /g Ta "^ 

the whole sam of the series to n terms. 

7. Required thesum (s) of the series a»+(a+<i)3+(« 
-|-2flr)3+(a+3(i)»+(a+4d)3 *c. coDtioued tow terms. 

First, a'=a3 

o+d)3=a»+3Xla«d+3xlarf« + l<i^ 

a+^(l)3=a3+3X2a«J+3X4aJ3+fi^' 
a+3J)3=a34-3X3a2d+3X9arf3 +27^3 
' i4.4(i)3±=a3+3X4a3(i+3Xl6ad«+64d3 

i+5rf)^=a3+3X 5a3d-f3X25a(£3 + lt5i3 
<j"c. 4^0. 

Whence 

Sum of n terms of (l + l + ^ + l&c.)a3 
+ . . . ditto of (0+1 +2+3+4&c.)3a24 
+ . . . ditto of (0+1 +4+9+ 16&c.)3ad2 
+ . . . ditto of (0+1 +8+27+64&c.)d* 

But n terms of l + I+J + l + l&'c- =». 

n(n— 1) 
Ditto . . . of 0+1+2+3+4 &c.="Y"g^ 

Ditto . . . ofO+l+4+9+16&c.= ^<^7^^^/^":^^ 

n* — 2n3+n2 
Ditto ... of 0+1+8+27+6^ &c. = — — 

nfn \ )3a» d,nin - 1 )(2;i- 1 )3ad^ , 

Therefbre,s=:na3+ ^ +-5^ ^— - — + 

X o 

V_ i.— rsgum of » terms, as was to be found. 

4 

8, Required the sum (s) of » terms of the series 1+3 
+7+16+31, &c. 

The terms of this series are evidently equal to 1, (1 + 
2), (1+2+4), (1+2+4+8), &c. or to the successive 
sums of the geometrical series, l^ 2, 4, 8, 16, Sac. 

Let, therefore, a=»l and r=2, and we shall have 

a+ar+ar^ -^ar^+ar* &c. ==1+2+4+8+16, kc. 

But the successive sums of 1, 2, 3, 4, &c. terms of this 
series are, ,^ 
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r— 1 ^ ' r— 1 

ar^-^a , ^ . a 

^. .-==(r«-l)x 

r— 1 ^ ^ r— 1 

3._j.=(r»-.l)X_ 

r— .1 ^ ' r— 1 

&c. ^ &c. 



Therefore b= X 

r— 1 



n terms of r+r^+r^-f-r* &c. 
— » terms of l-l-l + l-J-l &c. 
' But l + l+l + l + l^-l+l&c. =« 

And r4-r*+r»+r«+&c.==(r* -l)X-^ 

^ ' r— I 

Whence «==!i^p^X--^-- n X-?--==^2(«~--l)-^== 

r— 1 r— 1 r—l ^ ' 

whole sum required. 

9. It is required to find the sum of n terms of the series 

1 3^4^ 8 61 32' • 
Here the terms of this series are the suceessive sums of 

the geometrical progression T^"o''"-"'"ft'^"Tfi^c* 
Let, therefore. a=l and r=2; then will 

12 4 8' r-^r^ r» r* r* r« 

But the succeiBsive sums of 1, 2, 3, 4, &c. terms of this 
series are, (r — i)Xa , . a 

'•i7-rT)-xi==('-')x;-i 

3 (r'-l)Xa la 

(r*-l)xa_. 1x^0 
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S: 



Therefore 
I n terms of r+»'+r+r+»*&c. 

r- 1 — n terms ot^+-+—+— &c. 

' These being the two series derived from the above ex- 
pressions ; 

But r+r+^+r+»'+'"&C'=w^« 

VV hence 



s 



a 



r»^l ._(n- 1)2^4- 1_ 



n-i 



sum requir- 



ed. 

10. Required the sum (s) of the infinite series of the 

reciprocals of the triangular number r+o+T+T;;'l"Tk 

1 J Q IjJ lO 

1111 * 

Let T+^+^+T^:^- «<^ infinitum =8. 

''''"" r«+r3+r4+r6^'^- ••••-! 

Tbatis. (1-1)4-1-1)+: J-i +(l->c.4 • 



Or, 



11111 

2 3 4 6 6 7 
8 1 



s 

'2 



WhenCQ -=^ ; or s=2= sum required. 
2 1 ^ 

1 1. And if it be required to find the sum of n terms of 
the same series, 7+3+5 +75+ j^^^- 
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The. .,i=|+i+l+l^, ,^. 

Whence — : — = — | — | — U Sac to—- 

1 ^5^6^10^ 16 ' «(n+~iy "^1+1'^*"°* of /Items 
of the series^ as was required. 

12. Required the sum of the infinite series,— —+-JL 
J J 1.2.3^X1 

'^3r4:5"'"4:6:6 ^^' 

Let ^=r-.+-4._4-j4.^&c. ad infinitum. 

Then 2'-y=-+~+_4.^&c, by transposition. 
And !=._ +1+^+ J.fe^. by subtraction. 

^.i_ii 1 1 

2'~273''"34"*'476"'"6r6^^' ^^ transposition. 

^^"°'4"=iZ3+244+3n6r5^^- ^^ ««btraction. 
12 2 9 @ 

And --f-2as 1 1 L-4.&/* 

2 • 1.2.3^2.3.4^3.4.6^ ^' 

But--5-2s=~ ; therefore — X.-| — ^ — i — ^ l_L aei 

2 4 1.2.3^2,3.4^3.4.6 U^.6 

ifi^mVfim,=?-, which is the sum required. 
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I 13. And if it were required to find the sum of n terms 

Let z= [.-_ 4--- 4.&C. to- 



l.s: ' 2.3 '^3.4 * ' n(n+l)* 
Then z^-=^ Vi^—A &c. to- 



2 1.2*2.3 3.4 n(n+l)* 

And ^_1+ I =_L 4.1 4.1 -|-_L-|. J 4. 

2^(n+l)(n+2) 2.3^3.4~4.6^6.6^6.7^ 

J.^k.c. continued to ^,-^,-j terms. 

^''*"'''''"i-(irfT)W'2)"rL+£l4-^3:!-:6 *"• 

to n terms, by sabti action. 

^''^^- 2 (»^-o(n+ F)=TJ:3+2:k+3X5 *^- ^'^ * 

terms, by division. 

And consequently rvX+rv^'^oT^^^* continued to 

l«^*0 2.0.4 £>>4»0 

» terms =7—3-7— r7Nr~rS\= ®^°^ required. 
4 2.(n+l)(n+2) 

14. Required the sum (s) of the series-— -r+^---7r+ 
I 2 4 o 16 

~~*&c. continued ad infinitum, 

32 I ^ 

Let a;=- and s=-r-j — . 
2 l+» 

Then--i-=a:(l -a:+x3-.a5»+x«&c.) 
l+ap ^ 

And 2'=(l+a:)X(x— af3-fa;»— af«+«»&c. 

Whence, by multiplication, 



OP"— a:* +a;® — «• +a;«&c^ 
Whose «um is ■s-ar-J-O+O+O+Ota?. 
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Therefore vzrssop, and x^x^+x^^x^+x^ he. =-4— 

♦ 1+a; 

1 O Q ji 

16. Required the sum of the series--! — |— 4.--,4.&cr 

2 4 8^16 

contioued ad infinitum. 

Let «=- and s= 



\2^ 



2 (1-x)* 

Then — -f _.=:a;+2a* +3«3 +4a;* +5a?« &c- ^ 

And zsa(i_a;)« X(x+2x^+3x^+4x*+6x'^ &c.) 
Whence, hy multiplication^ 
«+2««+3a?3+4a:* &c. 

1— 2ar+ac« 

■ # 

«4-2ai«+3«»+4«« &c. 
— 2«3— 4Jc3•6ap*&c• 
+«'+2i;« &c. 



Whose sum is ssra;+0+04-0+0 &c. 

Therefore a'ssx. 

And x4-2a;«+ar3+4«*4.6aj« &c* =-— ^- 

^1,2.3,4,6,6. X 

^ 2+4+8+16+32+64 ^^^ =(rf jP^^== sum of the 

infinite series required. 

16. It is required to find the sum (s) of the series '-f 

^+5^+ gj + j^ fee. continued ad infinitun^ -^ 

Let a;«-and --— ^— =ss, 
z 3 (l-a;)» 

Then ^j— jr;««+&a + 9a;*+16a;*+26x&&c.. 

Aad 2FS5(l-.a:)3 x fa:+4aa+9a;3+16a;«&c.)«a?+«a, 
as will be found Ijj actual multiplication, 

z 
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Therefore of+ar* =z, 
And x+4x» +9x*+16x^ &c. +^"tf2. 

Or. 

17. Required the sum (s) of the series — | h 

ffi mr 

■\ — — — - &c. coDtiDued ad infinitum. 



mr' mr- 



Let x=-f and 8=- 



r mCl^xy 

rr. ^ « ,a+d a+id a+3d ^ 

Then-7-; n^~-H 1 7-H j &c. 

fn(l— a)* m mr mr' mr' 

Or. --f- =«+£±ifi±!^4.f+J^&c. 

(l-x*) • r '^ r» ^ r8 
That 19, 7-~ = 

a'\'{a+d)x+{a+U)x'+{a+3d)x^+{a+4d)x*iic. 
And ^=(l-a:)« X {iiirf-(fl+c^>+(«+2<i)«'+(a+3d)a:3 

&c. {=(1 — x)a'\'dx^ 
as will appear by actually multiplying by (1 —a;)' 

Therefore r=(l— x)a+rfa: ; and consequently — + 

a+d,a+2d. r i^ a(r'^\)+d i ... . . . 

"t r *^<^* =^"-'? / 7rr-/ = sum of the infinite 

mr mr^ m ( ^r — 1 ;' > 

series required.. 

EXAMPLES. 

1. Required the sum of 100 terms of the series 2, 5, 8, 
n, 14, &c. Ans. 15050. 

2; Required the sum of 50 terms of the series l-|-2> 
4-33 4.434.54 &c. - • Aos. 42925. 

$. It is required to 6xtA the sum of the series l+B»+ 
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8x'+IOx'+ld^*3i continued ad infinitum^ &c. when x is 
less than 1. 

Ans. ., 

4. It is required to find the sum of the series l+4a: 
+ l0ar» + 20ar3-(»Sda;*, &c, continued ad infinitum^ vvheu x 
is less than 1. 

Ans. -rr 

5. It js required to find the sum of the infinite series 

— \ 1 (-«— «&c. Ans. — , or - 

1.3^3.6 6 7 7.9 10 2 

6. Required the sum of 40 terms of the series (1X2) 
+(3X4)+(5X6)+(7>C8) &c. Ans. 86884 

2a:— 1 

7. Required the sum of » terms of the series -^^ — 

• 2x— 3 , 2a: — 6 , 2x-7. . ,2a: -n. 

+— h . — -- — &c. Ans. n; — ;-— ^ ) 

^ 2x 2x 2x ^ 2a: >' 

8. Required the sum of the infinite series — }- 

1*2.3.4 

2.3.4.6"*'3.4 5.6"^4.5.6.7 '^^^ 18 

^ 9. Required the sum of the series "J+T+ttj+o — I — r» 

3 1 

&c. continued ad infinitum. Ans. -.or 1- 

^ 2 2 

10. It is required to find the sum of the n terms of series 
l+8a:+27x«+64a:5-(-129x*, &c. continued ad infinitum* 

I 8 

11. Required the sum of n terms of the series — H— -(- 



•*3 4*f fa 1*0 



^ 1 lUr+r-l) 

Ans r < -; ^^ > 

(r-1) p^\ (r-l)a i 
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1 1 
12. Required the sam of the series 3-^+— ^4 



.2.6 4 8 6.10 

« 3 6tt+3n» 

Ads. 2J=b — , ssg " 

16' 32+48»+16na 

13. Required the sum of the series « - +t— r+x-r;: 
^ 3.8 6.12 9.16 

i* ■ ,^ &c. . . . 



12.20 * ' * * 3n(4+4n)* 



Aos. S«»---, 8=--- 



12' 12+12n 

14. Required the sum or the series - — ( — ^ U ■> ■ 

^ 2.7^7.12^12.1?; 

■^17.22*^* ' ' • T(6n-.3).(6n+2)* 

. ^ 3 3^ 
Ans. SsB- sssr-t 

6* 24r6n 

15. Required the sum of the series ^-^— '^ — I'S'ia'^ 

o.t> D.8 9. lu 
1^12+ ^"^ =*'3<4+27r)- 

• 24'® 2(34-6n)"'4(6+6») 

16. Required the sum of the «eries---— ---+~- -^ 

3.5 6.7 7.9 

\ ^ -Ui8 g. l4-» 

^^+&c -(i+2„).(3+2n)- 

4ns.x«l,s=l~;jj^5^^ 

A-Tho sjrmbol 2, made use of in these, end aome of the following seriei^ 
denotes the sum of an Id&iite number of tennsi and S the sum of n irans.. 
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5 8 

17. Required the sum of the series TVa^'o^^r^"^ 

+•— r-s alC. . . . +- 



3.4.6 ' 4.6.6 ' h(l+n)-(2+n) 

A ^ 3 3 « , ' 1 # 



Of logarithms. 

L^jgarithmd tire a set of numbers that have- been com* 
puted and formed into tables, for the purpose of facilitat- 
ing many difficult arithmetical calculations ; being so 
contrived, that the addition and subtraction of them answers 
to the multiplication and division of natural numbers with 
which they are made to correspond!. 



* The series here treated of are such as are usually called algebraical 
which, of coarse, embrace only a small part of the whole doctrine. Those, 
therefore, who may wish for farther information on thi^ abstrnse but highly 
CQriou^subject, are referred to the Miscellanea AnalyHca of Demoivre^ Ster- 
ling's Method Differ,, James Bernoulli lie S^rt. /»/Sn , Simp8on*8 Math Dis^ 
serf; Waring*8 Medii. Analyt.y Clark's translation of Lor^na'e Series, the 
various works of Euler, and Lacroix Traite du Calcul Dtff". et Int., where 
they will find nearly all the materials that have been hitherto collected re- 
specting thts branch dT analysts. 

f This mode of computation, which is one of the happiest and most use- 
ful discoveries of modem times, is due to Lord Napier, ISaroo of Merchision, 
in'Sootland, who first published a table of these numbers, in the year 1614, 
under the title df Canon Mirificum Logarithmorum ; which perfewnartce 
was eagerly received by the learned throughout Europe, whose efforts were 
immediately direQ|pd to the improvement and extensions of the new calculus, 
that had so unexpectedly presented itsel£ 

Mr. Henry Bng^s, in particular, who was, at that time, professor of geo» 
metry in Gresham College, greatly contributed to the advancement of this 
doctrine, not only by the very advantageous alteration which he first introduc- 
ed into the system of these number?, by ntakiu^ 1 the logarithm of 10, instead 
of 2.3#25852, as had been done by Napier; but also by the publication, in 
1624 and 1633, of his two great works, the Arithnutica Loffarttfanica and 
the Trigonometria Britanica, both of which were formed upon tho principle 
above mentioned : as are, likewise, all opr comraonjogarithipic tables, at 
pregent iii use. . 

■ * 2 2 ^ 
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Or, when Ukea in a limilar bat mere generd usse, 
logaritbnu maybe considered as the lei^neata of tbe 
powers to which a giren or invariable nninber miut be 
raited, in order fo i»odnce all the comiDOD, or nataral 
Dumbers. Thva, if 

o*=y, *P'=y', a'^—g", tc. 
tbeti will the iadiceg x, x, a", &c. of the lereral powers- 
of a, be the logarithms c^lhe namberi y, jr', y', &c. in the 
•rale, or system', of whicPa is the base. 

So that, from either of these formnls it appears, that 
the lojearithm of any number, takea separately, is the in- 
dex of that power M same other DOmber, which, wl^nin- 
volred ia the usoal way, ie>equal to the given number. 

And since the base a, in the above expreasionB, can be 
Bgiamed of any value, greater or less than t. It is plain that 
ibere may be an endless variety of systems of logantbmss 
answering to the same natural number^ 

It is, likewise, farther evident, from the first of these- 
e(|aatioiM,.that when y=l, X will be =^0, whatever may 
be the value of a; and consequently thelogarithm of 1 i€- 
always 0, in eT<sry system of logarittUns. 

And if x=!, it is manifest from the same equation that 
the base a will be =y; which base 
Iter whose proper-loasrithtn, in the 
longs, is I . 

Also, because a*=y, and t^=^ 
multiplication of powers, that a*x 
consequently, by thedefinitien of l< 
x-\-x'=\o%. yst or 

log- ^'='08 S+lo&S- 

And, for alike reason, if any number of the equations 
B>=By, a''!*=y',a^—y'', be. he multiplied together, weshalt 
Tjavea"*"'**" 4-c.=yy'jf'' itc; and conseqnently «+«'+*'' 
fcc. =log- W)/' Stc. ; or 

log. yi/Y l ac. ; =log; y+ log. ff+ leg- y" &c. 

^ce< for ArttiM dctalli on Ihis uin of tha subject, Ok Introdaction to m; 
Vmtiii^/iPUitt,imdSplit'ital7yigonoiniln/,avo. 3dEdi(.iei3; udfn 
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From which it is eTideot, that the logarithm of the pro^ 
dact of any numher of (ketone is equal to the sum of the 
h}garithm9 of those factors. 

Hence, if all the factors of agi^en number, in any case 
of this kind, be supposed equal to each other, and the sum 
of them be denoted bj^ m, the preceding, property wilt 
then become 

log. ym^m log; y. 

From which it appears, that the logarithm of the mtb 
power of any number is equal to m times the logarithm of 
that number. 

In like manner,.if the equation a^ =2^ be divided by a^' 
=1/', we shall have, from the nature of powers, as before*, 

_ or a^-^=' ; add by the definition of logarithms, laid- 
down in the first part of this article, a:— x=log.-, or 

log.2»log.9-log.y'. 

Hence the Fogarithm of a fraction, or of the quotient 
arising from dividing one number by another, is equal to 
the logarithm of the numerator tnttiuf the logarithm of the 
denominator. 

And if each member of the common equation a^ssy be 

raised to ihe fractional power denoted by — , we shall 

bare, in that case, o"»^=^y»* ; 

And, consequently, by taking the logarithms, as befq^^ 

— »=log.yh , or log..y» =— log. 9. 
n n 

Where it appears,^ that the logarithm of a mixed root«^ 

or power, of any nnmber, is found by multiplying the lo- ' 

Sarithm of the given number by the numerator of the in- 
ex of that power«.and dividing the result by the denomi- 
nator. ^ 

Andifthe numerator m, of the fractional index, be in, 
this case, taken equal to 1, the above formula will flrenM 
become 
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log-=:-log.y. 

From wbich it follows, that the logarithm of the nth 
root of any number is equal to the nth part of the loga- 
rithm of that number. 

Hence, besides the use of logarithms, ta abridging tke 
operations of multiplication and division, they are equally 
applicable to the raising of powers and eitracting of roots; 
which are performed by simply multiplying the given 1o- 
gartthin by the index of the power, or dividing it by the 
number denoting the root. 

But although the properties here mentioned are com- 
mon to every system of logarithms, it was necessary, ibr 
practical purposes, to select some one of them from the 
rest, and to adapt the logarithms of all the natural numbers 
to that particular scale. 

And, as 10 is the base of our present system of arithme- 
tic, the same number has accordingly been chosen for the 
base of the logarithmic system, now generally used. * 

So that, according to this scale, which is that of the 
common logarithmic tables, the numbers 
• . . lO-S lO-», lO-a, 10-», 10\ lOS 10», 10^ lOS &c. 

Or 

^ ^ ,-^^, 1, 10, 100, 1000, 10000, «S-c. 



« t • 



... 



10000 1000' 100 10 

have for their logarithms 
.4, -3,<^2, -1,0, 1,2, 3,4, 4S-C. 
Which are evidently a set of numbers in arfthmeticai 
.progression, answering to another set in geometrical pro- 
gff^jision ; as is the case in every system of logarithms. 

And therefore, since the common or tabular logarithm 
of any number (n) is the index of that power of 10, which 
when involved, is equal to the given nnmber, it is plain, 
from the following equation,. 

IO.«ssfi or 10^=-, 

n 

that the logarithms' of all the intermediate numbers, in the 

above series, may be assigned by approximation, and made 

to occupy their proper places in the general scale. 
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ft is also evident, that the logarithms of 1, 10, 100, 
JOOO, H. being 0, 1, 2, 3,«J-c. respectively, the logarithm 
, ofan J number, felling between 0, and 1, will be and 
some decimal parts ; that ofa number between 10 and 100, 
1 and some decimal parts ; ofa number between 100 and 
1000, 2 and some decimal parts ; and so on, for other num- 
bers of this kind. 

And, for a similar reason, the logarithms of—, ,. 

\ . ® lO'lOO*^ 

j^,%5. or of their equals. 1,. 01,. 001, 4-c. in the de- 
scending part of the scale, being — I, - 2, — 3, &c. the 
logarithm of any number, falling between and 1 , will be 
— 1, and some positive decimal parts ; that .of a number 
between .1 and .01, —2, and some positive decimal parts ; 
of a number between .0 1 and .001 , —3, and some positive 
decimal parts ; &c. 

H^nce, likewise, as the multiplying or dividing of any 
number by 10, 100, 1000, &c. is performed by barely in- 
creasing or diminishing the integral part of its logarithm 
byl,2, 3, &c. it is obvious that all numbers, which con- 
sist of the snme figures, whether they be integral, frac* 
tional, or mixed, will have, for the decimal part of their 
logarithms, the same ptwitiTc qaantitj[. 

So that, in this system, the integral part of any logarithm, 
which is usually called its index, or characteristic, is aP 
ways less by 1 than the number of integers which the natu- 
ral number consists of; and for decimals, it is the number 
which denotes the distance of the first significant* figure 
from the place of units. 

Thus, according to the logarithmic tables in commoci 
Qse^ we have 

Logarithms. 
0.1361496 



^utubers. 
1.36820 
20.0500 
335.260 

.46521 
.06154 



1.3021144 
2.5253817 

1.6676490 

2.7891575: 



) 






< , « 



a 



» 
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Where the sign -^ is put over the index, instead of be- 
fore it, when that part of the logarithm is negative, in or- 
der to distinguish it from the decimal part^ which is always 
to be considered as +« or affirmative. 

Also, agreeably to what has been before observed, the 
logarithm of 385 40 being 4.5859117, the logarithms of 
any other numbers, consisting of the same figures, jyill be 
as follows : 

Logarithms. 

3.5869117 

2.6.59117 

1.6859117 

0.6869117 

1.5869117 

2^5859117 

3.:)859lir' 

' Which log»rithm<), in thi«i ca^e, as well as in all others 
of a similar kind, whether the number contains ciphers or 
not, differ only m their indices, the decimal, or positive 
part, being the same in them all * 

And as the indices, or integral parts, of the logarithms 
of any numbers whatever, in this system, can always be 
thus readily found from the simple consideration of the 
rule above mentioned, they are generally omitted in the 
tables, beins; left to be supplied by the operator, as occa- 
sion requires. 



Numbers. 

3854 

386.4 

3«.64 
3.854 

.3864 

.03854 
.003854 



I - 



* The g^at advantages attending the common, or Briggean system of lo- 
garithms, above all others, arise chiefly from Uie readiness with which we 
can always find the characteristic or integral part of any logarithm from the 
bare inspection of the natural naraber to which it belongs, and the circum- 
stance, that multiplying or dividing any number by 10, 100, 1000, &c. only 
influences the characteristic of its logarithm, without affecting the decimal 
p\rt Thus, for instance, if t be made to denote the index or mtegral part of 
t \e logarithm of any number N, and d its decimal part, we shall nave log. n 

N 

= « +d ; log. IO^Xns (»+m) +d ; Ipg'Jj;;^ =(t-H») +d ; where it is 

plain that the decimal part of the logarithm, iu e;ich of these cases, remains 
the same. 
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It may here, also, be farther added, that when the loga-- 
rithm of a given number in any particular system, is known, 
it will be easy to find the logarithm of the same number in 
any other system, by means of the following equations, 
a^==n, and ««'=n, or log. n=x, and /. n=x. 

Where log. denotes the logarithm of n, in the system of 
which a is the base, and /. its logarithm in the ^slem of 
which « is the base. 



X 



For, since a^sse**, or a*'=«, and ex^^a^ we shall haye, 

X 

for the base a,-v= log. e, or a;=x' log. e ; 

X 

X 

and for the base e,- =/. a, or x=^x /. a. 

X 

Whence, by substitution, from the former equations, 
log.n=/. nxlog. e ; or log n^LnX- — , 

1 
Where the multiplier log. e, or its equal j — , expresses 

the constant relation which the logarithms of n have to 
each other in the systems to which they belong. 

But the only system of these numbers, deserving of no- 
tice, except that above described, is the one that furnishes 
what have been usually called hyperbolic or Neperian lo- 
garithms, the base e of which is 2.718281828459 . . . 

Hence, in comparing tlyse with the common or .tabular 
logarithms, we shall have, by putting a in the latter of the 
above formulaB=!0, the expression, 

log. n=Z n X r— , or I, n=log. fjX/. 10. 

Where log. in this case, denotes the common tabular 
logarithm of the number n, and Z. its hyperbolic loga- 
rithm ; the constant factor, or multiplier,^--- , which is 



i 






I 
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being what is nsnally called the modvlut of the common 
system o{ logarithms.* 

raoBLEic. I. 

To compote the logarithm of any of the nataral num- 
bers Ij 2, 3, 4, 5, kc. 

RULE I. 

1. Take the geometrical series, 1, 10, 100, 1000, 10000« 
&c. and apply to it the arithmetical series, 0, 1,2, 3, 4, 
lie. as logarithms. 

2. Find a geometric mean between 1 and 10, 10 and 
100, or any other two adjacent terms of the series, be- 
twixt which the nnmber proposed lies. 

3. Also, between the mean, thus found,^and the near- 
est extreme, find another geometrical mean, in the same 
manner ; and so on, till you are arrived within the pro- 
posed limit of the number whose logarithm is sought. , 

4. Find, likewise, as many arithmetical means between 
the corresponding terras of the other series, 0, 1, 2, 3, 4, 
jic in the same order as you found the geometrical ones, 
and the last of these will be the logarithm answering to the 
number required. 

EXAMPLES. 

Let it be required to find the logarithm of 9. 



•*«- 



*^ It may here be remftrked, that, althou^ the common loearitbms have 
superseded tbti use of hyperbolic or Nepenan logarithms, in alt (he ordinary 
operations to which these numbers are generaUy applied, yet the latter are 
not without some advantages peculiar to tbemfli^es ; being- of frequeiit oc- 
currence hk the application <x the Fluxiooaiy CUculus, to maitjr a^ytical 
and physical problems, where thev are required for the finding of certam fiur 
ents, wnich could not be so readily determmed without their assistance ; <in 
which account great pains have been taken to calculate tables ofhypefboGc 
tejgaritiims, to a considerable extent, chiefly for this punxwe. Mr. Sari«l|r« 
In ^CoUecHon t^ MaXhrn/OicaX TohU^ lately pablished) \a» givea Okdi &s 
^ ont ISOOO manlieii* ~ 



I 



■t « ' • -; 
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Here the proposed number lies between I and 10. 

First* then^ the log. of 10 is 1, and the log. of 1 is 0. 

Therefore v/(10Xl)=<v^ 10=3. 1622777 is the geo- 
naetrical mean ; 

And ^(l-{-0)=|s.5 is the arithmetical mean ; 

Hence the log. of 3.1622777 is .5. 

Secondly the log. of 10 is 1, and the log. of 3.1622777 
is .5. 

Therefore v^(10X3.1622777)=6.6234132 is the geo- 
metrical mean ; 

And i(l+.6)=.76 is the arithmetical mean ; 

Hence the log. of 5.6234132 is .75. 
, Thirdly, the log. of 10 is 1, and the log. of 5.6234132 
is .75 ; 

Therefore ^( 10 X 5.6234 132)=s7.4989422 is the geo- 
metrical mean ; 

And \{ 1 -f- .75) =.875 is the arithmetical mean ; 

Hence the log of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and the log. of 7.4989422 
is .875 • 

Therefore ^(l6x7.4989422)=8,6596431 is the geo- 
metrical mean ; 

And ^(14'*875)=.9375 is the arithmetical mean ; 

Hence the log. of 8.6596431 is .9375. 

Fifthly, the log. of 10 is 1, and the log. of 8.6$96431 is 
.9375. 

Therefore ^(10X8.6596431) =^9.3057204 is the geo- 
metrical mean. 

And ^(1+.9375)=s.96875 is the arithmetical mean ; 

Hence the log of 9 3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the \6g. of 
9.3057204 is .96875 ; 

Therefore v^(8.6696431X9.3057204)=:8.9768713 is 
the geometrical mean. 

And |(.9375+.96875) =.963125 is the arithmetical 
mean ; 

Hence the log. of 8.9768713 is .9S3125. 

And, by proceeding in this manner, it will be found, after 
'25 extractions,that the logarithm of 8.9999998 is .9542425, 
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which may he taken for the logarithm of 9, as it difiers 
from it so Kttle, that it may be considered as sofficiently 
exact for al) practical purposes. 

And in this manner were the logarithms of all the prime 
numbers at first computed. 

RULE II. 

When the logarithm of any number (n) is known, the 
logarithm of the next greater number may oe readily 
found from the following series, by calculating a sufficient 
number ^f itti terms, and then adding the given logarithm 
to their sum. 

Log. (n+ 1 ") =^loe. n+M' J - — ; 1 — -x — ; — r:; H — tx — : — r- 

1^ 1 1 

Or, 
Log. (»+l)=log. n+^^-^+3p^l- H ^^^^^^^^ 

7(2«+l)' 9(2n+l)* Il(2n+1)2 /'^ 

Where a, b, c, &c. represent the terms immediately 
preceding those in which they are first used, and m'=^ 
twice the modulus =.8685889638 .... * 

EXAMPLES. 

1. Let it he required to find the common logarithm of 
the number 2. 

Here, because n+l^^* and consequently nssl and Sn 
+ 1=3, we shall have 



* It may here be remained, that the difference between the logarithms ef 
any two coosecative numbers, is bo much the less as the numbers are great- 
er ; and consequently the series whic^ comprises the latter part of the above 
expression will in that case converge so much the faster. Thus log. n and 

log. (is-|-l), or its equal log. n -f- log. (1-1— ), will, obvioihly,difi0t but lit- 

^ £tam tMxSh oOier when n Ig a tai^genumber. 



3B ^ 



i 

i 
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m N 

m' 8696889638 
___=_i__ = .289529664 (A) 

A .289529664 ^^^^ , ^ 
3(2;r+T)-.=-3.3r- = .010723321 (.) 

3b 3X.010723321 ^„,.,„„„,n 
. ^ 6(2;r+0F= Ur— = .000714888 (c)- 

5c 5X.000714888 „^„,„„„„ , s 
7(2^+lT.= Oi = .000056737 (o) 

7d 7 X. 000056727 

9r2"^TTy« 913 = .000004903 (e) 

9e 9 X. 000004903 

TT(?,r+T)i^-T-rr3:— = .<'0oooo446 (F) 

llF llx 000000446 

13(2«-+i7= TsTsi = .000000042 (o) 

13g 13X.000000042 , , 

i5(2-„+T)i=— [3723— = -Qooooqag' («) 

Sum of 8 terms . . .30 1 029995 
Add log. of 1 . . r .000000000 



Log. of 2 301029995 

I 

Which logarithm is true to the last figure inclusiTely. 

2. Let it be required to compute the logarithm of the 
number 3. 

Here, since «+l=3, and consequently n = 2, and 2» 
+ 1=5, we shall have 

m' .868588964 .«<>«, ^«««, x 

TT— rr=^ r . - . =.173717793 (a^ 

2»+l 5 ^ ' 

A .173717793 ^^««,^««-. . > 

3b 3_X^23|6237 ^^,,,^ ^^^ 

5(2fi+l)a 5.52 V J 

6c 6X.000055590 ^^^rv.r«« / n 

■ v v 'V^Tr=^ ?r^ =.000001688 (o) 

7(2»+0* 7.53 ^ / 
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7o ^''^'^'f^^^^.oooQmmiz) 



9(2n+iy 9.6« 

9e ^X.OOOOOOOW^^j^^^j^^ 



ll(2»+l)« 11.6* 



Sam of 6 tenns 176091260 

Log. of 2 301029995 

Log- of 3 • 477121265 

Which logarithm is also correct to the nearest uait in 

the last 6gure. 

Aod in the same way we may proceed to 6nd the loga- 
rithm of any prime number. 

Also, because the sum of the logarithms of any two nnm^ 
bera gires the logarithm of their product, and the difference 
of the logarithms the log-artthm of their quotient. &c. ; we 
may readily compute, from the above two logarithms, and 
the logarithm of 10, which is I, a great number of other 
logarithms, as in the following examples : 

3. Because 2X2=4, therefore ^ 801029995 

log. 2 J 

Mult, by 2 2 

giYeslog. 4 .602059990 

4- Because 2X3=6, therefore > 301029995 

to log. 2 5 
^ add log. 3 .477121265 

gire&log. 6 .778151250 

5. Because 2 ^=8, therefore log 2 .301029995 

mult, by 3 3 

gives log* ft .9030891985 
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6. Because 3^ ==9, therefore log. 5 .477121255 

mult, by 2 2 

gives log. 9 .954242610 



7. BecauseV-5, therefore from > j^oOOOOOOOO 

log. 10 y 
take log. 2 .301029995 ' 

gi^s log. 6 .698970006 

8. Because 3X4=; 12, therefore } >«««taiace 

to log. 3 I •477121255 

addlog<4 .602059991 

• ' '■' ' ■ 

gives log. 12 1.Q79181246 

And, thus, by computing, according to the general for- 
mula, the logarithms of the next succeeding prime num- 
bers 7, 11, 13, 17, 19, 23, &c. we can find, by means pf 
the simple rules, before laid dow^ for moltiplication,^divi- 
sion, and the raising of powers, as many other logarithms 
as we please, or may speedily examioe any logarithm in 
the table. 



MULTlPLICATIOir 

BY LOGAR[THMS. 

Take out the logarithms of the factors from the tables 
and add them together ; then the natural number, answer- 
ing to the sum, will b^ the pr-oduct required. 

Observing, in the addition, that what is to be carried 
from the decimal part of the logarithms is always affirma- 
tive, and must, therefore, be added to the indices, or inte* 
gral parts, after the manner oi positive and negative ^lUilx- 
tJitiesindlgebra^ 

Aa 2 



2Y« LOGASITBHS. 

Wbicb method will be foo&d moch more cm? eBiejii%j 
to those who possess a slight koowledge of this science, 
than that of osiDg the arithmetical comj^emeiits* 

EXAMPLES. 

1. Maltiply 27.153 by 4.086, by logarithms. 
jfos. Logs, 

37. IW . . . . 1.6699939 
4.086 .... 0.6112984 



Prod. 251.8071 2.1812923 



2. MoUiply 112.246 by 13.958, by logarithms. 
Abf. Logs, 

112.246 .... 2.0491709 
13.958 .... 1.1448232 



Prod. 1563.128 . 3.1939941 



3. Maltiply 46.7512 by .3275, by logarithmic. 
JVo5. Logs, 

46.7612 . , • . 1.6697928 
.3275 .... 1.5152113 



Prod. 15.31102 • 1.1850041 



Here, the +1, that is to be carried from the decimals^ 
cancels the — ) , and consequently there remains 1 io the 
upper line to be set down. 

4. Multiply .37816 by .04782, by logarithms. 

jfos. Logs. 

.37816 .... f.5776756 
•04782 .... "26796096 



Prod. .018Q836 . 2.2572852 



iiere the + 1 t||at is to he carried from the decimlds^ 
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destroys the —l, in the upper line, as before, «Dd ther^ 
remains the —2 to be set down. 

5. Moltiplj 3.766, 2.053, and .007693, together. 

JVb9. Logs, 

7.768 .... 0.5761109 
2.053 .... 0.3123889 

.007693 .. . * 3.8860997 

Prod. .059511 . 2.7745995 

Here the + 1 , that is to be carried from the dec^mals^ 
when added to —3, makes —2, to be set down. 

6. Maltiply3.586, 2.1046,.8372. and 0294, together. 

Nos, Logs, 

3.586 .... 0.554610 
2.1046 .... 0.323170 

.8372 .... 1.922829 
.0294 .... 2.468347 

Prod. .1867618 . . 1.268956 

# 

Here the +^9 that is to be carried, cancels the '^2, 
and there remains the — 1 to be set down. 

7. Multiply 23.14 by 5.062 by logarithms. 

Ans. 117.1347 

8. Multiply 4.0763 by 9.8432, by logarithms. 

Ans. 40.12383 

9. Multiply 498.256 by 41.^467, by logarithms. 

Ans. 20551.41 

10. Multiply 4.026747 by .012345, by logarithms. 

Ans. .0497102 

11. Multiply 3.12567, .02868, and .12379, together, by 
logarithms. Ans. .09109705 

12. Multiply 2876.9, .10674, .098762, and .0031598, 
by logarithms. Ans. .0058299 
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DIVISION BY LOGARITHMS. 

» 

From the logarithm of the dividend^ as foand in the ta- 
bles, subtract the logarithm bf the divisor, and the natardil 
n amber answering to the remainder will be the qaotiept 
required. 

Observing, if the subtraction cannot be made io the 
usual way, to add, as In the former rule, the 1 that is to be 
carried from the decimal part, when it occurs, to the ia- 
dexof the logarithm of the divisor, and then this result, 
with its sign changed, to the remaining index, for the indexr 
of the logarithm of the quotient. 



t 



EXAMPLES. 

1. Divide 476(f.2 by 36.954, by logarithms. 
Nos, Logs. 

4768.2 .... 3.6783545 
36.954 .... 1.5676616 

Quot. 129.032 . . 2.1106930 



>« 



2. Divide 21.754 by 2.4678,by logarithms. 

JVos, Logs, 

21.754 .... 1.3376391 
2.4678 .... 0.3923100 

quot. 8.1618 . . 0.9452291 

3. Divide 4.6257 by .17608, by logarithms. 

J^os, " Logs. 

4.6257 . • . . 0.6651726 

.17608 .... T. 2467 100 
%iot 26.2741 . . 1.4194626 



a 
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Here -«lv Ib the lower index, is ehapged into +!» 
fvbich is then taken for the index of the result. 
4. Divide ,27684 by 6.1676, by logarithms. 
Ao*. Logs. 

.27684 .... 1.4422288 
5.1676 . . . . 0.71^24477 



Q,uot. .0636761 . 2.7297811 



Here the I that is to be carried from the decimals, is 
taken as — \, and then added to - I, in the upper index, 
which gives —■ 2 for the indexof the result. 
5. Divide 6.9876 by .075.789, by. logarithms. 
JVb*. Logs* 

6.9876 .... 0.8443218 

.076789 .... 2.879t)062 



%iot. 92.1967 . . 1.9647166 



Here the 1, that is to be carried from the decimals, ia 
added to —2, which makes — 1, and this piit down, with its 
sign changed, is +1. 

6. Divide . 19876 by .0012346, by loganthms. 
jVb». Logs, 

.19876 f.2983290 

.0012346 .... 3.0914911 



Q^ot» 151.0051 . 2.2069379 
Here —3, in the lower iniex, is changed into +3, and. 
this added to — 1 , the other index, gives +3 —.1 or 2. 

7. Divide 126 by ^28, by logarithms. 

Ana. .0723379 

8. Divide 1728.96 by 1.10678,by logarithms. 

Ans. 1662.144 

9. Divi4e 10,J?3674 by 4.96623, by logarithms. 

Ans. 2.061685 



^4 RULE OF THREE BY LOGAklTtlMS. 

10. Difide 19958.7 by .048235» by logarithms. 

Aos. 413739 
IK Diride .067859 by 11^34.59, by logarithms. 

Ans. .0000549648 



THE RULE OP THREE, 

OR PROPOftTlON, BY LOGARITHMS. 

For any sii^le proportion, add the logarithms of the se« 
cond and third terms together, and snbtract the logarithm 
of the first from their sum, accordineto the foregoing 
roles ; then the natnral number ansmShig to the result 
will be the fourth term required. 

But if the proportion be compound, add together the 
logarithms of all the terms that are to be multiplied, and 
from the result take the sum of the logarithms of the 
other terms, and the remainder will be the logi^rithm of 
the term sought. 

Or, the same may be performed more conveniently thus» 

Find the complement of the logarithm of the first term 
of the proportion, or what it wants of 10, by beginning at 
the left hand, and taking each of its figures from 9, except 
the last significant figure on the right, which must be taken 
from 10 ; then add this result and the logarithms of the 
other two terms together, and ihe sum, abating 10 in th^ 
indei^, wilt be the logarithm of the fourth term, as before* 

And, if two or more logarithms are to be subtracted, as 
in the latter part of the above rule, and their complements 
and the logarithms of the terms to be multiplied together, 
and the result, abating as many lO's in the index as there 
fire logarithms to be subtracted, will be the logarithm of 
the term required ; observing when the index of the lo- 
garithm, whose complement is to be taken, is negative, to 
add it, as if it were affirmative, to 9 ; and then take thQ 
rest of the figures from 9, as before^ 
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EXAMPLES. 



. 1. Find a fourth proportional to 37.125, 14.768, and 
135.279, by logarithms. 



Log. of 37.125 



• • •• 



1.5696666 



Complement .... 8.4303336 
Log. of 14.768 . , . 1.1693217 
Log. ©f 135.279 ... 2.l'Sl2304 



Ans. 63.81099 . 



1.7308866 



2. Find a fourjji propoitional to .06764, .7186, and 
.34721, by logarithms. 



Log. of .06764 . 

Complement . . 
Log. of .7186 . . . 
Log. of .34721 . 

Ans. 4.328681 . 



2.7607240 

11.2392760 
1.8564872 
T.6405922 

0.6363664 



5. Find a third proporrional to 12.796 and 3.24718, by 
logarithms. 



Log. of 12.796 



■• . . 



Ans. .8240216 . 



1.107074& 



Complement . . . . 8.8929258 
Log. of 3.24718 . . . 0.5115064 
Log. of 3.24718 . . . 0.5115064 



• • 



1.9159386 



4. Find the interest of 279if. B». for 274 days, at Ai 
ser tent, per annuto, by logarithms. % 
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I III I I 11 



Coiiip..l<^. of 100 • . 8^< 

Camp. log. of 365 . . 7.4377071 

Log. of 279.25 . . . 2.4459932 

Log. of ^74 ... • 2.4377606 

Log. of 4.5 .... 0.6532125 



Ads. 9.433296 .. . . 0.9746634 



5. Fiod a foorth proportional to 12.678, 14.065, and 
100.979, bj logarithms. Ans. 1110263 

6. Find a fourth proportional to 1 .9864, .4678, and 
50.4567, by logarithms. Ans. 11.^8262 

7. Find a fourth proportional to .09658, .24950, and 
.008967, by legarithms. Ans. .02317234 

8. Find a mean proportional between 498621 and 
2.^587^ and a third porportioaal to 12.796 and 3.24718 by 
logarithms. Ans. 17.55623 and *8240216. 



INVOLUTION, 

OR THE RAISING OF POWERS BY LOGARITHMS. 

Take out the logarithm of the given number from the 
tables, and mnltipiy it by the index of the proposed pow- 
er ; then the natural number answering to the result, will 
be the power required. 

Observing, if the index of the logarithm be negative, 
that this part of the product will be negative ; but as what 
is to be carried from the decimal part will be affirmative, 
the index of the result must be taken accordingly. 

EXAMPLES. 

1 . Find the square of 2,7568, by logarithms. 
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Log. of2.76e« . . . 0.4402477 

Square 7.599946 . . - 0.8804954 

S. Find the cube of 7.0851, by logarithms. 
Log. of 7.0851 . . . 0.8503399 

3 

Cube 355.6475 . . . 2.5510197 
3. ITiad the fifth power of .87451, by logarithms. 

Log. of .87451 . . . 1.9417648 

6 



Fifth power .51 14695 . 1.7088240 

Where 5 times the oegpitive index <-» 1 , beiog — 6, and 4*^ 

to, carry, the index of the power is 1. 
4. Find the 365th power of 1.0045, by logarithms. 
Log. 1.0045^ .... 0.0019499 

365 



97495 
116994 
58497 



Power 5.148888 . . 0.7117135 



£. Required the square of 6.05987, by logarithms. 

Ans. 36.72203 
6. Required the cube of .176546, by logarithms. 

Ans. .005^2674 

Li. U—U' l~l I ■111 ■ Lll_-I ■! ■■■ -rMM-ll ■»!— II ^imM— ^■-■-■« ^M^M-^ ^ll^r ■ — ^■- 

• This answer 5.148888 tbougfa Ibood strictly aceordiog (o the general 
rale, is not correct in.the last ibur %iires 88S8 ; nor can the answers to sacfa 
questions relatinf to very high powers be generally found true to 6 plaees of 
^gures by the tables of Log. commonly UMd; U any power above the hun- 
dred thousandth were reqiiired, not one fieure of tbie answer here given 
could be depended on. The Log. of 1.0045 is 0019^94108 true to eleven \ 
places, which multiplied by 365 gives .7117S85 true to 7 places, and the cor- 
responding number true to 7 pliuSs is 5.149067. See Doctor Adrain*s edi* 
UoQ of Hut. Math. Vol. I. p. 169. 

Bb 
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7. Required tke 4th power, of •076&43) by logarithms. 

Ans. .0000343259 

8. Required the 6th power of 3.976^3 hjr logarithms. 

Ad8. 233.6031 

9. Required the 6th power of 21. 0676 by logarithms- 

Ans. 67187340 

10. Required the 7th power of 1.09684, by logarithms. 

Ads. 1.909864 



EVOLUTION, 



OR THR FXTRACnON OF ROOTS, B? tOGARITHMS. 

Tske out the logarithm of the given number from the 
table, and divide it by 2, for the square root, 3 for the 
cube root, &c. and the natural Dumber answering to the 
result will be the root required. 

But if it he a compound root, or one that consists both 
of a root and a power, multiply the logarithm of the given 
number by the numerator of the index, and divide the pro- 
duct by the denominator, for the logarithm of the root 
sought. 

Observing, in either case, when the index of the loga- 
rithm is negative, and cannot be divided without a remain- 
der, to increase it by such a number as will render it ex- 
actly divisible ; and then carry the units borrowed, as so 
many tens, to the first figure of the decimal part, and di- 
vide the whole accordingly. 

EXAMPLES. 

1. Find the square root of 27«466« by logarithms. 
Log. of 27.466 . . 3)1.4387796 

Root 5^2407 . .7193898. 
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9. Find tke cube root of 35.6415,bylogattthins. 
Log^ of 35.64 15 . . . 3)1.6519560 



mmm^mm 



Root3;29093 . . , .5173186 



3. Find the 5th root of 7.0826^ by logarithms. 
Log. of 7.0825 ... 5)0^8501866 

Root 1.479235 • . . .1700373 



4. Find the 366th root of 1.045, by logarithms. 
Log. of 1.045 . .- 365)0.0019499 

Root l;000121 . . . 0.0000634 

5. Find the value of (.00 1234)* by logarithms. 
Log. of .001234 . . . 3^0913152 

2 



3)6.1826304 



N 



Ans. .00115047 . . . .2*0608768 
Here» the divisor 3 being contained exactly twice in the 
negative index —6, the index of the quotient, to be put 
down, will be —2. , 

Find the value of (.024664)^ by logarithms. 
Log. of .024554 ... 2.3901223 

2)5.1703669 

Ans. »00S84764 . . . 3.5851834 
Here 2 not being contained exactly in — 5, 1 is added to 
it, which gives —3 for the quotient ; and the 1 that is bor- 
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rowed being carried to the next figure makes 11, fvhicby 
difided by 2, gives .58, &c. 

7. Required the sqaare root of 365.5674, by logarithms. 

^* Ans. 19.11931 

8. Required the cube root of S.987635, by logarithms. 

Ans. 1.440265 

9. Required the 4th root of .967845, by logarithms. 

Ans. .9918624 

10. Required the 7th root of .098674, by logarithms. 

Ans. .7183146 

21 I- 
U. Required the value of (^=^) , by logarithms. 

Ans. .146895 

112-2 
12. Required the. value of (7=^7 )*» by logarithms. 

* Ans. *1937n5 

MISCELLANEOUS EXAMPLES IN LOGARITHMS. 

2 

1.. Required the square root of To^* ^jf logarithms. 

Ans.. 1275 153 

2. Required the cube root of —--rr^, by logarithms. 

Ans. .682784^ 

3. Required the .07 power of .00363, by logarithms. 

Ans. .6953821 

4. Required the value of 171^ > ^^ logarithms. 

Ans. .04279825 

5. Required the value of--^/gX.012^~, by loga- 
rithms. Ans. .001165713 

6. ReqiTired the value of =| /*t,^'?!w! -^? ^y 1^- 

^ 7^yi2^X. 19^17^ '^ 

garithms. Aps. ,3009)59638 
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logarithms. Ads. 49.987 IS 



•< 



MISCELLANEOUS QUESTIONS. 



^ 1 • A person being asked what o'clock it was, replied 
that it was between eight and nine, and that the hour and 
minute hands were exactly together ; what was the time ? 

Ans, 8h. 43min. 38/i- sec. 

2. A certain'number, consisting ot two places of ngures, 
is equal to the difference of the squares %( its digits, and 
if 36 be added to it the digits will be inverted ; what is the 
number ? Ans. 48 

3. What two numbers are those, whose difference, sum, 
and product, are to each other as the numbers 2, 3, and 5, 
respectively ? Ans. 2 and 10 

4. A person, in a party at cards, betted three shilling? 
to two upon every deal, and after twenty deals found he 
had gained five shillings ; how many deals did he win ? 

Ans. 13 

5. A person wishing to enclose a piece of ground with 
palisades, found, if he set them, a foot asunder, that he 
should hare too few by 1 50, but if he set them a yard 
asunder be should have too many by 70 ; how many had 
he? Ans. 180 

6. A cistern will be filled by two cocks, a and b, run- 
ning together, in twelve hours, and by the cock a alone in 
twenty hours ; in what time will it be .filled by the cock b 
sUone ? Ans. 30 hours 

■ 7. If three agents, a, b, c, can produ<;e the effects a, 6, 
c, in the times «,/, g, respectively ; in what time would 
Ihey jointly produce the effect i?. 

Ana. d-f.(^+*+i) 

BbS 



j 
i 



2St MISCELLANEOUS C0JESTIOHS» 

8. What Dumber is thai, which being aerecatty added 
to 3, 1 9« and 51 ^thaU make the results in geometrical pro- 
gression? ^ Ans-13 

9. It is required to find two geometrical mean propor- 
tionals between S a^d 24, and fonr geometrical means be- 
tween 3 and' 96* 

Ans. 6 and 12 ; and 6. 12« 24, nnd 46 

10. It is required to find six numbers in geometrical 
progression such, that their sum shall be 31^, and the som 
of the two eitremes 165. , 

Ans. 5, 10» 80, 40; 80, and 166 

11. The sum of two numbers is a, and the sum of their 
reciprocals is b^ required the dDumbers. 

12. After a Certain number of men had been employed 
on a piece of work for 24 days, and had l&lf finished it, 
16 men more were set on, by which the rems^ning half 
was completed in 16 days ^ how many men werfe employ- 
ed atfirat ; and what was Uie^ whole expense, at 1$. Sd. a 
day per man ? Ans. 32 the number of men ; and the 

whole expense HBL 4ir. 

13. It is required to find tWo numbers such» that if the 
square oif the fif»t be added to the second, the sum shall 
l>e 62, and if the square of the second be added to the 
^rst, it shall be 176. Ans 7 and 13 

' 14* The fore wheel of a carriage makes six revolutions 
mor#tlni|i the htnd wheel, in going 120 yards ; but if the 
circuii^^ence of each ^eel Was increased by three iee|, 
it would make only font rerolutions more than the hind 
wheel in the same space ; what* is the circumference of 
each wheel ? Ans* 12 and 15 feet 

15. It is required to dividend given number a into two 
such parts, x and y, tbat^the sum of mgc and n^ shall *be 
-eq^alio some other given number 6. 

Ans. X?? — ^-»~^ and y^^ ■■ ■ 

16« Out of a pipe of wine, containing 94 gallons, 10 
gallons were drawn off, aqd the vessel replenished with 



\ 
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10 gaQooi of irater ; after wfaicii, 10 gallons of the mix- 
Care were i^n drawa off* aod then lOgalloos more of wa^ 
Cer poured in ; and so on for a third and fourth time ; 
whtcfa being done, it is reqaired to find how much pure 
wine remained in the iresseli supposing the two fluids to 
have been thoroughly mixed each time ? Ans. 48| gallons 

17. A sum of money is to be dirided equally among a 
certain number of persons ; now if there had been 3 clai* 
maats less»each would have had IhOL more, and if there 
had been 6 more, each would hare had ISO/, less ; required 
the number o$ persons, and the aum divided. 

Ans. 9 persons, sum 2700/. 

la. From each of 16 pieces of gold, a person filed the 
worth of half a crown, and then offered them in payment 
for their original value, but the fraud being detected, and 
the pieces weighed, they were found to bib worthy in the 
whole, no more than o^ht guineas ; what was die ofiginsd 
value of each piece ? Ans 1 3t* 

19. A composition of tin and copper, containing tOO 
cnbic inches, was fomid to weigh 6P5 ounces ; how many 
ounces of each did it contain, supposing the weight of a 
xubic inch of copper to be 5^ ounces, and that of a cubic 
in0h of tin 4^ ounces. 

Ans. 420 OK. of copper, and 85 oz. of tin 

90. A privateer, running at the rate of 10 miles an hour, 
discovers a vessel 18 miles ahead of her, making way al 
the rate of 8 miles an hour ; how many miles will the lat- 
ter run before she is overtalcen. Ans, 72 miles 

21. In how many different ways is it possible to pay 
100/. with seven ahilling pieces, and dollars of 4f. Ba» 
each ? Ans.- 3t different ways 

22. Given the sum of 2 numbers ss2, aod the sum ctf 
_ their ninth powers :=32, to find th^ numbers by a quad^ 

ratic egqation. ' Ans. l±|l^(6-/34— 38) 

»23. Given y»-a;y=*666, and x^+.xyf^40e ; to find x 
and y. « Ans, x^7^ and y^ssB^ 

24. The arithmetical mean of two numbers exceeds the 
geometrical mean by 13, and the geometrical mean ex^ 
ceeds the barmonical mean by 12; what are the numbers ; 

Ans. 234 and 104 
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Tallies of X and y« 

Abs. x=4(v/M-1), f =1(/5 - 1) 

£6. Given x+y+z^^23j aEy+xz+yr=|67, and xyzs= 

385, to find or, y, and 2r« Ana. x=5, 3^=7, z^si i 

27. To 6od foor number, x, y, x, and v, baTing the 
prodoct of eTeiy three of them given ; yiz. xy2r=23], 
jr;^=420, ^29=1540, and t2iv=660. 

Ana. x:s3, y=7, 2rs»] 1, and «ss20 

28. GiTon x-f>y;s384, y4-aMr^237, and r+«3P=19f, 
to find the yalnes of x, y, and z. 

Ans. x=10,jf=17, aadzs=22 

29. €KTen x*+iryi=108, y*+»z=69, and2^+aer=580, 
to find the Talnes of x, y, and ;s. 

Ads. xsid, ^3^3, and z^20 

30. Given x«4^+F'=»5 «i»d x*+x«^+f*«l1, to 
^d the valaea of x and yhf z qnadra^. 

Ans. x=«=-v'IO+^v^5,y?xg^lO— gv^5 

31. Given the equation x«— 6ar8+!Sx»^— I2x=t5, to 

» 3 1 

find the v^oe of x bj a quadratic, Ans. ^^^v'tS 

. 32. It is required to find by what part of the population 
a people must increase annually, so that they may be dou* 
Ule at the end of every century. 

Ans. By 144tb part nearly 

33. Required the least number of weights, and the 
weight of each^ that will weigh any number of pounds 
from one pound to a hundred weight. 

Ans. 1,3, 9, 27, 81 

34. It is required to find fonr whole numbers such, that 
the square of the greatest may be equal to the sum of the 
squares of the other three. Ans. 3, 4, 12, and 13 

35. It is required to find the least number, whioh b^ipg 
divided by 6, 5. 4, 3, and 2, shall leave the remainders 5^ 

• 4, 3, 2, and 1, respectively. Ans. 69 

36. Given the cycle of the sum 18, the golden number 
8, and the Roman indiction 10, to find the year. 

Ans. 1717 
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37. Given 256a; — 87ys= 1 , to And the least possible valoes 
of X and y in whole numbers. Ans. xss:52, and y^lbS 

38. It 18 required to find two different isosceles trian- 
gles such, that their perimeters and areas shall be both 
expressed by the same numbers. 

Ang. Sides of the one 29, 29, 40 ; and of the other 37, 37, 24 
39» It is required to find the sides of three right angled 
triangles, in whole numbers, such, that their areas shall 
he all equal to each other. 

Ans. 53, 40MS; 74,24,70; 113,15,112 

40. Given «*=s|.2655, to find ^ near approximate va* 
iue of X. ' Ans. 3.82013 

41. Given xy^BOOO, and ^41^3000, to find the values 
of x and y. Ans. ss54.69 1445, and ^=5.510132 

42. Given x»+^=285, and y*— a:ys=14, to find the va* 
lues of X and y. Ans. a?ss4.01d698, and y=^2.B2bll6 

43. To find two whole numbers such, U)at if unitj be 
added to each of them, and also to their halves, the sums, 
in both cases, shall be squares. Ans. 48 and 1680 

44. Required tl^two least nonquadrate numbers x and 
y such, that x^+y^ and x^+y^ shall be both squares. . 

Ans. ars=364 and 2^^:273 

45. It is required to find two whole ndmbers such, that 
their sum shall be a cube, and their product and quotient 
squares. Ans. 25 and 100, or 100 and 900, &c, 

46. It is required to find three biquadrate numbers sugb, 
that tiieir sum shall be a square. Ans. 12^, 15*, and 20* 

47. It is required to find three numbers in continued 
geometrical progression such» that their three differences 
shall be all squares. . Ans. 567, 1008, and 1792 

48. It is required to find three whole numbers such, that 
the sum or difference of any two of them shall be square 
numbers. Ans. 434657, 420968, and 150568 

49. It is required to find two whole numbers 8ucb« that 
their sum shall be a square, and the sum of their squares 
a biquadrate. Ans. 4565486027761 and 1061652293520^ 

50t It is required to find four whole numbers such, that 
Oie difference of every two of them shall be a square num- 
ber. Ans. 1873439, 2288168, ^399057, and 6560657 
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51. It is required to find tbe s«m of the series ?+^ 

+~+^7+&c. coDtiBved to iafinitjr. Ans. — 

52. It is required to find tbe som of the infinite series 
3 9 27 81 ^243 ^^ 3 

4*16^64"'256'*'l024*'''' "^°'' 7 

53. Required the sam of the s^ies 5+6+7+S+9+ 

* n 

&c. coottnued to n terms. Ans. o(ft+9) 

54« It is required to find how many 6gares it wonld take 
to express the 25th term^the series 2 > +2'+ 2« +2*4- 
2' •&€. • Ans. .5050446 figures 

55. It IS required to find the sum of 100 terms of the 
series (IX2)+(3X4)+(5Xe>)+(7X8)+(9X10) &c. 

Ans. 1343300 

56. Required the sum of l«+2» +32 +43 +53 &c. . . 
. +50' which gives the number of shot in a square pile, 

the side of which is 50. ■ - ^ Ans. 42925 

57. Required the sum of 25 termsWthe series 35+36 
X2+37X3+38X4+39X6 &c which gives the number 
of shot in a complete oblong pile, consisting of 25 tiers, 
the number of shot in the uppermost row being 35. 

Ans. 16575 
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APPENDIX. 



OF THE APPLICATION OF ALGEBRA TO 

GEOMETRY. 



In the preeedii^ part of Ae present perfortnance, I have 
considered Algebra a§ an independent science, and confin- 
ed myself chiefly to the treating on such of its most useful 
rales and operations as could be brought within a moderate 
compass ; but as the numerous applications, of which it is 
susceptible, onght not to be wholly overlooked, I shall here 
show, in compliance with the wishes of many respectable 
teachers, its use in the resolution of geometrical prob- 
liems ; referring the reader to my larger work on this sub- 
ject, for what relates more immediately to the general 
doctrine of curves.* 

For this purpose it may be ob^^erved, that when any 
proposition of the kind here mentioned is required to be 
resolved algebraically, it will be necessary, in the first 
place, to draw a figure that shall represent the several 
parts, or conditions, of the problem under consideration, 
and to regard it as the true one. 

Then, having properly considered the nature of the 



* The learner, before he can obtain a competent knowledge ofthe method 
of application above mentiooed, must first make himself master of the prin- 
cipal propositions of £nclid, or of those contained in myEUments of Gtomt'^ 
trys m which woik he will find JtSX the essential principles of the science 
comprised within a much dtorteroonspassthan in ^finrner. 

And in such cases where it may be requirite is> extend this mode of appli^ 
catien totrigonometnr, mechanics, or any other branch ofmatfaematics, a pre- 
vaoca knowk^se of ue nstnre and principles cf these subjects will be equal- 
^necessary. 
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question, tbe figare so formed, mast*, if necessary, be still 
farther prepared for solution, by prodaciog, or drawing, 
soch lines in it as may appear, by their connexion or rela* 
tions to each other, to be most condnci?e to the end pro^ 
posed. 

This being done, let the unknown line, or lines, which 
it is judged will be the easiest to find, together "with those 
that are known, be denoted by the common algebraical 
sjrmbols, or letters ; then, by means of the proper geome- 
trical theorems, make oat as many independent equations 
as there are unknown quantities employed ; and the reso- 
lution of these, in the usual manner, wUl gire the solution 
of the problem. 

But as no general rules can be laid down for drawing 
the lines here mentioned, and selecting the properest quan* 
tities to substitute for, so as to bring out the most simple 
Conclusions, the best means of obtaining experience in 
these matters will be to try the solution of the same prob* 
lem in different ways ; and then to apply that which suc- 
ceeds the best to other cases of the san^e kind, when thej 
afterwards occur. 

The following directions, however, which are extracted, 
with some alterations, from Newton's Universal Arithmetic^ 
and Simpson's Algebra and Select Exercises^ will often be 
found of considerable use to the learner, bv showing him 
bow to proceed in n^any cases of this kmd, where he 
would otherwise be left to hU own judgment. 

1st. In preparing the figure in the manner above men- 
tioned, by producipg or drawing certain lines, let them be 
either parallel or perpendicular to some other lines in it, 
or be so drawn as to form similar t]:^ngles ; and, if an an- 
gle be given, let the perpendicular be ^rawn opposite to 
it, and so as to fall, if possible, from oiie end of a given 
line. . "* . 

2d. In selecting the proper quantities to substitute for, 
let those be chosen, whether required or not, that are 
nearest to the known or given parts of the figure, and by 
means of which the next adjacent parts may be obtained 
by addition or subtraction only, without using surds. 
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3d. When- in any problem, there are two lines, or qaan- 
tities» alike related to other parta of the figure, or problem, 
the be«t way is not to make use of either of them sepa- 
rately, but to substitute for their sum, difference, or rect- 
angle, or the sum of their alternate quotients ; or for some 
other line or lines in the figure, to which they have both 
the same relation. 

4th. When the area, or the perimeter, of a figure is gi- 
ven, or such parts of it as have only a remote relation to 
the parts that are to be found, it will sometimes be of use 
to assume another figure similar to the proposed one, that 
shall have one of its sides equal to unity, or to some other 
known quantity ; as the other parts of the figure, in such 
cases, may then be determined by the known proportions 
of their like sides, or parts, and thence the resulting equa- 
tion required. 

These being the most general observations that have 
hitherto been collected upon this sabject, i shall now pro- 
ceed to elucidate them by proper examples ; leaving such 
farther remarks as may arise out of the mode of proceed- 
ing here used, to be applied by the learner, as occasion 
requires, to the solutions of the miscellaneous problems 
given at the end of the present article 

PROBLEM I. 

The base, and the sum of the hypothenuse and perpen- 
dicular of a right angled triangle being given, it is required 
to determine the triangle. 




B 



Let ABC, right angled at c, be the proposed triangle ] 
and put Bc=6| and ac^sx. 

CO 
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Then, if the sum oFab and ac be represented by 9, the 
bjpotheoase ab will be expressed by t — x. 

But, by the well known property of r^;bt angled trian- 
gles (Euc. I. 47.) 

AC'+BC*=AB*, or 

Whence, omittiog x' , which is common to both sides of 
the equation, and transposing the other temis, we shall 
have 23ac=«* — 6^ , or 



is 



• • • • 



which is the Talne of the perpendicular ac ; where s and 
b may be any numbers whatever, provided s be greater 
than^fr. 

In like manner, if the base and Ibe difference between 
the hypotbenose and perpendicular be given, we shall 
have, by patting x for the perpendicular and d+x for the 
hypothenuse, 

«»+2*c+<'«=6*+x», or 

* — Id"' 

Where the base (Jb) and the given difference (d) may 
be any numbers as before, provided b be greater than d. 

PRCmLKM II. 

The difference between the diagonal of a square and 
one of its sides being given, to detenmne the square. 

A 1> 




« Tlie edi^on q{ B^uf^ f«fe]Te4 to iQ t^ tMM\ die foUovriog problems, 
is that of Dr. Simson, Lobdon, 1801; whi<;|i may alisobe ueed in Ine geome- 
trical coDstructioD of these problems, shoo^ the student be inclined to exer- 
cise his talents upon this elsgant, but more difficult branch of the subject 
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Let AG be the proposed sqaare, and put the side bc, or 

CD, =sx. 

Then, if the difference of bd and Be be put =^et, the 
hypothenuse bd will be =a?4-rf. 

But since, as in the former problem, bc'+cd^, or 2bc' 
=BD^, we shall have 

2a?3=««+2Ja;+(l«, or 

Which equation being resolved according to the rule 
laid down for quadratics, in the preceding part of the 
work, gives 

x=^d+d^2. 

Which is the value of the side bc, as was required. 

PROBLEM III. 

The diagonal of a rectangle abcd, and the perimeter, 
or Bom of adl its four sides, being given, to find the sides. 




Let the diagonal ac=J, half the perimeter AB-}-Bc=a, 
and the base bc^o; ; then will the altitude AB=a-«x. 

And since, as in the former problem, AB^+Bd^s^AC^^ 
we shal have 

a^ — 2ax+x^ +x^ =d* , or 

x^^ax'sz — - — , 
2 

Which last equation, being re^iolved, as in the former 
instance, gives 

Where a must be taken^eater than d and less than d^2. 
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PROBLEM IV, 



The base and perpendicular of any plane triangle abc 
being given, to find the side of its inscribed square. 




B F D a C 

Let EO be the inscribed square ; and put bc=&, ad^-/?, 
and the side of the square eh or ef^ot. 

Then, because the triangles abc, aeh, aresimilar) (Euc. 
viy 4,) we shall have 

AD : Bc : : Ai : EH, or 
p lb :: (p-ac) :x. 
Whence, taking the products of the means and ex- 
tremes, there will arise 

px^-bp-^bx. 
Which by transposition and dirision, gives 



x== 



b+p' 

Where b and p may be any numbers whatever, either 
whole or fractional. 



PROBLEM V. 



Having the lengths of three perpendiculars, ef, eg, eh, 
drawn from a certain point e, within an equilateral triangle 
ABC, to its three sides, to determine the sides. 

A. 




j>:b c 
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Draw tb6 p^rpetidkulat ad, dnd haying joided bA, eb, 
and EG, put EF=:a, egs3&, tn^Cy and bd (which is^Bc) 

Then, since ab, bc, or ca, are each 3s2«, ^e shall haVe, 
by Euc. I, 47, 

ad=v^(ab« — BD«)=fev/(4aJ« *-a«)=y^3xa=Xv/3. 
And because the atea of any plane triangle is equsd to 
half the rectangle of its base and perpendicular, it follows, 
that 

A abc=|bc X ad=jc Xxy/3=a;2\/3, 
ABKe==^BcXBFn«Xa =?aa;, 
AAEc=^AcXco=apX6 =6a?, 
A AEB« Jab X tm^xxt =^ex. 
But the last three triangles beg, aec, aeb, are, together, 
equal to the whole triangle abc ; Whence 

And, consequently, if each side of this equation be di- 
vided by X, we shall have 

x-^3=a+64-«» or 
_ a+b+c 

Which is, therefore, half the length of either of the 
three equal sides of the trialgle. 

CoR. Since, from what is above shown, ad is = 2r^3, 
it follows, that the sum of all the perpendiculars, drawn 
from any point in an equilateral triangle to each of its sides 
is equal to the whole perpeudicular of the triangle. 

PROBLEnr VI. 

Through a given point p, in a given circle acbo, to draw 
a chord gd, of a given length. 
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Draw the diameter apb ; and pot cDsa, apss&, pbs:^, 
and cp=x ; theo will pD«=a — x. 

Bat, by the property of the circle (Euc. iii. 35,) cf x 
fd=:ap X PB ; whence 

a:(a— x)=6c, or 
X* — axs=— Ac. 
Which eqaatioB, being resolved in the usaal way, gives 

x=^ia± ^ {ia^ - be) ; 
Where x has two values, both of which are positive. 

PROBLEM VII. 

Through a given point rrwithont agtven circle aboc, to 
draw a right line so that the part co, intercepted by the 
cirCQiaference, shall be of a given length. 




Draw FAB through the centre o ; and put ci>=a, pa=5^ 
pB=c, and pc=x ; then will PD=x+a. 

But, by the property of the circle, (Euc. in, 36, cor.,) 
pcXpd=paXpb; whence 

a*(x+a)=fcc, or 
x> +ax=bc. 
Which equation being' resolved, as in the former prob* 
lem, gives 

- x= — la ± \^ ( Ja8 4-fcc) ; 
Where one value of x is positive and the other nega- 
tive.* 



* The two last problems, with a few slight alterations, maybe readily era- 
ployed for finding the roots of quadratic equations by construction; bat this, 
as well as the methods frequently gi?en for constructing cubic and some of 
the higher orders of equations, is a matter of little importance in the present 
state of mathematical science; analysis. In these cases, being generally 
thou|;ht a more commodious instniment than geometiy. 
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The base bc, of any plane triangle abc, the sum of the 
sides AB, AC, and the line ad, drawn from the vertex to the 
middle of the base, being given, to determine the triangle. 

A 




C 

Put BD or DC=^a, AD^-fr, AB+AC=i*, and ABs:^ ; then 

will AC=5 — X. 

But, by my Geometry, B. ii., Prop. 19, AB2-|-Aca=2BD* 
4-2ad2 ; whence 

a;2+.(«—a?)3 =202+^^2^ or 

Which last equation, being resolved as in the former 
instances, gives 

for the values of the two sides ab and ac of the triangle ; 
taking the sign + for one of them« and — for the other, and 
observing that a«+^* naust be greater than J*^. 

PROBLEM IX. 

The two sides ab, ac, and the line ad, bisecting the ver- 
tical angle, of any plane triangle, abc, being given, to 
find the base bc. 

A 
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Pat ABssa, Acss6, AD3SC, att4 M»x ; theo, by Eac y i. 
3^ we shall luiTe 

ab(«) : Ac(h) :ivD it>t. 
Andf conseqneotl J, by the composition of ratios (Eac. t» 

18,) 

ox 



and 



a+6' 
hx 



Bot, by Eoc. vi, 13, bdxdc-(-ab'=zabXac ; where- 
fore, also, 

— -_-.+c*s=«6,or 
From which last equation we hate 

Which is the raloe of the base bc, as rehired. 



FROBLElf X. 



Haying given the lengths of two Knes ad, be, drawn 
from the acute angles of a right angled triangle abg, to th^ 
middle oi the opposite sides, it is required to determine 
the triangle. 

A 




Fat ADssa, Bfi=s6, cd or ^cb=x, and ce or ^cA=:y ; 
then, since fEuc. i, 47) c©*+ca»==ad2, and eE^+CB*= 
be', we shall have 
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Whence, taking the second of these equations from four 
times the first, there will ari«e 

16y«as4o«— 62^ or 
4a2-6« 

y=i/— — 

And, in like manner, taking the first of the same equa- 
tions from four times the second, there will arise 

15a;a=.463-o«, or 

^=^-16 — 
Which values o(x and y are half the lengths of the hase 
and perpendicular of the triangle ; observing that 6 must 
be less than 2a, and greater than ^a, 

PROfiLeM XI. 



Having given the ratio of the two sides of a plane tri- 
angle ABC, and the segments of the base, made by a per- 
pendicular falling from the vertical angle, to determine the 
triangle. 




B B C 

PutBD=a, nc=fr, AB=a:, AC=y, and the ratio of the 
sides as 9» to n. 

Then, since by the question, AB :ac :: m : n, and by 
B. n, Prop. 16, of my Elements of Geometry^ ab*— ac^ = 
BD^—> DC', we shall have 

X : y :: m :n, and 

But, by the first of these expressions, nx^=^myy ox y^ 

thX 

— ; .whence, if this be substituted for y in the second, 
there will arise 
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flf « — -«» =«• — 6* , or 



Aod, cODsequentlj, bydUviuon and extracting the square 
root, we shall have 

,aDd 



which are the valaes of the two sides ab, ac, of the trian- 
gle, as was required. 

PROBLBM XII. 

Given the hjpothenuse of a right angled triangle abc, 
and the side of its inscribed square oc, to find the other 
two sides of the triangle. 

A 




3 B O 

Put AB=Bft, DE, or DF«=f, Ac^a;, and cbs^ ; then, by 
similar triangles, we shall have 

Ac(a;) : cB(y) :: AP(a5—d) : fd(»). 
And, consequently • by multiplying the means and ex' 
tremes, 

afy — «2^=»a;, or 
xy=8{x+y), ... (1) 
But since, by Euc. 1, 47, ac^+cb'sab', we shall like- 
wise have 

x»+yas*fe3 (2) 

Whence, if twice equation (1) be added to equation (2), 
there will arise 
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Which equation, being resolved after the manner of a 
quadntie, gives 

a;+y=s±v^(^*'+«*)> or 

Hence, if this value be substituted tory in|equatioii (1), 
there will arise 

x\s-^x±^(h^+s^)i =«|»+v/(/**+«*)} , or 

And, consequently, by resolving this last equation, we 
shall have 

and 

Which are the values of the perpendicular ac and base 
BC, as was required. 

PROBLEM XIII. 

Having ghren the perimeter of a right angled triangle 
ABC, and the perpendicular cd, falling from the right angle 
on the hypotbenuse, to determine the triangle. 

A 




B C 

Putpss perimeter, cDs=a, ac^^x, and nc^y ; then ab^ 

But, by right angled triangles (Euc. i, 47) ac'+bc'^ 
ab* ; whence 

Or, by transposing the terms and dividing by 2. , 

p{^+y)-ip'-^ (0- 
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And sioce, by similar triangles, ab : bc : : ac : cd, we 
shall also have, bj multipljing the means and extremes, 

abXcd==bcXac, or 
a/>— o(x+y)=xy (2). 

Whence, by comparing equation (1) with equation (2), 
there will arise 

(a+p) X (x+y)=a/>+ip» . 
Where 

And, if these values be now sabstituted for x+y and y in 
equation (2), the result, when simplified and reduced, will 
give. 

(a+p)x^ ^p(a+ip)x^ -Iflp*- 

From which last equation and the value of y, above 
found, we shall have 

f and 

^ 2{a+p) 2(a+;>) < ^ ^'^^ J 

And, if the sum of these two sides be taken from p, the 
result will give 

Which expressions are, therefore, respectively equal 
to the values of the three sides of the triangle. 

PROBLEM XIV. 

Given the perpendicular, base, and sum of the sides of 
an obtuse angled plane triangle abc, to determine the two 
sides of the triangle. 
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CD 

Let the perpendicular AD=jp, the base bc=5, the sum 
of AB and Ac==», and their difference =a:. 

Then^ since half the difference of any two quantities 
added to half their i<um, gives the greater, anil, when sub- 
tracted, the less, we shall have 

AB=J(s4'^)t and Ac=^(s— a;). 

But, by Euc. 1, 47, cd^ssac' — ad^, or cd=^ J i(*— 

a;)a-.pa ( ; and, by B. ii, 12, ABa=BC«+Aca+2BcXc»; 

whence 

And if each of the sides of this last equation be squared, 
there will arise, by transposition and simpliiying the re- 
sult, 

(«» - b' )a;» =a6« («« - 6« ) - 4b^p « , or 



or 



Whenqe, by addition and subtraction, we shall hare 

8b - 4d^ 



AC< 



2 2 



4p« 



), and 



r)- 



2 2"^" s« 6^ 
Which are the sides of the triangle, as was required, 

PROBLEM sv. 

It is required to draw a right line bfe from one of the 
angles b of a given square bd, so that the part fe, inter- 
cepted bj DB and Pc, shall be of a given length. 

Dd 
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Bisect FE io G. and pat ab or Bc=a, fg or 6e:=5, and 
BG=x ; theo will Btt^ssx+b mod bf=x — 6. 

6ot since, bj right angled triangles, ae' =be' — ab' » we 
shall Lave 

And, becaose the triangles bcf, eab, are similar, 
BF : Bc :: BE : ae, or 

a(ar+5)=(a:-6)v/ \{x+by -a* | . 
Whence, by squaring each side of this equation, and 
arranging the terms in order, there will arise 
or* -.2(a3 +^2 )ara c=f6« (2a> - 6« ). 
Which equation, being resolved after the manner of a 
quadratic, will give 

And, consequently, hf adding b to, or subtracting it fronoi 
this l^st expression, we shall have 

BE=^ \a^+b^±a^{a^+4b^)\ +b, or 

BF— v^|a«+6«±Ov^(a«4-46«)j -6. 

Which values, by determining the point e, or f, will 
satisfy the problem. 

Where it may be observed, that the point g lies in the 
circumference of a circle, described from the centre v, 
with the radius fg, or half the given line. 



FROBLEU XVI. 



The perimeter of a right angled triangle abc, and die 
radius of its inscribed circle being given, to determine Ihe 
triangle. 
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Let the perimeter of the triangle =ssp, the radius od, or 
OE, of t<he inscribed circle =r, AEc=a:, and bd=^. 

Then, since in the right angled triangles aeo, afo, ob is 
equal to of, and oa is common, af will also be equal ae, 
or x. ' 

And, in like manner, it may be shown, that bf is equal 
to ED, or y. 

But, by the question, and Euc. i, ^7, we have 
(x+r)+(y+r)+(ar4-y)=/>, and 

Or, by adding the terms of the first, and squaring those 
of the second, 

Hence, since, in the first of these equations, y=(ip — 
— ^, if this value be substituted for y in the second, there 
will arise 

Which equation, being resolved in the usual manner, 
gives 

and . ' 

y-=^i{ip^r):^^{i{ip -.r)> -r(ip^r) j . 
And, Consequently, if r be added to each of these last 
expressions, we shall have 

Ac^i{ip+r)±y/ {i(ip^ry^r{ip^r)l. 

and 

for the values of the^ perpendicular and base of the trian« 
gle^ as was required. 
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PROALEM XVII. 



From one of the extremities a, of the diameter of a giv- 
eo semicircle adb, to draw a right line ae, so that the 
part DB, intercepted by the circomference and a perpen- 
dicnlar drawn from the other extremity, shall be of a given 
length. 

IC 




Let the diameter ab=(2, DE=^a^ and ae=2; ; and join bd. 

Then, because the angle adb is a right angle, (Euc. iii, 
31,) the triangles abb, abd are similar. 

And, consequently, by comparing their like sides^ we 
shall have 



AE : AB : : AB : AD, or 



X : d :: d : ar— «. 
Whence, multiplying the means and extremes of these 
proportionals, there will arise 

.Which equation, being resolved after the usual manner^ 
gives 



PROBLEM XVni. 

To describe a circle througlrtwo given points a, B,that 
shall touch a right line cb given in position. 




C F e^H 



p 
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Joia AB ; and through o, the agsumed centre of tl^e re- 
quired circle, draw fc perpeodicular to ab ; which will 
bisect it io e (Euc. hi, 3). 

AUo, joiD OB ; and draw eh, og, perpendicular to cd ; 
the latter of which will fall on the point of contact o (Euc. 
III. 18). 

Hence, since a, e, b, h, f, are given points, put EB=:a, 
JSF=6, EHs=^c, and EO—a? ; which will give of=6 -y. 

Then, because the triangle oeb is right angled at Ej ^'« 
shall have 

o^*=eo^+eb', or 

But, by similar triangles, fe : eh : : fo : oo of ob ; or 
6 : c ;: b^x : ob ; whence, also, 

And, consequently, if these two values of ob be put 
equal to each other, there will arise 

Or, by squaring each side of this equation, and simpli- 
fying the result, 

(6a-.ca)a:«+26cax»6a(ca -o*). 

Which last equation, when resolved in the usual man- 
lier, gives 

for the distance of the centre o from the chord ab ; where 
b must, evidently, be greater than c, and c greater than a, 

problem XIX. 

The three liues ao, bo, co, drawn from the angular 
points of a plane triangle abc, to the centre of its inscrib- 
ed circle, being^i^iven, to find the radius of the circle, and 
the sides of the triangle. 

Dd2 
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B B C 

Let o be the centre of the circle, and, on ao produced^ 
let fall the perpendiculars cd ; and draw oe, qf, og, to the 
points of contact k, f, g. 

Then, because the three angles of the triangle abc are, 
together, equal to two right angles, (Euc. i, 32.) the sam 
of their halves oac+oca+obe will be equal to one right 
angle. 

But the sum of the two former of these, oac+oca, is 
equal to the external angle doc ; wlience the sum of doc 
4-oBE, as also of ooc+ocd, is equal to a right angle ; and; 
consequently, obe-=ocd._ 

Let, therefore, AO=a, bo=:6, co=c, and tha radius oe, 
of, or OG=x. 

Then, since the triangles boe, cod, are similar, bo : 

OE : : CO : OD, or 6 : x : : c : OD ; which gives 

ex c^s^ c 

CD=-^, andcD=^(c3 — 7—) or-r-^(6J»— a;^). 

Also, because the triangle aoc is obtuse angled at o, wb 
shall have (Euc. 11, 12.^ 

Ac"==!Ac'-rco2-f2AoXoD ; or 

But the triangles acd, aof, being likewise similar, 

AC : CD :; AO : OF, or 

Whence, mttltipljing the means and extremes, atid s(juar» 
ing the result, there wilt arise 

Or, by collecting the terms together, and dividing by 
the coe&cient of the highest power of or, 
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'o6 . ac . 6c \ _ abc 



«;a4-f — f — --4 •la;» = 

^\2c^b^2aJ 



2 

From which last equation x may be determined, and 
thence the side of the triaiigle.''^ 



PROBLEM XX. 



Giyen the three sides ab, bc, cd, of a trapezium abcd, 
inscribed in a semicircle, to lind the diameter, or remain- 
ing side AD. 




Let ABsi=a, Bci=6, CD=c, and ad=x ; then, by Euc. vi, 

D, ACXB0=ADXBC' + ABXCD-=6l + ac. 

But ABD, ACD, being right angles, (Euc. in, 31,) we 
stmH have 

ic=y/(AD«— DC3),or-^(r2 — c^), and 
b»=-^(ad« — ab2), or y/ix^—a^). 
Whence, by substituting these two values in the former 
expression, there will arifie 

Or, by squaring each i«ide, and reducing the result, 

From which last equation the value of a may be found, 
as in the last problem.! 



* This, and the following: probleen, cannot be constructed geometricallr, 
or by means only of right lines and a circle, being what the ancteihts usually 
denominated solid pix>blems, from the circumstance of their involvings an 
equation of more than <wo dimensions; in which ca^s they generally em' 
ployed the conic sections, or sumB of the higher orders of curves. 

f Newton, in his Universal Arithmetic, English editioi>, 1728, has resolved 
this problem in a variety of diffeient wayb, in order to show that sonoe me- 
thods of proceeding, in cases oi this kind, frequently lead to more eleganrt so- 
lutions than others; and that a ready knowledge of these can only be obtain- 
ed by practice. 
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MISCELLANEOUS PROBLEMS. 



PaOBLBM I. 



To find tlie side of a square, inscribed in a gjiTen semi- 
circle^ whose diameter is <l. 

Ans. -d^b 
6 



PROBLEM n. 



Having giTeo the hjpothennse (13) of a ri^t angled 
triaogle, and the difference between the other two sides 
(7)» to find these sides.* Ans. 5 and 12 



PROBLEM IJI. 



To find the side of an equilateral triangle, inscribed in 
a circle whose diameter is d ; and that of another circum- 
scribed aboat the same circle. 

Ans. iclv^3,and(2v^3 



PROBLEM ir. 



To find the side of a regular pentagon, inscribed in a 
circle, whose diameter is d. Ans. }c?v^( 10—2^/5) 



PROBLEM v. 



To find the sides of a rectangle, the perimeter of which 
shall be equal to that of a square, whose side is a, and its 
area half that of a square. Ans. a+^a^S and a^^a ^ 2 



PROBLEM TI. 



I Having giiren the side (10) of an equilateral triangle, 

! to find the radii of its inscribed and circumscribing circles 
1 ' Ans. 2.8868 and 6.7736 



I * Such of these questioas as are proposed in nombers, should first be re- 

^ Wived §jenerally,l)y means ofthe usual eymbols, and then reduced to the an- 
' Sfs'tbuB btSi^^d * ^^ i***'^*"**"^ ***® numeral values ofthe letters in the re. 
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PROBLEM VII. 



Having given the perimeter (IS) of a rhombus, and the 
sum (8) of its two diagonals, to find the diagonals. 

Ans. 4+v'2and4-v^2 



FROBLfiiM vni. 



Required the area of a right angled triangle, whose hy- 
poihenuse is o;^^, and the base and perpendicular x*^ and 
XV. Ans. 1.029085 



PROBLEM IX. 



Having given the two contiguous sides (a, b) of a paral- 
lelogram, and one of its diagonals (c2), to find the other 
diagonal. Ans. ^ {2a^ +2b* - d^ ) 



PROBLEM X. 



Having given the perpendicular (300) of a plane trian- 
gle, the sum of the two sides (1150), and the difference 
of the segments of the base (495), to find the base and the 
sides. Ans. 945, 375, and 780 



PROBLEM XI. 



The lengths of three lines drawn from the three angles 
of a plane triangle to the middle of the opposite sides, be- 
ing 1C|, 24, and 30, respectively ; it is required to find the 
sides. Ans. 20, 28.844, and 34. 176 



PROBLEM Xli. 



In a plane triangle, there is given the base (50), the 
area (796), and the difference of the sides (10;, to find 
the sides and the perpendicular. Ans. 36, 46, and 33.26 1 



PROBLEM Xllf. 



Given the base (194 ■ of a plane triangle, the line that 
bisects the verticle angle (66), and the diameter (200) of 
the circumscribing circle, to find the other two sides. 

Ans. 81.36587 aad 157.43865 
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PROBLEM XIV. 



The lengths of two lines that bisect the acute angles of 
a right angled plane triangle, being 40 and 50 respectirely, 
it is required to determine the three sides of the triangle. 

Ans. 35.80737,47.40728. and 59.41143 



PROBLEM XT. 



Given the altitode (4), the base, (8), and the sum of the 
sides (IS), of a plane triangle, to find the sides. 

4 4 

Ans. 6+7\/5 and 6— -^5 
o o 



PROBLEM XVI. 

Having given the base* of a plane triangle (15), its area 
(45), and the ratio of its other two sides as 2 to 3, it is re* 
quired to determine the lengths of these sides. 

Ans. 7.7915 and 11.6872. 

PROBLEM XVII. 

Given the perpendicular (24), the line bisecting the 
base (40), and the line bisecting the vertical angle (25) to 
determine the triai^le. 

250 
Ans. The base -z-v' 7 

7 

From which the other two sides may be readily found. 

PROBLEM XVIIl. 

Given the hypothenuse (10) of a right angled triangle, 
and the difference of two lines drawn from its extremities 
to the centre of the inscribed circle (2), to determine the 
base and perpendicular. 

Ans. 8.08004 and 5.87447 

PROBLEM XIX. 

Having giveh the lengths (a, 6,) of two chords, cutting 
each other at rieht angles, in a circle, and the distance (c) 
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oftheir point of intersection from the centre, to determine 
the diameter of a circle. 

Ans. ^ \B{a^ +b*)+2c^ I 

PROBLEM XX, 

Tivo trees, standing on a horizontal plane, are 120 feet 
asunder ; the height of the highest of which is 100 feet, 
and that of the shortest 80 ; whereabouts in the plane must 
a person place himself, so that his distance from the top 
of each tree, and the distance of the tops themselves, shall 
be all equal to each other ? 

Ans. 20 V 2 1 feet from the bottom of the shortest, 
and 40y/3 feet from the bottom of the other. 

PROBLEM XXI. 

Having given the sides of a tt'apezium. inscribed in a 
circle, equal to 6, 4, 6\ and 3, respectively, to determine '^y 
the diameter of the circle. \ 

Ans. -- V ( 1 30 X 1 53) or 7.06 1 695 

PROBLEM XXII. 

Supposing the town a to be 30 miles from b, b 26 miles 
from c, and c 20 miles from k ; whereabouts must a house 
be erected that it shall be at an equal distance from each 
of them ? Ans. 16.1 18656 miles from each 



PROBLEM XXI II. 



Given the area (100) of an equilateral triangle abc, 
whose base bc falls on the diameter, and vertex a in the 
middle of the arc of a semicircle ; required the diameter 
of the semicircle. Ans. 20(/3 



PROBLEM XXIV. 



In a plane triangle, having given the perpendicular (p), 
and the radii (r, r) of its inscribed and circumscribing cir- 
cles, to determine the triangle. 

4 p— 2r 
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PROBLEM XIT. 

Having given the base of a plane triangle equal to 2a, 
the perpendicular equal to a, and the sum of the cubes of 
its other two sides equal to three times the cube of the 
base ; to determine the sides. 

Ans. fl(2+r-v/6) and a(2--^6) 



THE END. 



